Mock Test 

for 


ISI 2006 


By Alok kumar, B.Tech, IIT Kanpur 

The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world tor training 
and research in statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of 
the institute, offers comprehensive instruction in the theory, method and application of statistics, in addition to 
several areas of Mathematics and some basic areas of computer science. 

Each candidate applying for admission to this programme has to take a selection test comprising Objective type 
and Short-answer type questions in mathematics at the Higher Secondary level (10 + 2 year s programme). 

The selection tests consists of 

(1) A multiple choice type test having about 30 questions, and 

(2) A short-answer type test having about 10 questions. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations. Binomial theorem, logarithms, theory of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A.M., G.M., and H.M., 
complex numbers. 

Geometry : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates. 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, 
equations of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration. 
Trigonometry : Measures of angles, trigonometric and inverse trigonometric functions, trigonometric identities 
including addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances. 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods ot 
differentiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph 
of functions, methods of integration, definite and indefinite integrals, evaluation of area using integrals. 
Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the first Mock ISI paper, which 
closely simulates the real exam. There is more to follow in the coming months. 



MULTIPLE CHOICE TEST 


1. Let x, y, z be non-zero real numbers. The set of all 
possible values of the expression 


x+y\ , \y + z\ , |r + x | . 

^ + l^nrira is 


\x\+ V 


[0.5] (b) [3,4] 

(c) [1,3] (d) [-1,2] 


2. The number N = 12321 is a perfect square, viz. 
(Ill) 2 , in base 10. In what other bases is it a perfect 

square? 


(a) exactly two bases b > 7 

(b) exactly three bases b > 4 

(c) for no base b other than 10 

(d) any base b > 4. 

3. Let a = >/45 +- 29>/2 + v45-29V2. Then which of 
the following statements is true? 

(a) a is an irrational number and 5 < a < 7 

(b) a is an irrational number and 5 < a < 7 

(c) a is a rational number and 5 < a < 6 
.(d) a is an irrational number and 5 < a < 6 
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4. The positive solution (x, y) of the system of equations 

~ 2 ^ 

..2 ,2 


ci*" b" 

"^3 J = &(y ~ - x ) and ax - by = x A -y*, (a, b> 0) 


is, (assume x * y) 

r 

(a) 

(b) 

(c) 

(d) 


tJcT+7) + yja — b 

yjci -f b — lla — b 

2 

2 

: lla + b + lja-b 

lla + b — yja — b 

4 

4 

l]a + b -Ija-b 

t]a + b +l]a-b 

4 

4 

\jcj + b — yja — b 

o 5 

'yla 4- b + — b 


5. The remainder R(x), when the plynomial * 100 is 
divided by * 2 - 3* + 2 is 
(^ (2 100 - 1 ).v - 2(2' w - 1) 

(b) 2 ,00 jc — 2(2 100 - 1) 

(c) (2 100 - I Vr + 2(2 W - 1) 

(d) (2 I00 + I )x - 2(2" + 1) 

, r> 6. Three straight lines are drawn through a point P. 
lying inside a triangle ABC, parallel to its sides. The* 
areas of the resulting triangles are 1,4 and 9 sq.cm. 
Then the area of triangle ABC is (in sq. cm) 

(a) 25 (p) 36 (c) 49 (d) 144. 

7. Let /V= 2 744 - I . Then about the divisors of N which 
of the following statement is true? 

(a) 2 248 - 2 124 + I is a divsion of N but V 3 + 2 47 + I 
is not 

(b) 2''- 1 + 2 47 + I is a divisor of N but 2 :48 - 2 124 + 1 
is not 

(c) 2- 48 — 2 1 - 4 + 1 and 2 93 + 2 47 + I are both divisors 

of N 

U*> Neither 2 248 -2 124 + I nor 2 03 + 2 47 + I is a divisor 
of /V. 


10. ABCD is a square and P is a point inside the square 
such that PA = 6j2 cm, PB = 13 cm and PD = 5 cm. 
Then the angle ZAPD is 

(a) 75° (b) 135° (c) 120° (d) 112°. 

1 1 . Repunits are the numbers that contain only the digit 

1 in their writing, namely numbers of the form 1 1 1 .... I . 

The 123-digit repunit III ... l when divided by 27 1 leaves 

. , „ 123 times 

a remainder of 

(a) 123 (b) 110 (c) 101 (d) in. 

12. In triangle ABC, the ratio of side BC to AC is 

2 + >/3 and ZC = 60°. The measures of angle A and B 
are respectively 

(a) -45° and 75° (b) 75 0 and 45° 

1 05° and 15° (d) 1 5° and 105°. 

13. The minimum value of 
sec 4 p 


a,p*^, «eZ, j s 
tan" P tan" a 2 



si 


M- 4 (J») 8 (c) 1 (d) 16. 

4. Let a and b be non-zero integers with |ar| < 100, 
|6| < 1 00. Then about the bound of | ajl + hi 3 | which 
of the following is true? 

(a) I «\/2 + 6-^3 | > -ji— (5) |<„/2+t>V3| < J_ 

(c) \chf2+b,l3\<-^ (d) \ a j 2 +bj 3 \<jL.. 

e 2x ~\ 

then the value of 


15. If /(*) = 


,2.v- 1 


Let a,, a 2 , ... a x be a sequence of real numbers 
such that the sum of every 5 consecutive terms is positive 
whereas the sum of every 9 consecutive term is negative. 

The sequence can have at most 
(a) 5x9 terms (b) 14 terms 

(c) 13 terms (d) 12 terms. 

9. A polynomial f(x) with real coefficient satisfies4^‘ Let " = + Tllen t,1e num b er of primes 

r . \ / . \ C among n + 1, n + 2, ... n + 2005 is 


'bkM&h'im) - 

(a) 1002.5 (b) 1001.5 1003 (d) 1004. 

1 6. There are N boxes, each containing at most r balls. 
If the number of boxes containing at least / balls is N 
for /= 1, 2, ... /•, then the total number of balls contained 
in these N boxes is 

(a) ^exactly equal to A 7 , + M, + ... + N r 
W is strictly larger than N x + N, + + N r 

(c) is strictly smaller than /V, + iv, + ... + yv 

(d) cannot be determined from the given information. 


the functional equation /(x)- /|— J= /■(.v)+/|lj. 
If./ (2) = 33, then / (3) is . 

W 244 (b) 1024 (c) 81 (d) 1023. 


(a) 2 


(b) I 


(«f 0 


(d) > 5. 

18. Let P( x) be a polynomial of degree 1 1 such that 
= | + A . , for x = 0, 1 , 2, ... 1 1 . The value of P( 1 2) is 
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(a) 1/13 (Jr) l 

( c ) 0 (d) cannot be determined. 

19. £{2-\ is equivalent to 


(a) 


(c) 




(b) 


h h h 


£ + £ + 311 


< d > -# + # + # 


20. If a, P, y are the roots of the equatio 
x 3 + 2x 2 + 3x + 3 = 0, then the value of 

(a) 14 (b) 44 (c) 45 (d) 15. 

21. If the sequence {aj, satisfies the recurrence, 
a n + i = ^ a „ ~ 2a „ - i> n ^ 2, a 0 = 2, a. = 3, then a 
( a) - ■ — - 
W ■ 


(a) /2 2006 + I 
2 2007 + 


(b) 

(d) 


2 2007 - 1 
22006 _ J 


f 2007 


22. If A, B and C are the angles of a triangle and e iA , 
e‘ H , e' c are in arithmetic progression, then the triangle is 

(a) right angled but not isosceles 

(b) isosceles but not right angled 

(c) equilateral (d) right angled isosceles. 

23. Statistics show that 20% of smokers get lung cancer 
and 80% of lung cancerpatients are smokers. If 30% of 
the population smokes, then the percentage of population 
having lung cancer is: 

(a) 16 (Jr) 7.5 (c) 8 (d) 25. 

i4. Let f(x) be a function such that 

/ /(* " 1.) +/(* + 1) = V2/W- 

Then the period of f(x) is 
& 8 (b) 6 (c) 10 (d) 4. 


25. The solutions in integers of the equation 
x 1 + xy = y 2 + xz can be expressed as, (where n, a, b are 
arbitrary integers) 

(a) x = na 2 , y = nab, z = n(a 2 + ab - b 1 ) 

(b) x = na 2 , y = -nab, z = n(a 2 + ab - b 2 ) 

(c) x = na 2 , y = nab, z = n{a 2 - ab + b 2 ) 

(d) x = -na 2 , y = nab, z = n(a 2 + ab + b 2 ). 

j i.b. The neighbouring sides AB and BC, of a square 
ABCD of side a units are tangents to a circle. The vertex 
D of the square lies on the circumference of the circle. 
The radius of the circle is 
(a) a( 2V2-1) .(b) 2a(j2-l) 

(c) a( 2-V2) (d) a( 2 + 72) 

27. The sum of all distinct four digit numbers that can 
be formed using the digits 1, 2, 3, 4 and 5, each digit 
appearing at most once is 

(a) , 399960 (b) 396990 

(р) 399600 (d) 369960. 

28. For what values of d is the product of two numbers 
of the form x 2 - dy 2 and u 2 - dv 2 is also of the same 
form? (d * a square) 

(a) d> 10 (b) d = 2 only 

(с) d = 2 and 5 (d) for any d. 

29. The minimum value of the expression 

x’fx 3 + l)(x 3 + 2 )(jc 3 + 3) is, (x € R) 

(a) 1 (b) -1 

( c ) ^ (d) none of these. 

30. How many strings of 6 digits are there which uses 
only the digits 0, 1 or 2 and in which digit 2, whenever 
it appears, it always does so after 1? 

(a) 250 (b) 242 (c) 256 (d) 224. 


SHORT ANSWER TYPE TEST 


31. Let a t , a 2 , ..., a n be n numbers such that each a ( is 
either 1 or-1. Ifa,a 2 a 3 a 4 + a 2 a 2 a 4 a s + ...+a n a x a 2 a 3 =0, 
then prove that 4 divides n. 

32. Let a, b be integers. Then show that the polynomial 
( x - a) 2 (x -b) 2 + 1 is not the product of two polynomials 
with integral coefficients. 

33. Let n be a positive integer. Find all pairs (x, y) such 
that x 2 (x 2 + y) = y 1 * 1 . 

34. Let/ : [a. — » R be a continuous positive function, 
differentiable on (a, b). Prove that there exists 

c e ( a , b) such that \ = e _ 

f(a) 


35. Prove that the number 1280000401 is composite. 

36. Solve in real numbers the system for a, b. c and d. 
a + b - 8, ab + c + d = 23, ad + be = 28, cd = 1 2. 

37. In the trapezoid PORS, PQ || RS, PQ = 4 cm, 
RS= 10 cm. Also the lines PR and OS intersect at right 
triangles, and that lines PS and OR when extended to 
point N, form an angle of 45°. Find the area of the trapezoid 
PQRS. 

38. Find the minimum value of 

|siiu + cosx + tanx + cotx + secx + cosecx| 
for real numbers x. 

39. Consider the squares of an 8 x 8 chessboard filled 
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with the numbers 1 to 64 
as in the given figure. If 
we choose 8 squares with 
the property that is exactly 
one from each row and 
exactly one from each 
column, and add up the 
numbers in the chosen 
squares, show that the sum 
obtained is always 260. 

40. Let A be any set of 1 9 distinct integers chosen from 
the arithemtic progression 1, 4, 7, ... 1000. Prove that 
there must be two distinct integers in A, whose sum is 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

64 



| jr! , '\y\ ' | V 1 r\Z I |z| + |x| 
Two o r ihrce number, say x and v, must have the 
same sign, iher Tore \x + y\ = \x\ + t>1 

\y+z\ , \z + x\ 


= 1 + 

ie other han 

/(W) = I + r+|2 

11 + 11 ll-ll , 1-1 + 1 
/(>. -') = ttttttt + iiiTCTf + 


ItI+I-I |z|+|x| 
on the other hand, as \a + b\ < | a | + | b |, we have 

lr+ 


+ ^ ~ + — < 1 + 1 + 1 =3 
\z + * 


lll + lll Ul+l-ll 1-11+1 

= I + 0 + 0 = 1 

/<'- 1 - , >=MTTtTt + TTTTm + lTTTliT~ l+,+1 

and for each / € (1,3), take x — 1 , y = - = j + j 
Then /(*, = 777’ 777) 


1-3 







= (/-!)+!=/ 


! The f(x,y , -:) realizes all possible values in the interval 
i 1 <r<3. 

2. (d) : Let us consider the number in any base b 
N = ( 1 232 1 ) A = b* + 2 b } + 3 b 2 + 2b + 1, (b > 4) 

The above expression reminds us of reciprocal equation. 
We try to factorize it by paring terms equidistant from 
beginning and end. 

N = (b* + 1) + 2 b(b 2 + 1) + 3b 2 
= (b 2 + 1 ) 2 - 2b 2 + 2 b(b 2 + 1 ) + 3 b 2 
= (b 2 + l) 2 + 2b(b 2 + 1) + b 2 = {b 2 + b+ l) 2 
The number N is a perfect square in any base b > 4 
(Note that we must have b > 4 as digits 1,2,3 have been 
used up). 

3. (b) : Let a = ^45 + 29^2 + ^45-29^2 ,..(i) 

on cubing both sides 

a 3 = (45 + 29^2) + (45 -29^) + 

3 3/(45 + 29^2X45- 29 IT) {(45 + 29^) + (45 - 29^2 )} 
= 90 + 3^/2025-1682 • a (using (i)) 

= 90 + 3- 7a = 90 + 21a 
=* a 3 - 21a - 90 = 0 => (a - 6)(a 2 + 6a + 15) = 0 
The equation a 2 + 6a + 15 = 0 has no real roots; hence 

a = 6 i.e. ^45 + 29^2 + ^45-29^2 * 6. 

Thus a is a rational number. 


~ 2 b 2 


4. (a) : The system is 2 2 ^ — (*) 

x y 


ax — by = x 4 - y 4 , a, b > 0 • ..(ii) 

(Idea : The system, when seen as a pair of equations in 
x and y is of much higher degree, than when seen as a 
pair of equations in a and b. The trick is to solve the 
system for a, b instead of x, y) 

Multiplying (i) by x 4 yields 

a 2 x 2 =£S_ + &x\/-x*) ... ( A) 

y 

from (ii) we have a 2 x 2 = (by + x 4 - y 4 ) 2 

= 6 Y + 2 by(x 4 - /) + (x 4 - T 4 ) 2 -(B) 


from (A) and (B) 

•V 

.2 

.2, v 4 ..4 

,2 


+ 8x 4 (/ - x 4 ) = b 2 y 2 + 2 by(x A - y 4 ) + (x 4 - / ) 2 

a w -s i-ms S) 

y 

+ 8xV -x 4 )-(x 4 -.y 4 ) 2 =0 
=> -2by(x A -y*)~ (x 4 - / )(9x 4 - / ) =0 
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If x * y, then dividing by a 4 - y 4 , we have 
b 2 - 2 by 3 - y 2 (9x 4 - y 4 ) = 0 
=> b 2 - 2 by 3 - y 2 (3x 2 - y 2 ^ 3x 2 + y 2 ) = 0 
=> b 2 - 2 by 3 + (y 3 - 3x 2 y)(y 3 + 3 x 2 y) = 0 
=> b 2 - b{{y 3 - 3 x 2 y) + (y 3 + 3A 2 y)} 

+ (y 3 - 3 x 2 y)iy + 3 x 2 y) = 0 
if b = y 3 - 3x 2 y, then (ii) gives a = x 3 - 3x)P. 

But a, b > 0 => x 2 > 3y 2 and y 2 > 3 a- 2 > 9^, a contradiction 
b = y 3 + 3 x 2 y. Then a = a 3 + 3*y 2 
Now a + b = ( x + y ) 3 , (a - b) = (x - y) 3 
Thus x + y = : ]]a + b and x -y = ^a-b, yielding 
^ v r j __ ^la + b + l]a-b Ija + b -lja-b j 

5. (a) : By division algorithm 

A J0 ° = (a 2 - 3a + 2)#(a) + ax + b ...(1) 

where ax + b is the remainder obtained when a 100 is 
divided by the a 2 - 3a + 2, a polynomial of degree 2. 

( 1 ) can be recast as 

a 100 = (a - 1 )(a - 2)g(A) + ax + b 

put a = I => 1 = p + b 

put a = 2 => 2 ,0 ° = 2a + b 

On subtraction a = 2 ,0 ° - 1 

then b = 1 - a = 1 - (2 100 - 1) = 2 - 2' 00 = 2(1 - 2") 
Thus R\x\ = ax + b = (2 100 - \)x + 2(1 - 2") 

= (2 100 - 1 )a - 2(2 99 - 1). 


6. (b) : Let the line through 

P, parallel to BC meet AB and 
AC at L and M respectively. 
Similarly for lines parallel to AB 
and AC. Note that triangle PLO , 
PNM and PRO are similar to the 
triangle ABC. Let S be the area b 
of the triangle ABC. 



, I LP 
then = 


_4 

BC 2 ’ S 


>LP = JjBC 9 PM = 


PM 1 

BC 2 

7 


_9 

5 


OR 2 

BC 2 


S BC. and OR = JjBC .(0 


Also BC = BO + OR+ RC = (LP) + (OR) + PM 

=> BC =fi BC+ ]j BC+ ]j BC 

7 + y/9 + 7 


BC = 


Js 


BC 


# = 7+>/9 + >/4 = 1 + 3 + 2 = 6 5 = 36 sq.cm. 


7. (c) : ;V = 2 744 - 1 = 2 93 * 8 -1 = (2 93 ) 8 -1 


= ( 2 93 - 1 )( 2 93 + 1 ){( 2 93 ) 2 + 1 }{( 2 93 ) 4 + 1 } 

Note that a 8 - 1 = (a 4 - 1)(a 4 + 1) 

= (a 2 - 1 )(a 2 + 1 )(a 4 + 1 ) 

Now (2 93 ) 2 + 1 = (2 93 + 1)2 _ 2 • 2 93 

= ( 2 93 + 1 ) 2 - 2 94 = ( 2 93 + 1 ) 2 - ( 2 47 ) 2 
= ( 2 93 + 2 47 + 1 )( 2 93 - 2 47 + 1 ) 

Again (2 93 ) 4 + 1 = 2 93 x 4 + 1 = 2 3 * 31 * 4 +l = (2 ,24 )3 + l 
= (2 124 + 1)(2 248 - 2 124 + 1) 

Thus 2 744 - 1 = (2 93 - 1 )(2 93 + 1 )(2 93 + 2 47 + 1) 

( 2 93 - 2 47 + 1 ) ( 2 124 + 1 )( 2 248 - 2 124 + 1 ). 

8. (d) : We will show that the square can’t have more 

than 12 terms. We will Use the method of contradiction. 
Consider the first 13 terms of the sequence 
a ] + a 2 + a 3 + a 4 + a 5 > 0 

a 2 + a i + a A + a s + a 6 > 0 


ao + a lo + a u + a l2 + a ]2 > 0 
Adding vertically, we get 
{a\ + a 2 + ... + a 9 ) + (a 2 + a 3 + ... 4- a 10 ) + ... 

+ ( a s + a t + ••• + tf| 3 ) > 0 •..•(!) 
But since sum of every 9 consecutive term is negative, 
the sum on the left hand side of (1) must be negative, 
a contradiction. Hence the sequence can have 12 terms 
at the most. 

9. = /w + 7 -L 

Transform the above relation as 

/(*>/(i)-(/W +7 L).o 

The only polynomials that satisfy equation (1) are 
/(a) - 1 = ± x " => /(a) = 1 ± x n 
as / (2) = 33, we take /(a) = 1 + x n 
=> /( 2) = 1 + 2" = 33 => 2” = 32 = 2 s .*. n = 5 

Hence f(3) = 1 + 3 5 = 244. 

C D, B' C 

10. (b) : The idea behind the 
problem is rotation through a 
suitable angle. 

Rotate the square about A in 
the anticlockwise direction by 
90°. Then B goes to B\= D\ C goes to C\ P goes to P\ 
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We have P'A 1 PA , as the rotation is through 90° 
anticlockwise. 

P'A = PA = 6i/2 ZAPP' = 45° 

P'B' = PB = 13 cm 


The triangle PAP', PP' = V/M 2 + P'/l 2 = 72 /M 
= 72 x 672 = 12 cm. 

Again in triangle /’/’'£) = PP' 2 + PD 2 = 12 2 + 5 2 = 13 2 
= PB 2 = P'B’ 2 ZP'PD = 90° 

Thus ZAPD = Z/4/7” + ZP'PD = 45° + 90° = 1 35°. 


...(A) 


...(B) 


11. (rh ; .1 1 1 1 = 111..., 1000 + 111 

123 times 120T.V 

Now 1 1 11 1 = 41 x 271 
Now note that 

IjJ^J = 11111 x 10001 .0001 +111 

I20l\t 24 1 ’.v 

Front (A) and (B) 

MLJ = II 111x100001.... 00001x1000 + 111 

123 times 

= 41 x 271 x 100001 .... 00001 x 1000 +111 
Thus j 1 1--.1 1 when divided by 271 leaves a remainder 

123 times 

of 111. 

1 2. (c) : Given = 2 + 73 

b 


13. (b) : The problem which looks like a trigonometrical 
maxima/min problem can be reduced to an inequality in 
algebra by means of suitable substitutions. 

Let x = tan 2 a, y - tan 2 P 
Then with 


sec 4 a t sec 4 P _ (1-fjc) 2 | (1 + y) 2 
tan 2 p tan 2 a y x 

_ \ + 2x + x 2 1 + 2y 4- y* 
y x 


with x, y > 0 


= I — + 2— + — | + 

<y y y 


fi+^+Z 




A 


t 
y y 


X X 


+ 21^ + 2 

y * 


...(A) 


From A.M. - G.M. theorem 

.2 


x ‘ 

y 




Consider 


a-b _ sin /i-sinff 
a + b sin A + sin B 


2sm- A ~ B '— A + B 


-cos- 


2sin A t B cos A ^ — 


2^ = tm A^B cot A±B 


, tan ^l cot ^lzC^ tan ('^ lan £ 

m-i 


2 + 73-1 

2 + V3 + 1 

I + 1/3 


= tan 


F 


tan| I = 1 


A-B 


= 45°=> A- B = 90° 


2 ) 1 

Also A + B = 125°. They both yield A = 105°, B = 15°. 


jc 2 1 v 2 l 

+ — + — + — >4 
y y x x 

Similarly — + — ^ 2 

y x 

From ( A ) minimum value of the sought for expression 
is4 + 2*2 = 8 and equality is attained when x = y = 

1, i.e. a = 2nk ± fi = 2nk±^, for integers k. 

14. (a) : At first sight the problem looks intractable. 
However, using the idea of conjugate and modulus 
function, the problem is solved easily. 

Consider la^ + Z^I = + 

1 1 \ajl-bj3\ 

|2a 2 -36 2 | 

|a72-Z>73| - (A) 

a-j2—b-j3 * 0 for then ^ would be i.e. a rational 

number being equal to the irrational number. Impossible. 
Now a and b are integer and so is 2a 2 - 3 b 2 

12a 2 - 3b 2 j > 1 ...(B) 

Also \aj2-bj3\< t \aj2\+\bfi\ = \a\j2+\b\j3 

= 10072+10073 = 100(72 + 73) < 350 ...(C) 

It follows from (A), (B) and (C) 

1 2a 2 -3A 2 1 ■ _ , 

|a72-A73|" 350 ie ‘ + 
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15. (a) : Rewrite f(x) as 


2x-\ 


/w = 


ee 


2x-\ 


\+e 


,2x-l 


2x 


e + ee 

e x 


,2x-\ 


e + e 


2x 




,2jc 


+ e 


j-* 


/(!-*) = 


e +e 


\-x 


So + = 


+ e 


e +e 


l-x 


= 1 


Now •'{dbMm) + -- / (M) 
-MiMSRfeMS)} 

* Msms)W(s) 

= 1 + 1 + 1 + ... to 1002 terms + /^j 

•’ by putting values ) 


= 1002 + ^ 


= 1002.5 

16. (a) : Number of boxes having exactly / balls = 
Number of boxes having at least / balls 
- Number of boxes-having at least (/ + 1) balls, 

(1 < i < r - 1 ) 

Number of boxes having exactly 1 ball = N { - N 2 
Number of boxes having exactly 2 balls = N 2 - N 3 


Number of boxes having exactly (r - 1) balls 

Number of boxes having exactly r balls = N r , for a box 
can hold a maximum of r balls. 

Total Number of balls = (N x - N 2 ) + 2 (N 2 - N 3 ) 

+ 3(M, - N 4 ) + ... (r - \)(N r _ , - N r ) + r * N r 
= N x - N 2 + 2 N 2 - 2N 3 + 3N 3 -3N a + ... (r-2)N r _ , 
+ (r - 1 )N r _ , - (r — 1 )N r + N r 
= N x + N 2 + N 3 + ... + N r _ , + N r 
Remark : This was a question on logical reasoning. 
Two important things are to be answered while having 
a go at this problem. 1> How many boxes contain exactly 
/ balls? 2> How many balls does box N r contain? 

1 7. (c) : We embed the problem in a more general one. 
Let n= [5J+1 = [£ + l, k = 51 (say) 

We consider the numbers \k + 2, \k + 3, .... [£ + 51 . 


As [£ = 1x2 x....x 51 
.*. 2 1 |fc 3 1 It, 5||t 

.*. 2|[t + 2, 3|[t+3, 4||£+4,....51|[£+51 

Thus the numbers \k + 2, [£ + 3, l£ + 4, .... [£ + 51 are 

all composite. 

1 8. (c) : In such problems we use factor theorem in an 
innovative way. Set up the polynomial 

g(x) = (* + !)/>(*) - 1, then from the hypothesis 

g( 0 ) = g(l) = iK2) .... = g(ii) = o 

But g(x) is a polynomial of degree 12, so because 
0, 1,2, ... 11 are its zeroes, we must have by factor 
theorem g(x) = a(x){x - 1 )(x - 2) ... (a:- 11), where a is 
a constant to be determined. •••(!) 

Also g(x) = (x + 1 )/>(*) _ 1 =* = 

and from (1) 

g(- 1) = a(-lX-2)(-3) ... (-12) = -1 
=> <*\12 = (“0 **• a = “|^2 
Thus (x + l)P(x) - 1 = ™(xXx-l)(x-2)...(x-ll) 
setting x = 12 in the above relation 
(12 + 1)/ > (12)-1 = -^12xllxl0x....l = -j= 

=> 13P(12)-1 = — 1 => 13/*(12) = 0 P(12) = 0. 


19. (b) : Set ^2 = a => a 3 =2 
Now ( 1 - a + a 2 ) 2 = l+ a 2 + a 4 -2a + 2 a 2 - 2 a 3 
= 1 + a 2 + a 3 • a - 2a + 2 a 2 - 2 a 3 
= 1 + a 2 + 2a - 2a + 2 a 2 - 4 
= 3a 2 - 3 = 3(a 2 - I ) 

(1 - a + a 2 ) 2 = (1 - a + a 2 )^! - a + a 2 ) 

= 3 (a 2 - 1)(1 -a + a 2 ) 

= 3 (a - l)(a + 1)(1 - a + a 2 ) 

= 3(a — 1)(1 + a 3 ) n 

= 3(a — 1 )( 1 + 2) = 9(a - 1 ) ...(1) 


From (1) 9(^S-l) = (l-^2 + \/4) 3 


Taking cube roots 



20. (b) : Given a, P, Y are the roots of 
jc 3 + 2x 2 + 3x + 3 = 0, then we have to form the equation 

a _P Y_ 

whose roots are a + j ’ p + j * y + \ 


Let y = 


- ax . A r 

y = = r express x in terms of 

' n 4- 1 r + 1 r 


y => x = 


i -y 
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So that equation is 

teH&M 


l -y 


+ 3 = 0 


>y 3 + 2y*(l -y) + 3^(1 -y) 2 + 3(1 - y ) 3 = 0 
=>y i + 2f -2y 2 + 3y(l- 2y+y 2 )+3(\-3y+3y 2 -y s ) = 0 
=>-y 2 + 5y* - 6y + 3 =0 =* y* -Sy 2 + 6 y- 3 = 0 ...(2) 

Let — ^ = ct\ -£- = p\ — — = y'. 

a + 1 (3 + 1 y + 1 r 

Thus a', P', Y are the roots of (2) 

• • = 5, Xa'p' = 6, £a'p'y' = a'p'y' = 3 

Now use the identity 

a 3 +b 3 +c 3 -3abc = (a + b + c)(a 2 + b 2 + c 2 - ab - be - ca) 
= (a + b + c){(a + b + c) 2 - 3 (ab + be + ca)} 

= (a + b + c) 3 - 3 (a + b + c)(a£ + be + ca) 
a 3 + b 3 + c 3 = (a + & + c) 3 — 

3(cr6 + £c + ca)(a + b + c) + 3a£c 

Thus 

a ' 3 +p ' 3 + y ' 3 = (Zo'Y-Sda'Jda'P'J + Sa'PY 
= 5 3 — 3(6)(5) + 3 x 3 
= 5(5 2 - !8) + 9 = 5 x 7 + 9 = 44. 

21. (c) : A Ithough there are standard methods of sol ving 
linear recurrence relation of a given order, we try to exploit 
the idea of geometric progression to solve our problem. 
<*,, +i - 3c/ /, “ 2a „ -v n - 2 can be recast as 

a n*\~ = 2a n ~ 2a n - I = 2 K 

LetA „ = fl „ + r a „."Sl 

thus b ll = 2b il _,.//> 1 

Thus b u is a G.P. of common ratio 2 

••• ~ 2"~ > b l = 2"~ l (a 2 - «,) 

= 2"(<7, - a a ) = 2"(3 - 2) = 2" 

• * + I — — 2 

<*„ ~ <>„ -i = 2"‘ 


(i 2 -a, =2 

Adding vertically, a n + , - a, = 2 + 2 2 + ... + 2" = 2(2" - 1 ) 

= ><J n+ i =2 " +l -2 + fl| = 2" +l -2 + 3 = 2" + , + 1 
Thus a n = 2" + 1 . 

22. (c) : 1st solution 
e ,A , e' H , e ,( ' are in A.P. 

=> e iA + e u- = 2( e 'H) 

=> (cos/I + isinA) + (cosC + /sinC) = 2(cos5 + /sin5) 

=> (cos// + cosC) + /(sin// + sinC) = 2cos5 + /(2sin5) 
equating real and imaginary parts ® 

cosA + cos C = 2cos5 


=> 2cos^^-cos^r^ = 2cosB 


2 

/l-C 


= cos 5 


=> 2cos (f ~ f) cos 

n l /n 

sin-ycos-^— = cosfi 

again sin/l + sinC = 2sinB 

=> 2sin - ^ cos ^~^ = 2sinB 


-(A) 


2 sin (H) 


C 0 - 5 B 
cos — - — = 2sin-jcos— 


cos y • cos —y— - = 2sinycosy 
cos^ = 2sinf 


...(B) 


From (A) and (B) 
(sinyj^sinyj = cosB 


(v cos-— * oj 


_• 2 B 


2sin 2 = cos B = l-2sin 2 -^ =>4sin 2 — = 1 
2 2 2 

=> sin2 4 = 4 => sin -f = ^' =>-f = 30° .-. B = 60° 
From (B) cos^^- = 2x-i = 1 

=> = 0 .'. A = C = 60° (v B = 60°) 

Thus the triangle is equilateral. 

2nd Solution 

Instead of dealing with two separate equations, we exploit 
the result (to be derived) to deal with them at one stroke. 




. ;(T) 


{*-*?)- 


zzW] 


2cos —e 

2 

e iA , e ,H y e iC are in A.P. 


► e iA + e iC = 2e iH ; 2 cos ^z£..g[ 2 ) = 


2e" 


A-C il 
cos — — 


(Hi . 


jH 


> COS 


A r 

A ~ C e 2 ./ = e ,s 


> / COS 


A-C 

— = e 2 : 


A — C t p 
> i cos- = cos~- + / sin 
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■cos 4^ = 0 and sin^y = cos^j£ 

•f = f • 5 =f= 60 °- 
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cos4— = 0 => sin 4^- = 1 
2 2 

=> cos— — — = l=>/4-C = 0 A -C 

2 

Thus A = 5 = C = 60°. 

23. (b) : Let A be the set of smokers 
and B the set of lung cancer patients. 

Then shaded area = the number of 
people who are both smokers and lung 
cancer patients. 

_ 20 A = 801? 

100 100 
30 

again A = x where P is the population 
From ( 1 ) and (2) 

-£^Lp = 4 R R = — - ?P _ P = — P 

100 


,4 = 45 



..•( 2 ) 


100 100x4 

Thus 7.5% of population suffers from lung cancer. 


24. (a) : Rather than changing* + 1 to* etc. and hoping 
that the answer will somehow come out, we indicate to 
you the natural way to solve the problems of this type. 
Change the lowest argument,* - 1 to*, the equation reads 

/(*)+/(* + 2) = V2/(x + l) -(I) 

chang * to * + 2 to obtain 

f(x + 2) +/(x + 4) = 72 f(x + 3) ...(2) 

Adding (1) and (2) 

/(x) + 2/(x+2) + /(x+4) = 72{/(x+l) + /(x+3)} 
= 72 ■ {72/(x + 2)} using (1) 

= 2f(x + 2) 

=> f(x) + 2 f(x + 2) +/ (x + 4) = 2 f(x + 2) 

=» /( x) +f{x + 4) = 0 ...(3) 

Now change * to * + 4 

=» /(* + 4) +/(* + 8) = 0 ....(4) 

(3) and (4) on subtraction give /(*)-/(* + 8) = 0 
=> /(*)=/(* + 8 ) 

Thus the function is periodic with period 8. 

Note : The reader is advised to refer to Concept Booster 
XII, page 60, of the August issue of the magazine for a 
detailed discussion. 


25. (a) : The given equation can be rewritten as 
x 2 + xy = yr + xz ==> x 2 -xz =y 2 -xy 
=> x(x-z)=y(y-x) ...(1) 

Let d = gcd (*, y) Then * = da, y = db with gcd (a, b) = 1 
( 1 ) now becomes 

da(x - z) = db{y - x) => a(x-z) = b(y-x) 

as ( a , b) = 1 , we have x-z = kb and y-x = ka for some 

integer k 


But gcd (i a , b-a)~ gcd (i a , b) = 1 , 

Thus it follows that ( b - a) divides k 

Let k = n(b - a) y we obtain d = na 

Hence solution becomes * = na 2 y y = nab y 

z = n(a 2 + ab- b 2 ) where n, a, b are arbitrary integers. 


26. (c) : Suppose P is the centre of 
the circle. The point P lies on the 
bisector of ZABC , i.e., on the 
diagonal BD of the square. 

/. ZPBC = 45°, PN = PD = R = radius 
of the circle 
From triangle PNB 



sin 45° = 


PN ^ J_ = JL . 
PB J2 PB 
BD = diagonal of the square = a 


. PB = Ry/2 

72 


Also BD = BP+PD = Ryfl + R = #(72 + 1) 


=> er72 = #(72+l) => R = -0- 
V 2 + 1 

= a72(72-l) = a(2-72). 


27. (a) . Let us calculate the number of numbers whose 
last digit is *, where * = 1 , 2, 3, 4 or 5. 


Since each digit can appear at most once, the ten’s place 
can be filled in 4 ways, hundred’s place can be filled in 3 
ways and thousand’s place can be filled in 2 ways. 

Thus the number of numbers whose last digit is 
* = 4x3x2 = 4! 

So, the digits in the unit place of all the 120 numbers add 
upto 4! (1 + 2 + 3 + 4 + 5) = 24 * 15 = 360 
Similarly the numbers at ten’s place add up to 360 and so 
on. Hence the sum of all numbers is 

360(1 + 10+ 10 2 + 10 3 )= 360 x -° 4 = 40x(10 4 -1) 

= 4 x 10 s - 40 = 399960. 


28. (d) : 1st Solution : In fact the product of two number 
of the form * 2 - dy 1 and u 2 - dv 2 is of the same form for 
any d , where d is not a perfect square. 

(* 2 - dy 1 )^ 2 - dv 2 ) = (* - yyfd )(* + yjd ) 

{u -vjd)(u + v<Jd) 

= l(x-yjd)(u + vjd)}{(x+yjd)(u-vyfd) } 

= (//* + vxyfd - uyjd - vyd)(xu - xv -id + uy^d - v yd) 

= [( ux -vyd) + (yx-uy)Jd'\ [( xu - vyd ) + ( uy - v* ) Jd ] 

= [(a*- dvy ) + {vx-uy)Jd ][(n* - dvy )-Jd(vx- uy)] 

= (ux - dvy) 2 - d(vx - uy) 2 
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2nd Solution (using matrices) 
f x 


Consider 

yd' r 


yd 

U’ x 

u vd 


it’s determination is x 2 - dy 2 

ux + dvy d(vx + uy) 
xv + uy ux + dvy 
As det (AB) = (det .4)(det B), i.e., the determinant of the 
product is the product of determinants. 

We have (x 2 - dy 2 )(m 2 - vd 2 ) = (ux + dvy) 2 - d(xv + yu) 2 . 


29. (b) : Let u = x 3 

then x 3 (x 3 + 1 )(x 3 + 2)(x 3 + 3) = u(u + l)(w + 2)(u + 3) 

= u(u + 3)(// + 1 )(u + 2) = ( u 2 + 3 u)(u 2 + 3u + 2) 

= {(z/ 2 + 3u + 1)- 1}{(z/ 2 + 3z/ + I)+ 1} 

= ( u 2 + 3z/ + l) 2 - 1 = (* 6 + 3 jc 3 + l) 2 - 1 
Thus the minimum value of the expression is -1 . But we 
must ensure that it’s attained too. For that we note that 
the minimum value is attained where* 6 + 3x 3 + 1 = 0, i.e., 
for the real roots of x 6 + 3x 3 + 1 = 0. 


30. (c) : We are going to introduce you to a powerful 
technique of counting i.e. recursion. 

Let us denote by u n the number of /7-digit string made up 
of 0, 1 or 2 and satisfying the condition of the problem. 
u 2 , the number of 2-digit string, can be obtained by direct 
calculation. z/ 2 = 8, viz., 00, 01, 02, 10, 11, 12, 22, 20. 

Let x x r x 2 ... x n be a sequence belonging to u . We can 

have two mutually exclusive cases. 

(1) If* starts wth 2, i.e.*, =2, then each of* 2 ,* 3 , ... can 
be 0 cr 2. So there are 2 n ~ 1 such sequences. (Recall that 1 
cannot appear to the right of 2). 

(2) If* start with 0 or 1, i.e.*, =0 or 7, then x^c 3 , x n is a 
sequence of (n - 1 ) digits satisfying the condition of the 
problem, so there are 2 u n _ , such sequences. 

Thus u n = 2” " 1 + 2u n _ v n>2 
Also u 2 = 8 

1/3 = 2 2 + 2z/ 2 = 4 + 2x8 = 20 
u 4 = 2 3 + 2z/ 3 = 8 + 2 x 20 = 48 
u 5 = 2 4 + 2u 4 = 16 + 2x48 = 112 
z/ 6 = 2 5 + 2u s = 32 + 2 x 112 = 256 

31. 1st Solution 

Let b k = a k a k ,a k + 2 a k±3 for * = 1, 2, ... n 
Also let a n+l = o„ a n+2 = a 2 , a n+3 = o 3 
The given condition 

a ] a 2 a 3 a 4 + a 2 a^a 4 a s + ... + a n a x a 2 a 2 = 0 reduces to 
b^+ b 2 + ... + b n = 0 ...(A) 

As a j = 1 or -1 , so b t = 1 or -1 too 

suppose that among the bj s, there are numbers equal 

to 1 and n 2 numbers equal to -1 


then n } + n 2 = n and from (A) 

1 x w , + (_i ) x n 2 = 0 => /7, = n 2 
Thus n ] = n 2 = nl2 

So n is even .*. n = 21, say ...(B) 

Again b { b 2 ... b n = (a,a 2 a 3 a 4 )(a 2 a,a 4 a 5 ) ... (a„a,o 2 a 3 ) 

= a, 4 a\ .... a* = (a, 2 a\a\ ...a 2 ) 2 
= (111 .... 1)2= 1 ...(C) 

Also b x b 2 ... b n = l n i x (-iy*2 

=Hr 2 =H r /2 = ( -iy ....(D) 

From (C) and (D), (-1 ) /= 1 => / = even .*. / = 2m 
then (B) gives n = 2 x 2m = 4/w 
Thus 4 | n, i.e. 4 divides az. 

2nd Solution 

It can also be solved in an elegant way by using the “idea 
of invariance”. If we replace any a i by - a t , then the sum 
S = a x a 2 a i a 4 + a 2 a 3 a 4 a 5 + ... + a n a ] a 2 a 3 does’nt change 
mod 4 because four cyclically adjacent terms change their 
sign. It can be seen like this 

( 1 ) If two terms are positive and two negative, then by 
changing a i to -a t , the sum doesn’t change. 

(2) If one or three terms have the same sign, the sum 
changes by ±4. 

(3) If all the four terms are of the same sing, then S 
changes by ± 8. 

Initially we have S = 0 which gives 5 = 0 (mod 4). Now, 
changing the sign of one a, at a time, we change each 
negative sign in a positive sign. This doesn’t change 5 
mod 4. At the end also we must have 5 = 0 (mod 4), but 
having changed the sign 5 = n. 4 | n. 

32. Suppose that (* - a) 2 (x - b) 2 + 1 can be written as a 

product of two polynomials with integral coefficients. 
Let (x - af( x - b) 2 + 1 =f(x)g(x) ...( 1 ) 

We have f(a) =f(b) = g(a) = g(b)= 1 ...(A) 

From (A) it is seen that both /(*) - 1 and g (*) - 1 are 
divisible by (* - a){x - b) 

Assume that /(*) - 1 = (* - a)(x - b) and 
g(x)-l=(x-a)(x-b) 

This gives /(*)g(x) = {(* - a)(x - b) + 1 } 2 

= (* - a) 2 (x - b) 2 + 2(x - a)(x -b)+ 1 ...(2) 

But then (1) and (2) yield 

(* - a)(x - b) = 0, i.e. (* - a){x - b) is identically zero. 
Obviously we reach a contradiction. 

Hence (* - a) 2 (x - b) 2 + 1 can’t be written as a product of 
two polynomials with integer coefficients. 

33. Transform the equation after multiplying by 4 as 
below 

x 4 + x 2 y =y n+l => 4x 4 + 4x 2 y = 4/' * 1 
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=$ y 2 + 4x 4 + 4xy=y 2 + 4y +l 
=> (2x 2 +y) 2 =Al+4 /'■) •••(») 

From ( 1 ) it follows that 1 + 4/ " 1 is an odd square, so 
I + 4y" ’ 1 = (2k + l ) 2 => 1 + 4/-' = 4A 2 + 4A + 1 
=> /■-' = k 2 + k=k(k + 1 ) 

Since A and A + 1 are relatively prime integers, each of 
them must be the (n — 1 )th power of some integer. This is 
possible only when n = 2 , thus giving y = *(A + 1 ). 

Now from ( 1 ), 

2 x 2 + k(k + \) = k(k + 1 )( 2 A + 1 ) 

=* 2 x 2 = k(k + 1 )( 2 A + \)-k(k+ l) = k(k + 1)*2 k 

x 2 = k 2 (k + 1 ) 

Then k + 1 should be a square, let k + 1 = I 2 . Then 
x 2 = (/ 2 -l) 2 / 2 :.x = (t 2 -\)t = t 3 -< 

and then y = k(k + 1 ) = (/ 2 - 1 )/ 2 = f - 1 2 
. y'j = (/3 _ ^ f - i 2 ) describes the solution of the 

problem. 

34. (When solving problem on mean value theorem, we 
offen have to consturct auxiliary functions on which the 
theorem can be applied, ingenuity is needed to consturct 
such functions. Offer the result to be proved is a key to 
constructing such functions). 

As/is positive, ln/(x) is well defined, 
we get g(x) = ln/(x) 

then g(x) continuous where fix) is continuous and 
differentiable where /(x) is. So g(x) satisfies the 
hypothesis of mean-value theorem on \a, b], so there exists 
C 6 ( a , b ) such that 

g(b)-g(a) ln/(f>)-ln/(a) -£(£) 

—b^r~ 8 (c) b-a m 


=> ln^p| = (b-a) 

/(a) 

By exponentiation 


/’(C) 

f(c) 


m _ 

f(a) 


(h-ay 

e 


/*(«■•) 

/(c) 


35. Here we use a technism based on factorization of 
polynomials. 

Write 1280000401 = (20) 7 + (20) 2 + 1 = x 1 + x 2 + 1, 
where x = 20 

Claim : x 2 + x + 1 divides x 1 + x 2 + 1 

Proof: We have (x 2 + x + 1 ) = (x - io)(x - to 2 ), where co is 

the complex cube root of unity 

Now co 7 + to 2 + 1 = (w 6 )io + (o 2 +l=io + u) 2 +l=0 

also (co 2 ) 7 + (w 2 ) 2 + l = (o 14 + co 4 + 1 

= (to 3 ) 4 • to 2 + (to 3 ) - io+l = to 2 + to+l =0 

so both (x - to) and (x - to 2 ) are factor of x 7 + x 2 + 1 


Thus x 2 + x + 1 divides x 7 + x 2 + 1 

Hence 20 2 + 20 + 1 = 421 is a factor of 1280000401 . 


36. At first there appears to be no pattern to the problem. 
But to get a feel of the solution we multiply two 
polynomials 

(x 2 + ax + c)(x 2 + bx + d) = x 4 + (a + bW 

+ (ab + c + d)x 2 + (ad + bc)x + cd 
So we observe that the system resembles the coefficients 
when these two polynomials are multiplied. 

Consider the polynomial/(x) = x 4 + 8x 3 + 23x 2 + 28x +12 
/(_!) = i_8 + 23 -28 +12 = 36- 36 = 0 
Also/(-2)= 16-64 + 92-56+ 12= 120- 120 = 0 
f(x) — 4x 3 + 24x 2 + 46x + 28 
/'(_2) = -32 + 96 -92 + 28=- 128+ 124 = 0 
Thus -1,-2, -2 are three roots. As product of roots = 1 2, 


the fourth root is -3. 
f(x) = x 4 + 8x 3 + 23x 2 + 28x+ 12 
= (x + l)(x + 2) 2 (x + 3) 

/(x) can be written in two ways as a product of quadratic 
polynomials. 

f(x) = {(x + 1 )(x + 2)} {(x + 2)(x + 3)} 

= (x 2 + 3x + 2)(x 2 + 5x + 6) 
or /(x) = {(x + l)(x + 3)}{(x + 2)(x + 2)} 

= (x 2 + 4x + 3)(x 2 + 4x + 4) 

Consequently the solutions for (a, b, c, d) are 

(3, 5, 2, 6), (5, 3, 6, 2), (4, 4, 3, 4), (4, 4, 4, 3). 


37. Let PR and QS meet at M. 
As PQ || RS, triangle PMQ and 
SMR are similar with 

PQ = _ i = 2 

SR 10 5 

Let PM= 2x and QM = 2 y, then 
MR = 5x and MS = 5y 



As ZPMQ = 90° 

area of the trapezoid = —xPRxQS = — x 7x x 7 v 


49 xy 
2 


...( 1 ) 


Let a = Z.PSM and p = ZQRM 
In right triangles PMS and QMR 


_ PM _ 2x n = QM _ 2y 

tana ^ 5^’ ^ MR 5x 

Now ZRMS + ZMSR + ZHRS = 1 80° (from MIMS). ..(2) 
Also ZSNR + ZNSR + ZNRS = 1 80° (from A NRS) ...(3) 


Subtracting (2) from (3) 

ZSNR + ZNSM + ZNRM - ZRMS = 0 


^ ZRMS = 45° + a + P 

90° = 45° + a + p a + P = 45° 
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tana + tanp 

1 - tan a tan p 


(2x/5y) + (2y/5x) 


\-(2x/5y)-(2y/5x) 


_ I0(jc 2 +y 2 ) 

...(4) 

y 21 

have PO 1 = PKfi + MQ 1 
=>x 2 +y 2 = 4 

....(5) 


we nave tan 45° = 1 

_ 10(.y 2 +y 2 ) 

21 xy 

In triangle PA/O , we 
=> 1 6 = (lx) 2 + (2y) : 
from (4) and (5) 

49 49 40 

From (1) area of trapezoid = = -y x — 

_ 7x40 7x20 140 


2x3 


= — sq.cm. 


38. Let S — |siiu + cosx + taru + cotx + sect + cosecc| 
Put a = si ax, b = cosx 


Then S = 


a + /) + Y + — + — + - 
b a a 


ab(a + b) + a 2 +b 2 +a + b 


ab(a + b) + \ + a + b 

ab 


ab 


...( 1 ) 


Let c - a + b = cosx + sinx 


= >/2 |^cosx + -jLsinxj = V2sin^E + xj 

So c € [-V5, £] 


a + h = c=$ a 2 + lab + b 2 = c 2 =* 1 + 2a/) = c 2 



Now the expression to be minimized is equivalent to, 
from ( I ) 

c ._ 2ab(a + b) + 2 + 2(a + b) 
lab 



(c 2 -\)c + 2 + 2c 


c 3 + c + 2 


c(c 2 -l) + 2c + 2 


c 2 - 1 


c 2 -l 


c 2 -l 


c+ 2 , 

_ 

C ~ 1 H — — + 1 

c-1 


C-1 


As C G [-V 2 , V 2 ], we consider two cases 
If c - 1 > 0 then by AM-GM inequality 

(c-l) + —2—>2j2 
(c-1) 

If c - 1 < 0 then 

( ‘- |) *(^-{ l| - c) *(ir7y) s - 2 ' 5 

with equality holding if I - c = — i.e. (l-c) z =2 

I — c 


=>l-c = V 2 c = 1-V2 

The minimum value from (2) is then |-2>/2 + 1| = 2^2 - 1. 

f+x]=l-V2. 

39. Denote by a., the number that is in the ith row and 
yth column. The entries of the chessboard are given by 
fl0 = 8(i-l)+y v U= 1,2, ...8 

From each row and each column exactly one number is 
chosen 

Let a ] j ] , a 2 j v aj v aj s be the numbers chosen 
wher ey p y 2 , ....y 8 is just a permutation of 1, 2, ... 8. 

Sum of all number = a,y, + aj 2 + ... + aj % 

= S a kJk = I + 

A: = I k = I 

= 8(1 + 2 + ... + 7) + (1 + 2 + ... + 8) 

= 8xl|l+i|i = 224 + 36 = 260. 

40. There are 10( ^~ 1 +1 = 34 elements in the the 
progression 1,4, 7, ... 100. 

We make pairs as follows 

(4, 100), (7, 97), (10, 94), ... (49, 55) 

49-4 

Number of pairs = — ^ — + 1 = 16 pairs 

We are giving to prove that we can choose a set of eighteen 
distinct numbers form the A.P. such that no two of them 
add up to 104. But once a nineteenth member is chosen, 
we will end up with two elements whose sum is 104. 
Taking one of the number from each of the pairs, we can 
have 10 numbers and including 1 and 52 with these sixteen 
numbers, we now have 18 numbers. But no pair of 
numbers from these 18 numbers add upto 104, because 
just one number is selected from each pair and the other 
number of the pair, which would have made the total 1 04, 
is not selected. 

So we can choose 1 8 numbers, such that no two of them 
add up to 104. 

For getting 19 numbers, we will be forced to choose one 
of the 16 not chosen numbers, but then this number will 
add up with the number which was paired with it and 
they will add up to 104. 

So, once a set of 19 distinct integers is chosen, we cannot 
escape the fast that some two of them add up to 1 04. 


attained when c = 1-^, i.e. V2 sin 


40 
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In Mathematics the solution of a problem is considerable 
whereas the solution alone is not considerable, more 
important is the domain of parameters and the variables 
involved in the problem without which you may lead to 
wrong answer thereby giving you -1 marks instead of 
+3 marks. 

The following examples are given for clarifications. 


Example-1 : Find values of a for which 

T xi 


«/4 * + 


(a-x) 


-dx = -\ 

rr J 


1 


rc i x 2 + a‘ 


-dx 


Evaluating the integerals we get ~ = — 

4 71 

a 2 = 4, a = ± 2 
If you select the answer value of a is +2 or -2, your 
answer is wrong 

For values of parameter a , we consider 



7 x" 'X 

J —dx, here ~<x<,^ for a>0 and 

«'4 x"+(a-x) 4 4 

f-*-X for<7<0 


For a = -2 we get ~ <, x < forwhich j — 

2 2 x"+[a-x) 

may become discontinuous everywhere because value of 
n is not specified and hence may be any real number, if 
25 ^ 

n = 7j< * 14 is imaginary because x is negative. a = 2 


Domain of Parameters 
and Variables 


By : Prof. S. S. Dahiya 


The locus subjected by the student is 
2 [4(x + l), for *<2 

[12(3 — jc), for *>2 

If this answer is analysed the further conclusions are 
x + 1 > 0, as well as 3 - x > 0 
Therefore the proper format of answer is 

4(* + l), for — 1 < at < 2 
12(3-*), for 2<*<3 
No locus for *€ /?-[-!, 3] 


/ = 


Example-4 : If Grztan' 1 .^^ + tan* , 1 |^ + tan“ , & 
j be yea yab 

then find value of 0 given that X = a + b + c, where a. 
b, c non zero real numbers. 

Using various method, we conclude tan 0 = 0 and 

— 2~<0<' : ^" hence we get 0 = 71, In fact possible values 

of 0 are 0 and 71, because X = 0 when a = 6, b = -4, 
c = -2 we get 0 = 0 
Tr aX bX cX 

“ 6c’ ca’ ~ab aI1 are positive then 0 = 7i 
Hence our answer is 0 = 0 or 0 = 71 . 

Example-5 : Solve for*, 

tan (3*) - tan (2*) = 1 + tan (3*) tan (2*) 

Note that 3**(2£-l)^, 2**(2*-l)^ ,* 6 / 


Example-2 : Variable chord AB of circle 
* 2 + y 2 - 2* - 2y = 0 is such that ZAOB is bisected by 
*-axis (O is origin) 

The locus of mid-point of related variable chord AB is 

* + y = 2 . 

Your answer * + y = 2 is wrong because * + y - 2 is 
straight line extending to exterior part of the circle and 
part of a line which belongs to exterior of the circle can- 
not be chord of the circle. Therefore you are to consider 
the segment of the line playing the part of locus which is 
x+y = 2, 1<*<2 or 0<>><1 
Example-3 : Find locus of point P (*, y) such that sum 
of its distances from origin and from line* = 2 is always 
4 units. 


On solving the equation we get x = rm + j, ne integers 

which is rejected because 2x^(2k-\)~. Hence the 
answer we get is no solution. 

Example-6 : If 0 = tan -1 ^ j + tan"' + tan’ 1 1 j 

where *, y. z are non-zero real numbers and 
r 2 =x 2 +y* + z 2 then find values of 0. 

Using various methods we conclude that tan 0 = 0 and 

further -j- < 0 < The conclusion that 0 = 0 or 7 i 

contd. on page no. 66 
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+ 


y 2 n+l 

n=o \a_ 


217 - 4 + 1 - 

imll”-' n=oL^ 


= 3e? 


3. Domain is {1,2, 3, 4}, Range is {a,b,c} 

No value of domain corresponds to a , hence one value 
to three value to c 

No value of domain corresponds to a , hence two value 
to b , three value to c 

No value of domain corresponds to a , hence three value 
to b , three value to c 


Number of ways is 4 C, + 4 C 2 + 4 C 3 = 14 

No value of domain corresponds to a and b , hence all 

the values to c, 1 way 

Total number of ways = 3* 14 + 3* 1 =45. 

4. 3 X + 4 r + 5 X = 6 X , graph of y x - 3 X + 4 X + 5 X and 
.y 3 = 6 X may be considered for x = 1 , y x > y 2 ; 

for a: = 2, y { >y v for a = 3, y x = y 2 , 
for a = 4, y l <y 2 the only root is x = 3. 

5. a + b = 4 where a and b are length of two 
diagonals. Area of convex quadrilateral is 


-cj^sinG J-tf6sin0 = 2 or ab = -^-r 
2 2 sin0 • 

because a + b = 4, hence ab < 4 

4 

Therefore -r-r ^4 or sin 0 > 1 
sin0 

sin 0 > 1 is impossible, sin 0 = 1 gives 0 = n/2, 
diagonals are perpendicular. 


c/,xc / 2 


6. In A ABC, 1 + = cos A + cos B + cosC , angles of 

A 

right angled triangle are ^0, ~0 where 0 isactue. 

1 = cos0 + sin 0 < >/2 therefore ~ 7^(>/2 + l). 


2 

7. A rea A4 OB + area A A QC + area sector BOC = 


/• 2 sin(TC-A-) + l(/- 2 )(2Ar) = -^ 
a -f sin a = -^ or A + sinA-y = 0 
Hence f(x) = xj^x + sin x-jj , \ j s 



8. sin (nix + c) is periodic with period — , — = tc 

r m m 

gives m = 2 

sin (2a + c) = 0 when a is 2, hence c = - 4 
g(A) = 3 + 5 sin (2a - 4). 


9. Choice (c) is correct for all real values of a, y, z. 


10. 24 = 3 x 2 x 2 x 2 = (2+ 1)(1 + 1)(1 + l)(l + l) 
Hence prime factors are 2, 2, 3, 5, 7, 

number = ( 2 x 2 )x 3 x 5 x 7 = 420 

Because 7 > 2 x 3, 

hence replace factor 7 by (2x3) 

break 24 = 4x3x2 = (3+l)(2+l)(l + l) 
Number = (2 x 2 x 2) x (3 x 3 ) x 5 = 360 
Answer is (c) i.e. 360. 

11. (a) 12. (a) 

13. \ = + D = b 2 -4ac = l-\6X=\-^->0, 

ol 81 

real roots 

14. Set of prime numbers 

c {6£ - 1 , 6k + 1 where ke N} greater than 3 
k e N, 6k - 1 is composite of units place of £ is 1 or 6 
otherwise it is prime 

k e yv, 6k +1 is composite of units place of k is 4 or 
9 otherwise it is prime 

Three pirme number is A.R are in the form 6k - 1, 
6k - 1 + 6, 6k - 1 + 1 2 form 

Three pirme number is A.R are in the form 6k + 1, 

6k + 1 + 6, 6k + 1 + 12 form 

Hence common difference is 6 or multiple of 6 

15. e ~( x ~ { Y is maximum latx=l 
Therefore a - 1 = 0, 

a+l=2 gives a = 1 

which is mid point of interval 1 h 

[a - 1 , a + 1 ], hence a - 1 0 12 



contd. from page no. 64 

or -71, here it may be noted that 0 cannot be zero because 
rx ry rz 


either the three values — > — » ~ all are positive or 


yz 


all the three are negative, hence 0 = 71 or 0 = - 71 . 
Example-7 : Find conditions on a and b for which 


1 


where 0 e R-(2k-\)~, 


sec 4 (0) tan 4 (0) 

a b a + b v_ " * y 2’ 

k is an integer, a* 0, b* 0, a + b± 0. 

Given that b(a + b) sec 4 (0) + a(a + b) tan 4 (0) = ab 
Using sec 4 (0) + tan 4 (0) = 1 + 2 sec 2 (0) tan 2 (0) 
we get 6sec 2 (0) + man 2 (0) = 0 


sec 2 (0) = and tan 2 (0) = 


-b 

a + b' 


ab < 0 


Further sin 2 (0) = — y, hence |/>|<|a| 

Therefore the answer ab < 0 is wrong, the proper answer 
is ab <0 and | b | < | a \ 
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problems solved. 


/ITT 


1 . Graphs of y = sin x, y = cos x, y = tan x, 

y = cosec (x) are drawn on same axes system for 

* G ^0* y j , A vertical line is drawn through point 

of intersection of y = cos x and y = tan x intersecting 
the other two curves at points A and B. Find length 
of segment AB. 


2. Find sum of series 
3 5 7 9 

1+7T + 7^ + 7T + 7“+. 


U L2 [3 [4 


infinite terms. 


Find number of into functions /: A 
A = { 1,2,3, 4}, B = {a, b, c}. 


B where 


4. Find number of roots of equation 3* + 4* + 5 X - 6 X . 

5. Sum of diagonals of trapezium is 4 units and its 

area is 2 square units, find angle between the 
diagonals. / Prat ham Saxena , Jaipur j 


6. Saurav Talukar has sent two constructions, right 
angled triangles are formed, by actual 
measurements, in first triangle R/r = 2.5, in second 

construction — = 2.6 explain reasons for this ra tj 0 
r 

to be 2.5, 2.6 etc. /Saurav Talukar, Assam/ 

7. A is point on circumference of a circle, chords AB 
and AC divide circle area in three equal parts, 
fix) = 0 is an equation whose root is angle BAC , 
find fix). 


8 . 


9. 


10 . 


11 . 


12 . 


Find function g(x) such that 

(a) domain is (-oo, °o) (b) range is [-2, 8] 

(c) period is n (d) g( 2) = 3. 

[K. Deepak , Kota/ 

{x}=x-[x] where [k] is integeral part of k then 
which of the following is correct 

(a) [x+y + z] = [*] + \y] + [ 2 ] 

(b) Ix+y + z) = {x+y} + {z} 

[x +y + z] = [x +y] + [z + {x + ^} ] 

(d) None of these. 

Smallest natural number which has 24 divisors is 

(a) 420 (b) 240 

(c) 360 (d) None of these. 

0 < :.xs< I , which of the following is true 

sin (cos x) < cos (sin x) 

(b) sin (cos x) > cos (sin x) 

(c) sin (cos x) > cos (sin x) 

(d) None of these. 

a , b , c are non zero distinct real numbers. If 
a + b + c = 0 then value of 


b 2 


is 


2 a 2 +bc 2 b 2 +ac 2 c 2 +ab 

(a) 1 (b) -1 

(c) 0 (d) None of these. 

13. a,b y c are positive and <ar + 6 + c= 1 

If k = min {a 3 + cPbc , 6 3 + b 2 ac, c 3 + c^ab), then 
prove that root of x 3 ± x + 4k = 0 are real. 

14. If three prime number (greater than 3) are in A.P. 
then their common difference is divisible by 

(a) ^2i)ut not by 3 (b) 3 but not by 2 

iyA 2 and 3 both (d) None of these. 

o+l 2 

15. For maximum value of J e~ (x dx value of ‘a’ 

a - 1 

is 

(a) 0 (b) 1 

(c) -1 (d) None of these. 

/ Ranganathan , Vijaywara/ 


SOLUTIONS 


1. Point P is(0,cos0) where 0 is root 
of cos 0= tan 0 ....(i) 

Point A is (0,sin0), Point B is (0, cosec 0) 
.*. AB = cosec 0 - sin 0 

_ 1-sin 2 0 _ cos 2 0 

sin0 sin0 1 ov ' J 0 


■=1 [Using (i)] 
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Mock Test 


FOR 




3E 




In our last issue we brought to you the first 
Mock ISI Paper ; which was received well 
by students . We take up our commitment 
towards /SI aspirants by giving another 
mock test, which closely simulates the real 
exam . All the best from MTG. 

(For details of exam refer to April issue of 
Mathematics Today). 


By Alok kumar , B.Tech, IIT Kanpur 


MULTIPLE CHOICE TEST 


1 . The number of triplets (x, y, z) satisfying the system 
of equations 

x + y = V4z-1, y + z = j4x-\, z + x = J4y - 1 is 
(a) 4 (b) 3 (c) 1 (d) 0. 

2. Consider the sequence a n given by a x = 1/2, 


1 


- + - 


1 


a 2 + 1 ^2006 + 1 


a, . = at + a ., . Let S = — — - 

,y\ n n + 1 

then [5], the greatest integer less than or equal to sum 

Sy is 

(a) 2 (b) 3 (c) 4 (d) 1. 

3. Two circles with radii 2 and 8 cm touch each other 
externally. Also drawn to these two circles are three 
common tangents intersecting each other at three points. 
The area of the triangle (in sq. cm) formed by joining 
these three intersection points is 

(a) 16 (b) 64/3 (c) 256/3 (d) 24. 

4. In an examination, 41% candidate failed in Music 

and 32% failed in Mathematics. Also, 13% failed in both 
the subjects. If the number of candidates who passed in 
Music alone is 399, then the total number of candidates is 
(a) 2100 (b) 2000 (c) 2400 (d) 5200. 

5. The three sides of a right-angled triangles are in 
G.P. The tangents of the two acute angles are 


(a) 

V75 + 1 2 

(b) 

7i+75 

2 ’ 7i+^ 

2 ’ 

(c) 

175-1 I 2 

(d) 

2 

V 2 ’ VTs + i 

\ Ts-T 

6. 

Consider the two 

Arithmetic 


\i + 7s 

1/5-1 

2 


61, 21, 26, ... and 21, 25, 29, 33, ... The sum of the f i ! 

100 common terms of the two progressions is 

(a) 101010 (b) 110010 (c) 101100 (d) 110* >0 1 

Then the ! 


7. Let X„ = T7J 77J 

" (n-l) 4/3 + n 4,, +(/i+l) 

sum 5 = *, + x 2 + .... + satisfies 
(a) S>200 (b) S>100 (c) 6' > 60 


4/3 * 


(d) S <50 


8. Consider the two numbers A- 2“ +1, 

B = 2 2 ' " 2 + 1 . Then about the numbers A and B which 
of the following statements is true? 

(a) A is prime but B is composite 

(b) A is composite but B is prime 
(£) A and B are both composite 
(d) A and B are both prime. 

9. Let g : R —> R be a function satisfying the two 
conditions 

(i) g(x t y) + g(x -y) = 2 g(x) v giy) x, ye R 

(ii) there exists a such that g(a) = -l, a > 0 
Then which of the following statement is false? 

(a) g(x) = g(x + 4 a) Qy) g(x + a) = g(x + 9a) 

(c) g(x) = g(x + 1 6a) (d) g(x) *g{x + 2a). 

10. The polynomial jc 6 + L when divided by 

2 X ® 

x +2» +1> leaves a remainder 


(a) 

(c) 


H 

H 


<b> 

(d) 0. 


1 1 . The /nth term of an arithmetic progression is at and 
the nth term is y. Then the sum of the first 
(zn + n)terms is 




(b) 


(C) 


KJ) 


(m + n) 


2 

(m + n) 


2 

(m + n) 


x + y + 


2 

(m + n) 


x + y + 


x + y + 


x + y- 1- 


x-y 

m-n 

y-x 


20^£)l 

m-n 


2(x-y) 


12. ABC is a right-angled triangle, AC = 6 cm and 
ABAC = 7i/3. / is the incentre of the triangle ABC , then 
Bl is (in cm) 

O 2(76-73) (by 2(76 - 72) 

(c) 2(76-2) w 2(276-73) 
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13. Let a. b. c, d be distinct positive integers such that 
o 5 + b 5 = c- 5 + (P. Then of the following statements which 
one is false? 

(a) \a - c\+ |/> -d\>5 (b) \a - c\ + \b - d\ > 4 
(c) \a c\ + |/> - d\ > I (d) \a - c| + |6 - d\ < 3 

14. The sum .S’ = cos-y + cos^ + cos^ equals 


(a) 


\ 


(O 3 


(d) -3 


2 ^ 

15. The value(s) of X for which the equation 

|x - 58| + 1 a- — 651 + |a + 58| + [a + 65| = 123X 
has atleast one real solution is given by 
(a) A < I (b) X < 2 (c) X > 2 (d) X < 1 

16. If A " +y ' — — = X +V then 

.v-y + M- v x + y + u + v 

which of the following is true? 


AV ~ UV 

S 

i 

I 

x - y +U- v 

x+y + u + v 

xy - uv 

vx - uy 

x - y +u— v 

x +y + u + v 

2(x y-uv) 

uy - vx 

x -y +u- v 

x+y + u + v 

2(uv-xy) 

uy - va 


(a) 

(b) 

(c) 

^ x - y + // - v x+y + u + v 

1 7. The number of solutions of the following systems 
of equations {a} + y + (r) = 3.1, x + [y] + {z} = 2.4, 
[x] + M + z - 1 3 is, (where [x] and {x} denote the 
integral and fractional part of a- respectively) 

(a) exactly two (b) infinite 

(c) exactly one (d) none. 

1 8. Let a*, y, z > 0 and denoted by R the expression 

x y z 

R = + + — 

2x+y+z x+2 y+z x+y+2z 

Then R satisfies 

(a) R> 2 (b) R < 3/4 (c) R > 1 (d) R >5/4. 

19. Let f n (x) = "“(sin ” x + cos” x) forn= 1,2, ...Then 




equals 



21. If sina cosp = -1/2, then the range of all possible 
values of cosa sin(3 is the interval 

(a) [-1/2, 0] (b) [0, 1/2] 

(c) (-1/2, 1/2) (d) [-1/2, 1/2]. 

22. Let x and y be real numbers in the interval 

[0, 7t/2]. Then sin°x + 3sin 2 jr cos 2 y + cos l, y = I holds iff 
(al/X + y = 7i/2 (b) x-y = n/4 

(/) x =y (d) a- = 2 y. 


20. A triangle ABC has A - B — 120°. And the 
circumradius is 8 times the inradius. The value of cos C. 
equals 


7 15 5 

(a) { (b) u, (®> 


16 


(d) I 


23. Let f(a,b, c) = — + tt — — + 

2 a~ +bc 2b +ca 2c +ab 

Then the value of/(121, -341, 220) is 

(a) 2 (b) -1 (c) 0 (d) 1. 

24. Let n be the sum of three cubes, 
n= 100 1 3 + 101 1 3 + 1000 3 . Then n divided by 6 leaves 
a remainder of 

(a) 3 (b) 2 (c) 1 0. 

25. Suppose /(a) = a 4 + ax 3 + bx 2 + cx + where a, 
b, c, d are constants. If/(1) = 10,/(2) = 20, /(3) = 30, 

„ f(\0) + f(-6) . 
then the value of g is 

(a) 1013 (b) 1012 (c) 1011 (d) 1010. 

26. The highest power of 5 in the number 12934 is 
given by 

2934 -Sum of the digits appearing in base 5 
^ representation of 2934 


(b) 


(c) 


2934 -Sum of the digits appearing in base 5 
representation of 2934 

4 

1 467 - Sum of the digits appearing in base 5 
representation of 2934 
~~ 4 

5868 - Sum of the digits appearing in base 5 
representation of 2934 


(d) 

27. How many distinct real solutions does the equation 
(a 2 - 3a + 3) 2 - 3 (a 2 - 3a + 3) + 3 = a have ? 

(a) exactly one (b) exactly two 

(c) exactly three (d) all four. 

28. For how may integral values of n,(n> 11) is the 
expression n- - 19n + 89 a perfect square? 

(a) exactly 7 (b) exactly 3 

(c) exactly 5 (?) none of these. 

29. The equation of the lowest degree with integral 
coefficients and having one solution a, = 1 + >/2 + >/3 is 

(a) x 4 - 4a 3 + 4a 2 - 1 6a - 8 = 0 

(b) a 4 + 4a 3 + 4a 2 - I 6a + 8 = 0 
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(c) x* — 4x 3 - 4X 2 4* 1 6x - 8 = 0 

(d) jc 4 + 4x> - 4x 2 + 16jc + 8 = 0. 

30. The perimeter of a cyclic quadrilateral PORS is 
80 cm. Two sides PS and QR are extended to meet at a 
point A/, where MS = 40 cm and MR = 20 cm. If a tangent 
drawn at a point P, meets QR at point N, where 
NP = 6cm, NQ = 2cm, the area of the quadrilateral PQRS 
(in sq.cm), if RS = 6 cm, is 

(a) 4^510 (b) 8i/340 (c) 4 1/340 (d) 8^510 


SHORT ANSWER TYPE TEST 


31. Let a, b and c be given positive numbers. Determine, 
with problem, all positive real numbers x,y and r such that 

x+y+z=a+b+c 

4. xyz - (a 2 x + b 2 y + c 2 z) = abc 

32. Let / : [a % b] — » R be a continuous function, 
differentiable on (a. b). Also assume that the function 
doesn’t vanish on (a, b). Show that there exists 

f\c) i , i 


c e (a, b) such that 


f(c) a-c b-c 


33. For any positive integer k , prove that 

2 (,/*+t-,/*) < -j= < 

Also compute the integral part of the sum 

s = -L + 1 ■ ■ 1 


72 ,/3 710, 000' 


34. For a regular heptagon AyAjAjA 4 A 5 A 6 A 7 , prove that 
1 


44 


1 .+. > 


A, A, A,A 4 

3 5. Let ABC be a triangle such that 

where s and r denotes its semiperimeter and its radius, 
respectively. Show that the triangle ABC is similar to a 
triangle with side lengths 13, 40 and 45. 

36. Suppose n is a positive integer. Find the roots of 
the polynomial 

p t | 1 1 *(*+0 , . x(x+l)...(x + n-l) 

A 1 1! 2! n\ 

37. Suppose x, y, z be real numbers with x > y > z > 

71 71 

such that x + y + z = — . Find out the maximum and 

minimum values of the product P = cos* siny cosz and 
also the point at which they are attained. 

38. Determine with proof, whether the number 
N = 99899 is prime or composite. 

39. Find, with proof, real numbers a, b, c such that 


|ox + by + cz\ + | bx + cy + az\ + |cx + ay + bz\ 

= W + W + W holds for all real numbers x. y. z. 

40. Prove that, for any triangle with sides a, b, c and 
area A , a 2 + b 2 + c 2 > 4^3 A. 


SOLUTION 


1. (c) : We have x + y = j4 z -\ 

y + z = i/4*-l 


... 0 ) 

•••(ii) 

••(iii) 


z + x = ^4y-l 
Adding all of them, we get 

=> 2x + 2y+ 2r-i/4x-l - ^4_y-l - -j4z-\ = 0 

=> = o -(A) 

Note that x-j- {C I + ± = (^1 _ 1 j ... (B) 

(From (A) and (B)) 

so each of these squares must equal zero, giving 

=>x = i+i = ^ similarly y = z = 1 

Thus (x, y, z) = 2’ 2^) ' s on ly solution. 

2 . (d) : a n4l = a 2 „+a„ = a n (a„ + 1 ) 


— !— = ! = J 1 — => — ! — = J ! (j) 

a„K + l) a„ a„+l a„ + l a„ a n . x 


Now S = — - — - + - * 


# 1+1 o 2 + 1 


+ ...+- 


1 


+1 


fill 

LI 

f ±.±) 

1+ + 

L_1 

jT 

rl 

K a 2 a,) 

|+...+ 

< ^2<Htt ^2(*)7 J 


using (i) 


-*2007 

1 , 1 


...(ii) Again a, = 1/2 
3 3.9 21 


^ TW ' Trr 1 


A 0< 


< 1 


a A > 1 .... a 2007 > 1 ...(iii) 

—21*17 

so let — — < I-/, 0 < / < 1 

^2007 

From (ii), S= - — = 2-(l-/)=1 +/0</< 1 

°\ “2007 

••• [5] = I- 

3. (b) : Let C, and C 2 be the centre of the circles with 

radii r, and r 2 respectively. Also, it is given that the two 
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OVER 22,000 ASPIRANTS OF 


I.I.T.-J.E.E. 

FOUND A REASON 
TO RELY 
ON US 


Now CHANDIGARH have got a 


BE 

ST chance 




Maths Wizard - Prof. S.S. Dahiya 
Physics Wizard - Prof. A.K. Singh 


are conducting classes for 
+1 & +2 students 
IN CHANDIGARH 


A FEW OF GREAT ACHIEVERS - TRAINED BY THEM 


> 


<=> Nikhil Bansal - AIR - 10 IIT-JEE 1995 

<=> Abhishek Kumar - AIR - 1 2 IIT-JEE 1 995 

=> Gaurav Jain - AIR - 19 IIT-JEE 1995 

<=> Mitali Singh - AIR - 1 24 IIT-JEE 1 996 

<=> Pragya Singh - AIR - 72 IIT-JEE 1997 

•=> Gaurav Arora - AIR - 82 IIT-JEE 1 997 


<=> Abhishek Singh - AIR - 101 IIT-JEE 1997 
<=> Mohit Singh -AIR - 127 IIT-JEE 1997 

•=> Sachin Sharma -AIR - 11 REE 1999 

Nikunj Gupta -AIR - 66 IIT-JEE 2002 

<=> SreijanDhasmana-A.I.R.-144 IIT-JEE 2002 

^ Neeraj S. Bisht - AIR - 58 IIT-JEE 2004 


PHYSICS BATCHES 
FOR MEDICAL +1 & +2 STUDENTS 


ATTEND MODEL LECTURES 
BEFORE JOINING 


Grab this opportunity 


APPEAR IN 

SCREENING TEST FOR 
10TH/11TH/12TH CLASS STUDENTS 

Meritorious students can avail scholarships upto 50% 


REGISTRATIONS OPEN 


1. Regular Course for +1 and +2 students 

2. Target Course for XII passed students 



Doox AcvT 



DOON ACE EDUCATION (P) LTD 

CHANDIGA RH CENTRE : TOP FLOOR, S.C.O. 60-61 
Sector - 17 A, (Opp. Taj Hotel). PH.: 0172 - 5142125, 2784421 

COR P. O FFICE : JAI PLAZA, 2nd floor, 56 Rajpur Road, 
Dehradun. Ph.: 0135-2745304, 3293521 
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circles touch each other externally. Let this point be called 

M. 



Three common tangent to these two circles intersect each 
other at P, Q and R. 

We have triangles PT l C ] and PT 2 C 2 as similar 
_ p Si - c i y i - 


pc. 


c 2 t 2 


= f/>C 2 =f(/>C 1 + r 1+ r 2 ) 

y _ -l±Vl + 4 . y 

-1 + V5 

7* 2 r 2 

z 2 " z “ 

2 

(v PC 2 = PC, + C,C 2 = PC, + /*, +r 2 ) 

/ \ 

-1 + 75 

cos a = — — , 


K)+-> 

2 ’ 


sina =Jl- ( V =• 

Ls-H-2^5 Jj 5-1 

_ r i( r i +r 2 ) _ '1(1 + ^) , _ r, 

11 4 

V 4 11 2 


r, - r. 


\-k 


$M) 


Now PM ='PC t + MC,= 

\ — A. 


+ r, = 


_ 2r, 
1-A. 


Again FT, 2 = PC 2 -C,T 2 


2O+M! 

' (1-M 2 


-r, = K 


4X 


(1-X) 2 


. PT _ 2r,jx 
• n ' ~ \-X 


Again A PT.C and A PMR are similar 


/. Total number of candidates 
399 


19 


x 1 00 = 2 1 x 1 00 = 2 1 00. 


(Remark : The piece of data about the candidates failed 
in music is superfluous). 

5. (b) : Let the hypotenuse of the triangle 

be z and the legs be x and y. 

Then z 2 * xy as z > jc, y so either 
x 1 = yz or y 2 = xz 

Let us take x 2 = yz , jc 2 = yz and x 2 + y 2 = 
z 2 give 

yz+y 2 = z 2 =>y 2 +yz-z 2 = 0 



m. 


•1 = 0 (v z^0 division is allowed) 


tana = 


JL. f 
7TJ-{ 


V2 Is -1 fis 


\+Js 

2 


tan (3 = tan(90°-a) = cota = 


-E 


V5' 


6. (c) : Let A — { 16, 21, 26, 31, ...} be the A.P. with 

first term 16 and common difference 5. 

Its /wth term is 


PT X 

C,T, 


=> MR = PMx 
MR PT, 


2 r, (l-X) r t 

= — - — xr, x — = — — 

!-*• 2/jV* fk 

area (PQR) = 2 area (PMR) = 2 x 1 x PM x MR 


2r, 


2r 2 


1-*- (\-k)& 


We have r, = 2, X = — = — = — 
1 /; 8 4 


/. area (PQR) = 


f 2 
2x4 


-iH 


8 64 

rT = T sq.cm. 
4 X 2 


4. (a) : Number of candidates passed in music alone 

= Number of candidates failed in Maths alone 
= Number of candidates failed in Maths 
- Number of candidates failed in both subjects 
= (32- 13)= 19% 

But the number of candidates who passed in Music alone 
is 399 


a m - 16 + (/w-l)5 = 5/;/ + 11, m - 1, 2,.... 

Again let B = {21, 25, 29, 33, ...} be the A.P. with first 
term 21 and common difference 4. 

Its /7th term is 

b n = 21 + (n - 1) x 4 = 47/ + 17, n = 1, 2, ... 

To see the common term we equate a m and b n 
a m = b n => 5m + 11 = 4t7 + 17 ...( 1 ) 

The solution in integers of (i) will determine the common 
terms. 

(i) =» 5m - An = 6 

Note that (m, n) = (2, 1) is a solution. Rewrite 
5m -4t7 = 6 = 5x2-4x1=> 5( m - 2) = 4(n - 1 ) 
From the equation 5 | 4(/7 - iy but 5 } 4 5 | n - 1 

Then 77 - 1 = 5/ => n = 5/ + 1, / = 0, 1, .... 

Then m - 1 = 4/ => m = 4/ + 1, t = 0, 1, .... 

So the common terms are a 4( + 2 (or b 5l+ ,), / = 0, 1, ... 
i.e., they are a v a 6 , a l0 , ... or b v b 6 , b u , .... 

*4/ + 2 = 5 ( 4/ + 2 ) + 11 =20/ + 21 
a A (/ + 1) *+ 2 ~~ 20(/ + 1 ) + 2 1 

Thus a 4(t+ , )+2 - a 4l+2 = 20, giving us that a 2 , a e , ... are in 
A.P. Hence common terms, when seen as terms of first 
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AP, are a,, a 6 , a l0 and their common difference is 20. 
Sum of first 100 common terms 

= M[2x21 + (100-1)x20] = 10100. 

7. (d) : As w 4/3 = (m 2 ) 273 > (n 2 - 1 ) 2/3 

= (/? — 1 ) M (n + 1) M 

WehaVC X " < („-l) 4 ' 3 + (n-l) 2 ' 3 (/t + l) 2 ' 3 +(« + ir 
„{(«+ l) 2/3 -(n-l) 2/3 } 

_ [(«+l) 4/3 +( W +l) 2,3 («-l) 2/3 +(«-l) 4M ] 

[(n + l) 2/3 -(«-l) 2 ' 3 ] 

= I{(a/ + 1) 2/3 -(/7-I) 2/3 } ...(A) 

(We’ve used a 3 - ft 3 = (a - ft)(a 2 + aft + ft 2 ) to simplify 
the above expression 
using (A) 

V<i{2“-«”) 

-I”’) 

- ^.<i{5”>-3») 

x,„ <|(l000"’ -998"’l 
Adding them 

.V = .Y, + y 2 +y w < ^{lOOO 2 ' 3 + 999 2 ' 3 -l 2 ' 3 -0 2 ' 3 } 

< — { 1 00 -t- 1 00 — 1 } < 50 
4 

Thus S < 50. 


8. (c) : Observe that 1 + can be factored 


A 

4 


A 

2 


=( i+ t) -* ! -H + T)('- x+ y 

yri 


Consider 1 + 2 r 2 = 1 + \ • 2 2 = 1 + 
4 


= 1 + —a 4 where a = 2 
4 

= |l + jr + 4l(l-*+y 


- 


,/>-2 


= i 1 4- 2 Z 


(2 2 


r 1 }! 1 - 2 ' 


«>3 


( 2 r 1 ) 2 


= (1 + 2 2 ' ! + 2 2 " - ' “ 1 )( 1 — 2 2 ’ + 2 2 ' ' -1) 

Hence ,4 = 1 + 2“-’ =(l + 2 2 ° + 2 214 -' )(1 - 2 2 “ + 2 2 "- 1 ) 
Then ^ is composite. Similarly B is composite too. 

9. (d) : g(x + y) + gix - y) = 2g(x)g(y) 

Set x =y=0=> g(0) + g(0) = 2g 2 (0) [g^O) = (g(0)) 2 ] 

=> g(0) = g^O) g(0) = 0 or 1 
Case I : g( 0) = 0, then set x = a, y = 0 we obtain 
g(a) + g(a) = 2g(a)g(0) => 2g(a) = 2g(a)g(0) 

=> g(a) = g(a) x 0 = 0 

Then g(a) = 0 which is impossible (g{a) = -1 given) 
•*. gffi) = l 

For y = y = a, we get g(2a) = 1 

Replace y by y + 2a and y by y - 2a to get 

g(2x) + g(4a) = 2g(x + 2a)g(x - 2a) ...(A) 

Again g(2x) = 2g 2 (x) - 1 and g(4a) = 2g 2 (2a) - 1 
= 2 x 1 - 1 = 1 

Now (A) becomes 2g 2 (x) - 1 + 1 = 2g(x + 2a)g{x - 2a) 
=> g ( y + 2a)g(Y - 2a) = (g(*)) 2 -(B) 

Similarly for x arbitrary and y = 2a, we get 
g( y + 2a) + g( x- 2a) = 2g{x)g(2a) = 2g(x) 

(v g(2a) = 1) -(C) 

From (B) and (C), g{x + 2a) = g(x - 2a) = g(Y) 

Thus gix) has period 2a. Hence choice (d) is false. 


10. (d): (*’ + f “f +l ) = (JC ’ + 1)J "T 

= y 4 +2y 2 +1-^- = JC 4 +7JC 2 +1 ...(A) 

4 4 

Again -('**)(*’ 4H”*) 


-( x ‘ + f +i >'-H x ‘ + 7 x! - 
= (V+f + ')(. .< , +l>-(*’ + § + l)*‘ 

+ ^ + lj^x 2 - f + l) (from A) 
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Thus x 2 +4 + l divides y*-— x 3 +l. 

2 8 

11. (a) : Denote by a the first term of the A.P. and d 
the common difference. 

Then x = a + (m - \ )d ....(i) 

y = a + (n - \)d ....(ii) 

From (i) and (ii) on subtraction 

*-y 


y- x = (n-m)d => d = 


Sum of the first (m + n ) terms 
m + n i 


m-n 


-[2a + (m + rt-1)*/] 


From (i) and (ii) on eliminating d 
(n-\)x-(m-\)y = a(/7-l - /w-1) 

_ (A7-1)jy — (m-l)>/ (/7i-l),y -(”-!)* 

n- m m-n 

(A) and (B) when plugged in (iii) yield 


..(A) 

••(iii) 

-(B) 


_ m + n\ 1 ( 
2 [ " 

_ w + n L my -n. 
2 l~ m-n 


m-\)y-(n-\)x , ..x-y 

— — + (m + n- 1 ) i- 

m-n m-n 


m + n 


2 

m + n 


-nx x-y x-y x-y 

+ 2 — + {m + n) — 

m-n m-n m-n 

2 (my-ttx) + (/M + /7)(x-j/) ^ x-y 

m — n 


x + y + 


(m-n) 

x-y ' 

m-n 


(v m*n) 


12. (b) : AB = (.4Osin30 


= 8 x i- = 4 cm 

BC = (/4C)cos30° 

= = 4^3 cm 


area (ABC) = |x4x4>/3 = = 875 



13. (d) f We use a bit of number theory as also known as 
mean value theorem. Fermat’s little theorem gives 
a 5 -a= 0 (mod 5), b 5 - b = 0 (mod 5), c 5 - c = 0 (mod 5), 
d 5 -d=0 (mod 5) 

Hence ( a 5 - a )+(b 5 -b)-(c* -c)-(d- d )= 0 (mod 5) 

=> (a - c) + (b - d) = 0 (mod 5) ....(A) 

Claim : a + b * c + d 

Assume a + b = c + d, then we may assume that 
a> c > d> b. Applying the mean value theorem to the 
function /(/) = t 5 on the interval [c, a] and [b, d\ , we 
ha^/, e ( c , a) and / 2 e (6, d) such that 
5t*(a-c) = 5t*(d-b) but because a - c = d - b we 
have /, = t y But this can’t happen as they lie in different 
intervals. 

Hence a + b = c + d=>(a-c) + {b-d) = 0 
Now \a - c\ + \b - d\ > \(a - c) + (b - d)\ 

\a-c\+\b - d\>5 (v (a-c) + (b-d) = 0 (mod5)) 

14. (b) : Using complex numbers 
Let z = cosy + /sin-y 

Then z 1 = costc + isimi = -1 => r 7 + l = 0 
From S = cosy + cos^y + cos-y 

_ if z 1 -hi z tt - 1-1 

2 v X 2’ z’ J 


= z 6 + z 4 +z , +r 2 +z l,l +l 

2z 5 

_ z l0 +z l, + 2 6 +z 4 +z 2 +l 


22 s 

Since : 7 + I = 0 we have z 10 = — z 3 and z* = — z. 
-r’-z + z' 1 + z 4 + z 2 +1 


•••(I) 


(Ogives S = - 


_5 


cm 


r = inradius 


=a = _M_ 


•V 4 + 475 + 8 (1 + 75) 

2 

A// and AV are both inradii of the triangle 
4 


/. A-// = AV = 


1 + 75 


S/ 2 = A-// 2 + M 1 = 2 A// 2 D1 = 72- A// = -A^jL 

= ±! Mz11 = 2 72(73 -0 = 2( 76-72) cm/ 


,I|i+I +l 'l i' 

2U + 1 J 2 

15. (c) : Suppose the equation 

[x- 58| + |x-65| + 1* + 58| + |x + 65| = 123X has at least 

one real solution x. Then 

123X = \x - 58| + |x - 65| + |x + 58| + |x + 65| 

= \x - 58| + )x - 65| + |— x - 58| + |-x - 65| 

(••• i*i = i-*i) 

> |(.t-58) + (jr-65) + (-jr-58) + (-x-65)| 

= |-2(58+65)| = 2 x )23 

(v I a, | + 1 a 2 1 + 1 a 3 1 + 1 a A | > | a, + a 2 + a 3 + a 4 1) 
Thus X > 2 
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Conversely suppose that X > 2, then we can show that 
the equation has at least one real solution. 

Define /( a) = pc - 58| + \x - 65| + |a + 58| + pc + 65| 
/(()) = |-58| + |-65| + |58| + |65| 

= 2(58 + 65) = 2 x 123 < 123^. 
and /( 1 23X) = 1 1 23X - 58| + 1 1 23X - 65| + 1 1 23X + 58| 

■+|123X + 65| 

= 4 x 

The existence of value a* such that /( a) = \23X follows 
from the fact that /is continuous. 

16. (a) : To start with note the transformation 
2 fry uv) = lev - 2//v = [(a 2 + y 2 ) - (a y) 2 ] - 

[(z/ 2 + v 2 ) - (// - v) 2 ] 

- (a 2 + v 2 - ir - v 2 ) - [(a y) 2 - (u v) 2 ] 

= (jr+yy-tr- v 2 )-(x-y + u v)(a y - u + v) ...(I) 


/"(/) = - 


2 S 


( V + /)~ < ^ ^ * > ^ so /' s concave. 
Now we can use a result on concave function 

f(x)+f(y)+f{z) 




x + y + z 


...(A) 


+ |I2jA.+ 65| /' Jf+v+ r N | .(s') 3 1/3 | 

I23A> I23A. (all Summands are positive) “ ut /I ^ 1-/1 yl- — ^S r- 473 = 4 

I’ictpnr'p rtf' x/qIiia v cn^li that f/\ll/Miic I ' S -f* — 


Now 


2( AV - zzv ) a 2 + V 2 - 7/ 2 - v 2 


So (A) gives 

m+rw+M < i =, /(,)+/,.„. fM <i 

3 4 4 

- — + + = < — i.e. R< — 

2x + y + z a + 2y + z x + y + 2z 4 4 

3 71 


A - V + It - V 


x~ - y~ — tt~ + v 

A + V + 7/ + V 


A - V + 7/ - V 


_( Y _ ; ,_ //+V ) 19 * ^ : since sin "g“ and cos x are not readi, y 

available, we try to see if the expression given turns out 
,0m * to be constant for all a. That's the idea. 


- {(jc+v)-(z/+ v)J 

.... (from given hypothesis) 


_ (a 2 -V 2 -U 1 )- j(A + v) 2 -(/z-fy) 2 ! 

X + V + 7/ + V 

_ (a 2 . + v 2 ) — ( a + v ) 2 +(l/ + y) 2 — ( // 2 + v 2 ) 

A + y + 7/ + V 

2( uy - vx ) xy - 7/v uy - va 


/ 4 ( a ) - /, (a ) = ^ (sin 4 a + cos 4 a ) - ^ (sin r> a + cos* a ) 

I 


2 v! - 


= —{(sin 2 a + cos 2 a Y - 2sin acos' a) 

1 


....(i) 
....(ii) 
— (iii) 


A + V + 7/ + V A - V + It + V A + V + 7/ + V 

17. (c) : [a| + y + [r] = 3. 1 
a + [ y ] + {--) = 2.4 
M + {v} +r - 1.3 
Adding all of them, we get 

2a + 2 v + 2r = 6.8 => a + y + z = 3.4 ....(A) 

(We have used {a} + [a] = a, etc. to arrive at A) 
Subtracting each of (i), (ii) and (iii) from (A) 

[a] + {rj = 0.3 => [a] = 0 and {r} = 0.3 

{>’} + [r] = 1 .0 => [r] = 1 and {y} = 0 

{a} + [y] 2.1 => [v] = 2 and {a} = 0.1 

Then a = [a] + {a} = 0 + 0.1 =0.1 

y = tv] + tv} =2 + 0 = 2 
= =[:]+ {-} = 1 + 0.3 = 1.3 
Thus (0.1, 2, 1.3) is the only solution. 


-{(sin 2 a + cos 2 a)' -3sin 2 acos 2 A(sin a + cos 2 a)} 

ll. 2 2 I 1 • *» 

= T-rSin acos a — — + —sin acos a 
4 2 6 2 

20. (d) : We have R = Sr => 21 = 1 

R 8 

=> 4sin+sin-|sin^ = | 

(where we’ve used r = 4//sin+sin — sin — \ 

2 1 

. ~ . A - B . C I 

=> 2 sin —sin —sm — — = — 

2 2 2 0 


r \-B 
cos — cos 


— J s,n T = 


10 


cos 60° -cos 


71 -C 




s«n4r = 1 


9 To (v ^-£ = 120°) 


. i C I c 

=> sin" — - — sin — 
2 2 2 


16 


= 0 


18. (b) : Let S x + y ^ r. Then 

[ « = 


S + a S + v S + r 
Take the function/: (0, <») 

/(/)= ' 


S+i 

We have /'(/) = 


(■S’ + /)l-/ 

(.S’ + /) 2 (S + t) 2 


(0, oo) defined by 


■S 


; ^( sin i _ i) =°^ sin T = i •• cosr = l- 

21. (d) : As sin(a + P) = sina cosP + cosa sinP 
= -^- + cosasinp=>cosasinP = -i-+sin(a + P) ...(j) 
i v - 1 < sin(a + p) < 1 

i 

we have ~ < cosasinp < -2- from (i) 

: Again sin(a - P) = sinacosP - cosa s i n P 
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> coscx sinp = sina cosp - sin(a - P) = ---sin(a-P) 


-1 < sin(a-P) < 1 


• 1 

we have - ^ - cosas * n P — ^ 


so, we get ^ cosasinp < - 

But we’ve not yet established that cosa sinp infact attains 

i r 

V 2 


all value is the interval 


Consider (cosa sinP) 2 = (1 - sin 2 a)(l - cos 2 P) 
= 1 - (sin 2 a + cos 2 P) + sin 2 acos 2 p 


= l-(sina + cosP) 2 + 2sinacosP + - 


= i_(sina + cosP) 2 +2x-- = --(sina + cosp) 2 
Let x = sina, y = cosP then -1 <x< 1,-1 ^ y ^ 1 and 


xy = given 


The range of the sum s = x + y = sina + cos P is to be 
obtained x and y are both roots of the equation 


l 2 -st--k = 0 


•••(A) 


Thus (x, y) = 


i + + 2 s-J7~± 2 


2 2 


other conditions can be similarly verified and ewe get 
that (D) has a solution (a*, y) with -1 < *, y < 1 for all 


.s satisfying ~< s < Z. Also sine and cosine functions 


are onto from R to the interval [—1, 1], the range of 
.v = sina + cosP is [-1/2, 1/2] for sina cosP = -1/2. Thus 
the range of S 2 is [0, 1/4]. And that of (cosa sinP) 2 is 
[0, 2/4]. It means that the range of cosa sinp is 
[-1/2, 1/2]. 

22. (c) : sin 6 * + 3sin 2 * cos 2 ^ + cos 6 )/ = 1 
=> sin 6 * + 3sin 2 * cos 2 j/ + cos b y -1=0 
=> (sin 2 *) 3 + (cos 2 )/) 3 + (-1) 3 

- 3(sin 2 *)(cos 2 y)(-l) = 0 —(A) 

(sin 2 * + cos 2 _y - l)[(sin 2 * - cos 2 )/) 2 

+ (cos 2 y + l) 2 + (1 + sin 2 *) 2 ] = 0 
The 2nd expression can’t vanish for that could mean 
sin 2 * + cos 2 )/ = -1, impossible 
Hence sin 2 * + cos 2 y - 1 * 0 =s 

=> JC = >/ (v 0<*, y < 71/2) 

When * = y , the converse also holds 
Indeed, sin 6 * + 3sin 2 * cos 2 * + cos 6 * 

= (sin 2 * + cos 2 *) 3 = 1 


sin 2 * = sin 2 y 


Hence sin 6 * + 3sin 2 *cos 2 y + cos 6 )/ = 1 <=> * - y. 

Note that choice (a) doesn’t necessarily follow. 

23. (d) : Observe that 121 - 341 + 220 = 0. So let us 
find the value of /(a, b , c\ when a + b + c = 0 
a + b + c = 0 =» a 3 + b 3 + c 3 = 3 abc 


f+- 

be ca 


* 2 + 4 = s 


ab 


-(0 


Given, /( a > b, c) — 


2 a 2 + be 2 b 2 + ca 2 c 2 + ab 


a 2 1 be , b 2 lea , c 2 lab 


2t~ + \ 


'be 


2^- + l 


2^+1 


1 

2 


ca 

y 


* ab 


1+* + ! + >/ + l + z 


...(H) 


where * = 


2a 2 


y = 


2 b 2 __2S 


be ’ J ca ’ ab 
Then (i) becomes * + y + z - 6 and 


xyz 


2c 2 


.fesLYttLY 

^ be ca ^ ab 
Recase (ii) as / = ^ I 

+('-+H 


= 8 


3-1 


1 + * 


= 1 
2 


3- 


!(! + *)(! + >/) 


(l + *)(l + y)(l + -) 


3- 


3 + 2(* + >/ + z) + Z*T 


3- 


1 +'Zx + 'Zxy + xyz 
3 + 2x6 + £*y 


l + 6 + Z*y+8 


- 4C3 - 0 - 1 =.- 


24. (d) : The proof uses a well-known result in an 
innovative way. Recall that m 3 - m- m(m 2 - 1) 

= m(m - l)(w + 1) a product of three consecutive 
integers, is divisible by 3! = 6. 

Consider the number N = n - (1001 + 1011 + 1000) 
= ( 1 00 1 3 + 1 0 1 1 3 + 1000) 3 - (1001 + 1011 + 1000 ) 

= ( 1001 3 - 1001 ) + ( 101 1 3 -101 1 )+-( 1000 3 - 1000 ) 


4 


Each of the three bracked terms on the right is 
divisible by 6. Hence N is divisible by 6. But 
1 00 1 + 1 0 11 + 1 000 = 30 1 2 is divisible by 6. Consequently 
the number n is divisible by 6. 

25. (a) : Using/(1) = 10,/(2) = 20,/(3) = 30 to get 
a system of equations in a, b, c and d and then trying to 
find their values is not giving to bail us out. Instead we 
should use the given conditions to construct an auxiliary 
function g(x) which becomes zero at x = 1, 2 and 3. 
Let g(x) =f(x)~ 1 0.v Then g( 1 ) = g(2) = g(3) = 0 


i. 


76 
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g(x) is a fourth degree polynomial with coefficient of* 4 
as 1 

Hence g(x) = (*-!)(*- 2)(x - 3)(x - a) for some a 
=> /(*) - 10* = (* - 1)(* - 2)(* - 3)(* - a) 

=> /(*) = (* - 1)(* - 2)(* - 3)(* - a) + 10* 

/(10) + /(-6) = 9 x 8 x 7 x (10 - a) + 10 x 10 

+ (— 7)(— 8)(— 9)( — 6 - a) + 10 x (-6) 
= 9x 8 x 7 x 10-9 x 8 ><7x a .+ 100 

+7x8x9x6+7x8x9xa-60 
= 9 x 8 x 7(10 + 6) + 40 = 9 x 8 x 7 x 16 + 40 
= 8104 (Note that a’s cancel out!). 

26. (b) : Write 2934 in the base 5 representation 
2934 = 2500 + 375 + 50 + 5 + 4 
= 4 x 5 4 + 3 x 5 3 + 2 x + I x 5 J + 4 x 5° 

= (432 14) 5 


Highest power of 5 in 12934 is 


f 29341 

i r 2934] 

T 29 3 4 1 h 

("29341 


1 25 r 

L 125 J 

1 625 J 


586 + 117 + 23 + 4 = 730 
2934 - sum of the digits in the base 5 
representation of 2934 

Again 

_ 2934-(4 + 3 + 2 + l + 4) = 2934-14 _ 73Q 
4 4 

So choice (b) is correct. 

(In general, the highest power of prime p in n\ 

n - sum of digits in base p representation of n '] 

p-\ j 

27. (b) : The equation is 

(. X 2 - 3x + 3) 2 + 3(* 2 - 3x + 3) + 3 = jc. 

At first this fourth degree equation looks intractable. 
But consider g(x) = x 2 — 3x + 3 and it is immediately see 
that the equation is equivalent to g(gt*)) = x 
To solve g(g(.x)) = x we first solve g(x) = x. And then 
using the fact that solutions of g(*) = at are also those of 
gigix)) = x, we solve the original equation 
x 2 -3a: + 3= a:=>a: 2 -4a: + 3 = 0 
=> (x - 1 )(jc — 3) = 0 jc = 1,3 
Now (jc 2 - 3jc + 3) 2 - 3(x 2 - 3x + 3) + 3 = x yields 
jc 4 + 9jc 2 + 9 - 6x 3 - 1 8a: + 6a: 2 - 3x 2 + 9x-9+ 3-x = 0 
=> a: 4 - 6x 3 + \2x 2 - \0x + 3 = 0 ....(A) 

We know that (* - 1 )(jc - 3) is a factor of (A) 

Hence by division we get the other factor and (A) reduces 

to (jc 2 - 4* + 3)(jc 2 -2x + 1 ) = 0 

=>(*- 1 )(jc - 3)(jc - 1 ) 2 = 0 =» jc = 1,3 

Thus the equation has only two distinct real solutions. 

28. (d) : Transform the given expression n 2 - 1 9n + 89 
in two ways as below 


n 2 - \9n + 89 = n 2 - 18 n + 81 -(«- 8) 

= (/i - 9) 2 — (/i — 8) < (/i — 9) 2 ....(A) 

(As n > 1 1 we have n - 8 > 0) 

Again n 2 — \9n + 89 = n 2 — 20 n + 100 + n — 11 
= (n- 10) 2 + A7- 11 >(»- 10) 2 ....(B) 

(As n> 1 1, we have n - 1 1 > 0) 

From (A) and (B) 

(w - 10) 2 < n 2 - 19/7 + 89 < (w - 9) 2 

Thus n 2 - 19/1 + 89 lies between two consecutive squares. 

Hence it’s never a perfect square for any valur of /; > 1 1 . 

29. (c) : 1st Solution 

jc = 1 + V2 + V3=>(x-1) = 72 + 73 

Squaring (*-l) 2 = ,2 + 3 + 2>/6 

=> jc 2 - 2x + \ = 5 + 2 V6 => jc 2 -2a: -4 = 2>/6 

Squaring again 

(x 2 - 2jc-4) 2 = (2 V6) 2 = 24 

=> x 4 + 4a: + 16 - 4x 3 - 8jc 2 + 16a: = 24 

=> x A - 4x 3 - 4a: 2 + 1 6a: — 8 = 0 

2nd Solution (Elegant) 

To get the equation of the lowest degree with integral 

coefficients the other roots must be 

* 2 = 1 + 72 -i/3, x } =\-j2+j3, jc 4 = 1 - V2 - V3 

We have x ] + x 2 + x 3 + x 4 = 4 

*,* 2 *,* 4 = (1 + ft - ^)(1 - V 2 + ^3 )(1 + J 2 + V 3 ) = -8 

Similarly Tx { x 2 and Y*x x x 2 x^ can be computed. 

(But in multiple choice test there is no need to calculate 
all the coefficients. Once having obtained La:, and tlx , 
we should use this information to eliminate the choices). 


30. (d) : Using tangent-secant theorem 
NP 2 = NQ x NR 


.-. OR = NR- NQ 
= 18 -2 = 

Again MP * MS 
=> MP x 40 = {MR - QR) x MR 
70 1 

=7 MP = (20-16)x-^ =4x-i = 2cm 

Then PS = MS - MP = 40 - 2 = 38 cm 
PO = perimeter - {PS + QR + SR) 

= 80 - (38 + 16 + 6) = 20 cm 
Area of a cyclic quadrilateral is given by 
A = J{s - a){s - b){s - c){s - d) 

where s = semi perimeter 
= ^(40-38X40-16X40 -6)( 40-20) 

= V2x24x34x20 = >/960x34 = >/32x30x2xl7 
= V64x30xl7 = 81 / 5 T 0 sq.cm. 
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I 


3 1 . The second equation 4 xyz - (a 2 x + by + c 2 z) = ahc 
2 + b 2 , c 2 } ahc 

y z 


can be rewritten as 4-1 — + — + — I = 

zx xy J xyz 


~.(i) 


=> £L + !lL + £L + <!t!c = 4 

yz zx xy xyz 

Set v, = -=■, v, = -7==-, =-f=* then (i) reduces to 

V.V- V-* V A T 

•v + .>v + -i + = 4 

where 0 < x, < 2, 0 < y x < 2, 0 < r, <2 


(tHiHtHiltffl- 


o 

C — 0 C- P 

_ /'<»> _ i 


b — c a - c 


1 


Recall that in a triangle 

cos 2 A + cos 2 /* + cos 2 C + 2cosAcosBcosC = 1 

So — = cosA. = cos B. y = cosC; A, B, C being 

angles of an acute triangle. 

Mow — %= - cos// => a = 2 Jvz cos A 
2^ 

Similarly b = 2y[zx cosB and c = 2^xvcosC 
adding we have 

a + b + c = 2 > /xvcosC + 2 Jyz cos B + 2 Jzx cos A 

=> a* + v + " - 2 Jyz cos A - 2>/zx cos - 2^xry cos C = 0 ! 

(using <7 + h + c — x + y + r) i 
=^jc(sin“ /J + cos' /*)+y(sin .4 + cos* .*/)— 2jyz cos A 
- 2 <fzx cos /? -I- 2^xr (cos /I cos B - sin A sin /? ) = 0 
=} (a* sin 2 B - 2<Jxv sin Asm B + vsin 2 ./) + a*cos~ /* + 

vcos" A + z + 2 yjxy cos A cos B - j 
2>/xrcos/* - 2^vrcos// = 0 j 

=> ( Jx sin B - Jy sin .4 ) 2 + (>Tx cos /* + /v cos A-JzY = 0 
which gives 

>/r = Va: cos B+ Jv cos A = l x • - ^ • —^= 

2-Jzx 2yjyz 


f(c) a-c b-c 

33. Note that + = 2(4k-<Jk-\) 

Again 

1 _ 2 ; 2 _ 2( /A + 1 — ) 

7£ ■Jk+^ Jk + 1 + 7£ ( i/F+T + ifk)( i[k + 1 - i/A ) 

= 2(7*+T-7*) ...(iii) 

Combining (i) and (ii) we get 

= 2(^\-fi) <2(fi-fTA) (A) 

Setting A: = 2, 3, ...in the inequality -i- < 2(y[k -Jk-\) 

ylk 

and adding, we have 

± + ± + .... + —L =< 2{(j2-f\) + {j3-J 2) + 

Ji 73 Tio^ooo 


•7? = 


h + a 
ifz 


a + h 


....+ (710.000 - 79999)! 
= 2(710.000-1) = 2(100-1) = 2x99 = 198 

.-. S<I98 ....(B) 

Again setting £ = 2, 3, ... in the inequality 

> 2(Jk + \ - Jk) and adding, we have 
VA 

++ * + ... + > > 

72 73 710,000 

2{(73 - 72) + (74 - 73) + ... + ( 710001 - 710.000 )} 

= 2(71001-72} > 197 

Thus S> 197 ...(C) 

We have from (B) and (C) 197 < S < 198 .-. [S] = 197. 

34. Inscribe the heptagon in a circle of radius R. The 

sides A { A y A x A y and A t A 4 subtend arcs of measure 

2 k An 6n . , 

— , —s — respectively. 

Hence 


b + c , c + a 
By symmetry. * = — y- and v= 

32. Construct the auxiliary function 
X : [<7, h] - R given by #(x) = (x - cr)(x b) f{x) 
g is continuous on [cr, />], differentiable on ( a , A) 

Also = 0 = g(h) 

Applying Rolle's theorem to g we have, 3 one ce(a,b) | 
such that g'(c) = 0 ...(ii) 

=* (c - b)f(c) + (c* - ^/(c) + (c - a)(c - b}f'(c ) = 0 

Dividing by (c p)(c A) gives (v c*a, c*b) 


//,//,= 2 /?sin — , /t./f = 2/^sin^- 
i2 7 7 

The identity to be proved is equivalent to 

1 1.1 


, =2/?siny 


271 


2/?sin^ 2/?sin ^ 


2/?sin 


3 tt 


or sin-^sin-y- = siiiysin^y + siiiysin^ 
or -cos-y + COSy = -COS-y^ + COS-y- ~ COSy^ + COSy 
=>~COS-y = -COS~^ + COS-y^-COS^y ...( j) 
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But ( I ) is evident, because 
2 tt . 5tt 3k 4k 

T T = T T 

2 7i 5 k , 3k 4k 

Hence cos— = -cos— and cos— = -cos— , etc. 

t hus we have proved that 
I I I 


.1.4, 


-I,./-, 


■V 4 


. n 


35. Let x = coty, T = cot-, r = cot— 

, ‘4 .v - a 

We have * = cot— - ^ 

B s-h , , r .v - c 

Similarly v - cot— - ■ - and - - cot 0 ^ 

.v (.v-</) + (.v-6) + (jt-c) 

As - = .v + * + - 

/* /• 

The given relation 

( cot y) + ( 2cot f) + ( 3 co 1 t) = (y) 

is equivalent to 49(.x 2 + 4y^ + 9r 2 = 36fx + y + z) 2 
=> 13.x 2 + 160V 2 + 405~ - 72{xy + yz + zx) = 0 
=> ( 9.v 2 - 72xy + 144V 2 ) + (16V 2 - 72yz + 81z 2 ) 

+ (324z 2 - 72zx + 4a* 2 ) = 0 
=> (3a* - 1 2v 2 ) + (4v - 9r) 2 + ( 1 8r - 2v) 2 = 0 
=> 3.v = 1 2 y => x = 4 v 

9 

Similarly 4 y - 5z => y - ~^ z and 1 8z = 2 a => .x - 9z 
Thus a* : y : z = I : 1/4 : 1/9 

Another way to arrive at the above is to employ Cauchy- 
Schwarz inequality 

(6 2 + 3 2 + 2 2 )[(a* 2 + (2V 2 ) + (3z) 2 ] > (6.x + 3 • 2y + 2 • 3z) 2 
Now x : y : z : : 1 : ^ => x : y : z : : 36 : 9 : 4 

z s - ci _ s-b _ s-c 
4^ 36 " 9 " 4 

2.v-(/> + c) 2.v -(c + a) _ 2s-{a + b) 

_ “ 36 + 9 


_x_ _ y_ 

36 9 


9 + 4 4 + 36 

_ ci _ b c 
~ 13 ~ 40 " 45 

Thus triangle ABC is similar to a triangle whose side 
lengths are 13, 40, 45. 

36. We use induction to arrive at our result 

For /; = I, the polynomial /^(a) = 1 +x has the root -1 

lor // = 2. I\[x) = l + Yj+ A( '\| l> = l + *’+ A 

= = (r + l) <- v+ . 2 > has roots _ 2 . 


Claim : The polynomial P n (x) = 0 

has roots -1, -2, ... -n 

Proof : For n = 1 the base case is verified 

Suppose the assertion holds for n 

the P n ( x) = k(x + 1 )(a* + 2) ... (x + n) 

The number A being the coefficient of a" 


From /*, (a)=1 + 77 + 


x *(*+!) 


+ ... + - 


a(a + I)...(a* + /;- I) 


n\ 


we have A = — = coefficient of x n 


Hence P (a) = -^(a + 1)(a + 2)...(a+ n) 
n\ 


P n ^x)=W + 


A*(A+ l )...(A*+ n) 

(/7+I)! 

A * ( x + 1 )...(a* + n ) 




I 


-(A + 1)(a + 2)....(a + /7)(a + /7 + 1) 


(77+1)!' 

Hence the roots of P n + ,(a) = 0 are -1,-2, — (// + I ) 
Thus by principle of mathematical induction we have 
established that the roots of 


a , *(.x + l) 


a(a+ 1)(a+ /z-l) 


^ u) = ,+ Ti +_ 2r" + - + 

are - 1 , -2, ...., -n. 

37. For minimum value P = cosa* sinv cosz 
= -^cosA(2sin vcosz) 

= icos4sin(.v+r) + sin(^--)]2^cosxsin( v + .) 
= ^cos 2 .x we have sin(y--)>oj 

Observe that x = ^~(y + -) - ^-2x-^ = -j 
Thus the minimum value of P is 

i V i 


HHy * 

. _ K _ _ K 

attained when x - ) - - - p* 

For maximum value 

P = cosAsin vcosz = ^-cosr(2cosAsin v) 

= ^cosz[sin(A* + T)-sin(*- v)] < -^cos 2 z 

^ > a* > y sin(.x-T) ^ ol 
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Thus P < -^(l + cos2z) = -^1 + cos^rj = 

This maximum value is attained at x = y = — and 

_7T_ 

Z ” 12' 

38. Write N = 99899 = 9a 4 + 9x 3 + 8a 2 + 9x + 9, where 
x = 10. We will attempt to factorize the polynomial to 
see whether its prime or composite. 

The coefficients 9, 9, 8, 9, 9 remind us of reciprocal 
equation. To factorize, pair up the terms equidistant from 
beginning and end. 

9a 4 + 9a 3 + 8a 2 + 9a + 9 = 9(x 4 + 1 ) + 8a 2 + 9a(x 2 + 1 ) 
= 9 {(a 2 + l) 2 - 2 a 2 } + 8a 2 + 9x(x 2 + 1) 

= 9(a 2 + 1) 2 + 9a(a 2 + 1)- 10a 2 
= 9(a 2 + l) 2 + 1 5 a(x 2 + 1) - 6a(a 2 + 1) - 10a 2 
= {3(x 2 + 1) - 2 a}{3(a 2 + l) + 5x} 

= (3a 2 - 2a + 3)(3a 2 + 5a + 3) 

For 3a 2 - 2 a + 3, £> = 4- 4x 3 x 3 <0 
and 3a 2 + 5a + 3, D = 25 - 4 x 3 x 3 < 0 
Thus (3a 2 - 2a + 3) and (3a 2 + 5x + 3) can’t be further 
factored in linear polynomials. 

Thus N = (3a 2 - 2a + 3)(3x 2 + 5a + 3) 
on putting a = 10 we have 
N = 99899 = (300 - 20 + 3)(300 + 50 + 3) 

= (283)(353) = 283 x 353 
showing that N is composite. 

39. As \ax + by + cz\ + | bx + cy + az\ + \cx + ay + bz\ 

= W + \y\ + \ z \ ho,ds 

For all real numbers x, y, z we will try to uncover as 
much information as we can by setting strategic values 
for a, y, z. 

Take a = y = z = 1 in the given equation to get 
\a + b + c\ — 1 ....(A) 

For a = 1, y = z = 0, we get 

\a\ + \b\ + |c| = 1 ...(B) ‘ 

(A) and (B) give \a + b + c\ = \a\ + \b\ + |c|, 
we immediately realize that a, b, c all have the same 
sign. Again let a = 1, y = -1, z = 0, it follows that 
\a - b\ + \b - c\ + \c - a\ = 2 ...(C) 

Now \a-b\< \a\ + |6|, with equality if and only if a and 
b have opposite sign or if one of them is zero. 
Writing the three inequalities 

\a-b\ <\a\ + \ b\ 

\b-c\ <\b\ + [c\ * 

\c-a\ <\c\ + \ a\ 
and adding them, we get 

\a - b\ + \b - c\ + \c - a\ < 2{\a\ + |Z>| + |c|) = 2 ...(D) 


From (C) and (D) we find that the septem(*) becomes 
all equalities and thus in each pair (a, b), (b, c), (c, a ) 
one of the number must be 0. 

Hence the required triplets (a, b, c) are (1, 0, 0), 

( 0 , 1 , 0 ), ( 0 , 0 , 1 ), (- 1 , 0 , 0 ), ( 0 , - 1 , 0 ), ( 0 , 0 , - 1 ). 

40. 1st solution (Geometric proof) c 

An equilateral triangle with /\ 

side c has altitude / \ 

Any triangle with side c will / \ 

have an altitude perpendicular / \ 

toe of length + The a (dl) _ x (c/2 ) + ^ B 


c c 

side c is split into two parts y-* and 2 " fx * 
deviations from an equilateral triangle. 

a 1 +b 2 +c 2 -4y/3A = + (2^ + A: ) + 

2 { y+ 2^) + c * - 2 &{y + 



+ c 2 - 2yl3cy - 3 c 2 

= 2x 2 + 2y 2 > 0 

we have equality iff a = y = 0, i.e. for the equilateral 
triangle. 

2nd Solution (Proof by contradiction) 

Suppose to the contrary that 4^3 A > a 2 +b 2 +c 2 


=> 4>/3 A • Resina > a 2 +b 2 +c 2 
2 

=> 2Acsina > -JL(a 2 +b 2 +c 2 ) 

Using cosine law, 2 be cosa = b 2 + c 2 - a 2 ...(2) 
Squaring and adding the two relations (1) and (2) 


3 

12 b 2 c 2 > (a 2 + b 2 + c 2 ) 2 + 3 (b 2 + c 2 - a 2 ) 2 
12 b 2 c 2 > a* + b* + c 4 + 2 a 2 b 2 + 2 a 2 c 2 + 2b 2 
3 {b 4 + c 4 + a 2 + 2 b 2 c 2 - 2 a 2 b 2 - 2 


=> 0 > 4 a 4 + 4 b* + 4c 4 - 4 a 2 b 2 - 4b 2 c 2 - 4 c 2 a 2 

=> 0 > a* + b A + c 4 — a 2 b 2 — b 2 c 2 - c 2 a 2 

=> 0 > (a 2 - b 2 ) 2 + ( b 2 - c 2 ) 2 + (c 2 - a 2 ) 2 

=> (a 2 - b 2 ) 2 + ( b 2 - c 2 ) 2 + (c 2 - a 2 ) 2 < 0 

Sum of squares is negative. We get a contradiction. 
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Section-Ill 

(Subjective questions) (Q.No. 44 to 48) 


44. The equilibrium constants for amino acids are given 
in terms of succesive ionisation constants of the protonated 
form, for example, equilibrium constants for glycine 
(NH 2 CH 2 COOH) are K al = 5 * 10' 3 M and K a2 = 2 * 
10" 10 M. What will be the pH at the isoelectric point for 
this amino acid and pH of 0.02 M protonated glycine 
in pure water respectively? (Express pH value after 
multiplying these by 100 and use three significant 
digits to express your answer) 

[take log 2 = 0.30]. 


45. A sample 
Pb0 2 is allows 
liberated is rea< 
volume of gas li! 




kte-brown pov 
ess of KI and 
riother contain^ 

; second container at STP 
was measured as 1.12 litre. Find out volume of decimolar 
NaOH required to dissolve given amount Pb0 2 
completely. (Assume all reactions are 100% complete). 


46. 2665 mg of an octahedral complex CrCl 3 • 6H 2 0 
needs 3.4 g of AgN0 3 for complete precipitation of its 
all the free chloride ions. If the given complex is subjected 
to dehydration then what is the weight (in mg) of 
anhydrous complex obtained? 

[Cr = 52, Cl = 35.5, Ag = 108, N = 14, O = 16, H = 1] 

% 


Answers to the problems of 
IIT-JEE 2007 Practice Paper 
on page no. 76 of March 2007 issue. 


1. 

(b) 

2. (c) 

3. 

(b) 

4. (c) 

5. (b) 

6. 

(d) 

7. (b) 

8. 

(a) 

9. (c) 

10. (a) 

11. 

(b) 

12. (c) 

13. 

(b) 

14. (d) 

15. (b) 

16. 

(a) 

17. (a) 

18. 

(d) 

19. (b,d) 

20. (a) 

21. 

(a, b) 

22. (a,b,c,d) 


23. (a,b,c) 


24. 

(a,b,c,d) 





25. 

(a,b,c) 


26. 

(a,b,c) 



27. 

(a,b) 


28. 

None of these 



47. O 



ale. KOH CH,CH 2 CH 2 Br/heat 

" 71 ) ^ ( 2 ) 


O 


OH°/H,0/ft H; 
(3) (4) 


*(C,H 0 N) 


Y 


Calculate molecular weight of Y. 


48. A water insoluble organic mixture contained 


following compounds 

(1) = Benzoic acid (2) = Salicylaldehyde 

(3) = p-Hydroxybenzaldehyde 

(4) = a-Naphthylaqggfc (5) = Naphthalene 
)f reagents are used to separate 

+ 2 + 3 + 4 + 51 mixture 


(4) = a-Naphthylaqp^ P) = Napntnaie 
JMM^owjpp^uencwfreagents are used 

fis^ tuf^J ^ ^j + jTTTn 

J (Step-Al aq. HC1 

■4 

[Insoluble] [! 

(Step-T) aq. NaHC0 3 

4 4 

[Insoluble] [Soluble]* 


7 

[Soluble]* 


4 


[Insoluble] 


4 

[Insoluble] 

(Step-Z) | aq. NaOH 

4 

[Soluble] 


(Step- If) 


4 

[Distilled]* 


Steam distillation 


[Left behind] 


Fill up the serial number of starred compound obtained 
in the steps X Y, Z and W respectively. 


x_ 

_Y_ 

Z_ 

w 









ANSWER 

1. 

(c) 2. 

(a) 

3. 

(a) 

4. 

(d) 

5. 

(c) 

6. 

(b) 7. 

(c) 

8. 

(d) 

9. 

(a) 



10. 

(a) P, W (b) 

R, W 

(c) Q, 

V (d) 

P, T 




11. 

s 

p 

c 

o 1 

i S, w 

(c) R. 

V (d) 

S, V 




12. 

10 13. 

75 

14 

9 

15. 

110 

16. 

5 

17. 

(b) 18. 

(c) 

19. 

(d) 

20 

(b) 

21. 

(a) 

22. 

(d) 23. 

(b) 

24. 

(a) 

25. 

(b) 



26. 

(a) J, R (b) 

K, P (c) L, S 

(d) M, 

0 




27. 

(a) K, R (b) 

J, Q (c) L, S 

(d) M, 

P 




28 

30 29. 

7 

30. 

8 

31. 

1 

32. 

11 

33. 

(a) 34. 

(d) 

35. 

(b) 

36. 

(a) 

37. 

(c) 

38. 

(b) 39. 

(c) 

40 

(b) 

41 

(a) 



42. 

(A) L, S (B) K, R 

(C) M, 

O(D) 

J, P 




43. 

(A) L, S (B) M, P 

(C) K., 

Q(D) 

J, R 




44. 

600200 45. 

2000 

46. 

2485 

47. 

166 

48 

4152 


(For Paper / refer Chemistry Today) 
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Mock Test 


FOR 


151 2D07 



By Alok kumar, B.Tech, IIT Kanpur 

The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world for training 
and research in statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of 
the institute, offers comprehensive instruction in the theory, method and application of statistics, in addition to 
several areas of Mathematics^nd, some basic areas of computer science. 

Each candidate applying for admission this programme take a selection te*t Aomprisirng Objective type 
and Short-answer type quesfiofcsain mathematics at tfte Hi^lier Secondary levfcl (10 + ^year’svprogramme). 

The selection tests consists of- * " >. V > ?• g* 

(1) A multiple choice type test having about 30 questions, and * j 

(2) A short-answer type test having about 10 questions. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A.M., G.M., and H.M., 
complex numbers. 

Geometry : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates. 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, 
equations of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration. 
Trigonometry : Measures of angles, trigonometric and inverse trigonometric functions, trigonometric identities 
including addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances. 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods of 
differentiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph 
of functions, methods of integration, definite and indefinite integrals, evaluation of area using integrals. 
Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the first Mock ISI paper, which 
closely simulates the real exam. There is more to follow in the coming months. 


MULTIPLE CHOICE TEST 


1 . Among the following pairs of quadratic equations 
which has the same nature of their roots? 

(a) 5* 1 2 + 11* + 17 and 33* 2 + 21* + 5 

(b) 2 1* 2 + 25* + 13 and 59* 2 + 67* + 21 

(c) 3 1* 2 + 14* + 7 and 52* 2 + 76* + 31 

(d) all of the above. 

2. Given that N = 2"(2' ,+ 1 - 1) and 2" + 1 - 1 is a prime 
number. Which of the following is true? 

(a) Sum of divisors of jV is 2N 

(b) Sum of reciprocals of the divisors of A is 1 


(c) Sum of the reciprocals of the divisors of N is 4 

(d) Sum of divisors of N is 4 N. 

3. A fair coin is tossed 10,000 times. The probability 
p of obtaining at least 3 heads in a row satisfies 


(a) 

1/4 <p< 1/2 

(b) 3/4 < p < 1 

(c) 

0<p< 1/4 

(d) \/2 < p < 3/4. 

4. 

Q V °2 » — » ^2007 

are distinct positive real numbers. 

Let 

5 = a + £L + „ 

.+ fl200( * + - 2BSL Then 5 satisfies 


a 2 a 3 

^2007 a \ 
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(a) S > 2007 (b) S < 2007 

(c) S< 1 (d) S > 1. 


5. Each number from 1 , 2, 3, ... 1 00 (decimal system) 
is written in base 6 and their product is also written in 
base 6. The number of zeroes at the end of this product 
is 

(a) 97 (b) 48 (c) 24 (d) 16. 

6. Let 5 = { 1 , 2, ..., 1 00 } . The number of unordered 
pairs (A, B) of subsets of S such that A and B have no 
elements in common, where A or B or both may be empty, 
is 


(a) 3 100 


(b) 


3 l00 -\ 
— (C) 


3 I00 + 1 
2 



7. The largest positive integer that cannot be written 
in a form 5a + 7b, where a and b are positive integers 
is 


(a) 25 (b) 26 (c) 33 (d) 35. 


8. For how many positive integers n is n 1 + 96 a perfect 
square? 

(a) exactly three (b) four 

(c) none (d) infinite. 


9. Three straight lines are drawn through a point P, 

lying in the interior of a triangle ABC, parallel to its 
sides. The areas of the resulting three triangles are 1,2 
and 4 cm. The area of the triangle ABC is (in sq. cm) 
( a ) 21 (b) 3 + 72 

(c) 1 1 + 6^2 (d) 14. 

10. The altitude CN is drawn from the vertex C of the 
right angled triangle/lfiC. The radii ofthe circles inscribed 
into the triangles ACN and BCN are respectively 1 6 cm 
and 63 cm. The radius of the circle inscribed in the triangle 
ABC is (in cm) 

(a) 79/2 (b) 65 (c) 47 (d) 56. 

11. T riangle PQR and P’Q’R' have side lengths as x, y, 
z and x', /, z' respectively, satisfying the relation 

yj(x + y + z)(x +/+■') = Vx7 + ,/w7 + 7z7. 

Then of the following statements only one is true. Which 
one is it? 


12. The number of solutions of the following system 
of equations 

M + y + [z] = 2.3 ; x + [y] + {z} = 4.5 

M + M + z = 6.2 is 

(a) none (b) exactly one 

(c) exactly two (d) infinite. 

13. Consider a sequence of numbers generated by the 
recursive relation v n+3 = v nt2 • v„, n > 1 . Let v, = 1 = v 2 
and v 3 = — 1. Then v 446 is 

(a) 1 (b) -1 

(c) I or -1 

(d) none of the foregoing numbers. 


14. If 


x 2 +>> 2 -z 2 -m> 2 _ x 2 -y 2 -z 2 + w 2 


x-y+z-w x+y+z+w 
following equalities which one is correct? 


(a) 

(b) 

(c) 

(d) 


, then of the 


xy- nv 

2 (yz - xm>) 

x+ y-z-w 

x-y+z-w 

yz-x\v 

l 

$ 

N 

1 

x+ y-z-w 

x-y+z-w 

2 (xy - zw) 

yz-xw 

x-y+z-w 

x+y+z+w 

xy - zw 

yz-xw 

x—y+z — w 

x+y+z+w 


15. Let N = 2 1224 - 1 , a = 2 153 + 2 77 + l and 
P = 2 408 - 2 204 + 1 . Then which of the following statements 
is correct? 

(a) a divides N but P doesn’t 

(b) 3 divides N but a doesn’t 

(c) a and P both divide N 

(d) neither a nor 3 divides N. 


16. The sum to the series 

(2 2 - 1 )(6 2 - 1 )+ (4 2 - 1 )(8 2 - 1 )+...+(l 00 2 - 1 )( 1 04 2 - 1 ) is 

(a) [101 103 105 107 109+ 1 3 5 7 9] 

(b) yyy [99 • 1 0 1 • 1 03 • 1 05 ■ 1 07 + 1-3- 5-7] 

(c) [99 101 103 105 107 - 1-3- 5 7] 

(d) y^[l01 103 105 107109- 1-3 5-7-9] 


(a) triangle PQR and P'Q'R' are similar 

(b) triangle PQR and P'Q'R' are congruent 

(c) exactly one of the two triangles is right angled 

(d) exactly one of the two triangles is isosceles. 


1 7. What is the remainder when the repunit 111 - * 1 

is divided by 1221? (A repunit is a number made^ip 
entirely of l’s) 

(a) 1111 (b) 1213 (c) 11 (d) 121. 
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18. In a certain city all licence plates are of five characters 
that is, a sequence ofthree digits followed by a sequence 
of two letters. Each licence-plate uses only the digits 1, 
2, 3, 4 and 5 and only the first thirteen letters of the 
English alphabet, i.e. A to M. Also, no licence-plate can 
have simultaneously the letter A and the digit 3. The 
maximum possible number of licence-plates that can be 
issued is 

(a) 19600 (b) 4 3 x 12 3 

(c) 4 3 x 13 2 + 53 x 12 2 (d) none of the above. 

19. In the inequality — + + ^ what 

1 + be 1 + ca 1 + ab 

is the least number k that can be substituted so that the 

inequality holds for all non-negative real numbers a, b, 

c statisfying a + b + c = 1 

(a) 9/10 (b) 10/9 

( c ) 1 (d) the least A: doesn’t exist. 

20. The value of a and 3 for which the equation 

^/x + OCn/x + 3 + yfx = 4 
has infinitely many real solution are 
(a) a = -8,3 = -16 (b) a = -8,3=16 

(c) a = 8, 3 = -16 (d) a = 8, 3=16. 

21. There is an internal tangency between two circles 
at a point P. A circle passing through the centre O of the 
smaller circle meets the larger circle at A and £> and smaller 
circles at B and C. Also let AB:BC:CD:: 2:4 : 1. The 
sum of the squares of radii equals 10 cm 2 , what is the 
diameter of the smaller circle? 

(a) 6 cm . (b) 4 cm (c) 2 cm (d) 3 cm 

22. The two adjacent sides of a cyclic quadrilateral are 
2 and 5 and the angle between them is 60°. If the area 
of a quadrilateral is 4>/3, the sum of remaining two 
sides is (in cm) 

(a) 5 (b) 4 (c) 10 (d) 6. 

23. The sum of real roots of the equation 

x 2 - 2 2006 x + |x - 2 2005 | + 2 • (2 4009 - l ) = 0 is 
(a) 2 2005 + 2 2004 (b) 2 2006 

(c) 2 2007 (d) 2 2006 + 2 2007 . 

24. Triangle ABC has one of its angle ZABC = 45°. A 
point D is taken on the side BC such that CD = 2DB. If 
ZDAB = 15°, then the measure of angle ACB is 

(a) 45° (b) 60° 

( c ) 75° (d) cannot be determined. 


25. How many ordered solution (x, y) does the system 

of equations 3x(x + y - 2) = 2y, y(x + y - 1 ) = 9x have 
(a) none (b) infinite 

(c) exactly six (d) exactly three. 

26. The number of isosceles triangles with integer sides 
if no side exceeds 1994 is 

(a) 994009 (b) 1988018 

(c) 949009 (d) 2982027. 

27. The number of integer solutions of a + b + c = 24 
subject to the condition 1 < cr < 5, 12 < b < 18, 
-1 < c < 12 is 

(a) 34 (b) 35 (c) 53 (d) 43. 

28. The number of geometric progressions ofthree terms 
comprising unequal natural numbers less than or equal 
to 100 is 

(a) 106 (b) 53 (c) 52 (d) 104. 

29. How many times is the digit 0 written when listing 
all numbers from 1 to 3333? 

(a) 936 (b) 365 (c) 963 (d) 356. 

30. The set of points (x, y) in the plane satisfying 
I* I + | x -y | = 4 enclose 

(a) a rhombus (b) a square 

(c) a trapezium (d) a parallelogram. 


SHORT ANSWER TYPE TEST 


31. Suppose that -1 <ax 2 +bx + c< 1 V x e [-1, 1] 
where a , b , c are real numbers. Show that 

-4 < 2 ax + b < 4 V x e [-1, 1]. 

32. If a and P are positive numbers, show that the 

11 1 

equation — + — + — 7-75- = 0 

^ x x-a x + p 

has real roots, one between a/3 and 2a/3, and one between 
-2P/3 and ~p/3. 

33. Let f(x) be a function satisfying 

/(jc + lj + ZW =/(x + j|-/(^x + jj V X€ R 
then show that /(x + 2) +/(x) = 2/(x + I ). 

34. Evaluate the product 

35. Find all three digit numbers that when divided by 
1 1 are equal to the sum of the squares of their digits. 
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36. Find all integral values of A. for which the quadratic 
expressions (x + X)(x + 1991) + 1 can be factored as 
(. x + a)(.r + 3), when a and p are integers. 

37. Let / be a function defined on are positive 
{(/, j); i and j are positive integers} 

satisfying 

(i) /(/, / + l) = i V; 

(ii) /O', j) = /O', *) + /(A. ./) - 2/(«', *)/(*, 7) 

V k such that i < k <j 

Evaluate /0* n ) 

n — >oo 


I + p)(2" + 1 - 1 ) = (1 + 2” + l -1)(2' I + I -1) 

- 2" + l (2 n + l - 1) = 2 • 2"(2' 1 + 1 - 1 ) = 2A' 

Sum of reciprocal of divisors of N 

< ’»*( t +? + -- + ?) + 7(1++ •-?) 

+++" • + fX‘ + ?) 


_ 1 -(1/2)” +l 
1 - 0 / 2 ) 

2 « + i_i 2 " 


P+_ 1 = 2 n+l - 1 p + l 

P 2" + l x(l/2) P 


2 " 


2 ” + 1 — 1 


= 2 . 


38. Let/ be a function from {1,2,3} into { 1 , 2, 3, 4, 
5}. find the number of functions satisfying 

m ^ f(j) v / < j. 

39. Let x = by + cz + du, y = cz + ax + du, 
z = ax + by + and u = ax + by + cz. Prove that 

a be d 

\ + a + i+a + T+7 + T+7 _1 - 

40. Solve for real x, the equation 

Vl -x = lx 1 - 1 + 2xy]\-x 2 . 


SOLUTIONS 


1. (d) : It is at once apparent that nobody in his right 
mind is going to calculate the discriminant of each 
equation. Observe the pattern of the equations 

5x 2 + 1 1* + 17 and 33x 2 + 21x + 5 
33* 2 + 21* + 5 = (5 + 11 + 1 7)x 2 + (11 +2-5)* + 5 
Every pair of equations is of the forms 
ax 2 + bx + c and (a + b + c)x 2 + (b + 2 a)x + a 
Discriminant of second equation 
= (b + 2a) 2 - 4a(a + b + c) 

= b 2 + 4ab + 4 a 2 - 4a 2 — 4 ab — 4 ac 
- b 2 - 4 ac = Discriminant of first equation 
We have shown that both equations of any pair exhibit 
the same nature of roots. 

2. (a) : 1st Solution : N = 2 , '(2 ,, + 1 - 1 ) 

As 2 /, + 1 - 1 is a prime number, call it p then N = 2 n p 
Divisors of N are 1, 2, 2 2 , ..., 2", p, 2 p, 2 2 p, 2 3 p ... 2 "p 
sum of divisors of N, = 

1 + 2 + 2 2 + ... + 2" + p + 2p + 2 2 p + ... + 2 "p 
= (1 + 2 + ... + 2 n ) + p(\ +2 + ... + 2/7) 

= 0 +/>)(! +2 + ... + 2") = (1 + p ) • - ” 2 + _~ 1 


Second Solution : The first result could also be had by 
the formula for the sum of divisors a /; of a positive integers 
n given by 



where n= p\\ p i' 2 , ....^ v is the prime factorization 


of n for our problem 

2" +1 -i p 2 -i 

p-1 =( 2 -OCPTI) 

= (2" +1 - 1)2 /J+I = 2 - 2"(2 ;,+1 - 1) = 2A^. 


3. (c) : Let the probability of getting a head in a single 

trial be P H and that of getting a tail be P r 
For a fair coin P H = P r = 1/2 

Suppose we get tails in first r trials and then get in a row 
3 heads. All cases are covered by varying r from r = 0 
to r = 9997. 

9997 

The desired probability p = X &£ 

r = 0 



Thus /? < 1/4 we also have p > 0. Thus 0 < p < 1/4. 


4. (a) : Let u n = /; = 1, 2, 3, ... 2006 

a n + 1 
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Then 3291= 

a\ U\ll 2 — ^2006 

Applying AM-GM inequality between 

n i , m>)} ••• and 

1 2 2006 W| W 2 w 2 006 

1 

Mi + M 2 + + w 2006 + ~ 7 , 7 , 

We have u \ • ii 2 - » 200 _ 6 _ > 


2007 

jw, • // 2 ••• m 2006 * 
U\ + M 2 + ••• + w 2006 + 


1 


il/2007 


U\ U 2 • — W 2 q 06 . 


1 


Wl • u 2 • ... W 2 006 


> 2007 


+ , a 2006 . + g20OT > 2007 => s > 2007 

fl 2 ^3 a 2007 a \ 

For equality to hold all terms must be equal to 1. 

i e iL = = = 1 

a 2 ^3 

But that means a, = a 2 = ... = a 200T A contradiction, 
because we are given that the numbers are all distinct, j 
This same result could also be obtained by straightaway | 
multiplying all the numbers involved. . 

5. (b) : The problem amounts to finding out the highest 

power of 6 in 1 1 00 

Power of 3 in 1100 = [122] + [M] + [^] + [^] 

= 33 + 11 + 3 + 1 = 48 


Power of 2 in 1 1 00 > 48 
So power of 6 in [100 = 

min(power of 2 in [100 , power of 3 in [100 ) = 48 
Thus there are 48 zeroes in the end when the product is 
written in base 6. 

6. (c) : In this problem, it is easier to calculate first 

the ordered pairs, (//, B). 

To each element x of 5 assign the numbers 1 , 2 or 0 
according as x is in A , or in B or in neither of them. Each 
way of disposing of the numbers of S can be associated 
with a 1 00-digit string made up of 1 , 2 or 0. For instance, 
0121012... 1 means element M’ is in neither of// and B , 
element ‘2’ is in A, element ‘3’ is in £, i.e., first number 
tells where first element is, second number tells where 
2nd element is, etc. 

Any selection of A and B corresponds to the number of 
100 digit number which can be made using digits 0, 1 
or 2 with leading zeros allowed. 

There are obviously 3 100 such number. 


But we have to count the number unordered pairs. Every 
unordered pair is counted twice in the number 3 10 °, except 
for the case when both A and B are empty. For example 
(0, 0) gives one selection. 

3 ,0 ° - 1 

Hence number of unordered pairs = — f 1 

3 100 + 1 
2 ‘ 


7. (d) : The number 26 can be written as 

26 = 5 * l+7><3 
Also note that 33 = 5 x 1 - 1 - 7 x 4 
and 34 = 5 x 4 + 7 x 2 
Hence the number required is greater than 34 
Every number greater than 35 can be written as 5 a + lb 
for suitable values of a and b. 

For example 103 can be written as 
103 = 7x9 + 5x8 

But 35 = 5 m + Itu representation in positive integers is 
not possible. 5m is 5, 1 0, 1 5, 20, 1 5 - none of which is 
a multiple of 7. For m = 7, n becomes zero. But n has 
to be a positive integer. Thus it follows that 35 can’t 
represented in the form 5 m + In. 

8. (b) : Let n 2 + 96 = k 2 , k eN 

=> k 2 - n 2 = 96 => (k — n)(k + n) = 96 
(k - n) + (k + n) = 26 = even. It follows that (k - n) and 
(k + n) are either both odd or both even. But if both are 
odd, product can be even. Thus both must be even. 
Now k + n> k n and 96 can be factored in the following 
way as a product of even numbers] 

96 = 2x 48 = 4x 24 = 6x 16 = 8 x 12 


We have k - n = 2, k + n - 48 => (k, n) ~ (25, 23) 
k - n = 4, k + n = 24 => (£, n) = ( 14, 10) 
k — n = 6, k + n = 16 => (*, n) = (11, 5) 

k - n = 8, k + n = 12 => (A, n) = (10, 2) 

Thus there are four positive integers n such that n 2 + 96 
is a perfect square. a 

k/\m 

9. (c) : Observe that the triangle /V/a 

LPK , PNM and RSP are similar / X \ 
to A ABC. Let A be the area of / A \ \ 

triangle ABC tilf ^ — r 

1 Lf>2 2 PN 2 4 _ RS 2 
~A ~ ~sc 1 ' A ~ DC 2 ' A ~ BC 2 

1 _ LP V2 _ PN 74 _ RS 

Now 77" ec> VI “ BC’ VI ~ bc 
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Adding them all 

1 + V2 + 2 


LP + PN+RS 


474 

BR + SC + RS 
BC 


BC 

BC 

BC 


(Note that LP || BR and LP = BR, PN || SC and PN = SCj 

=> ^= 1 => 71 = 3 + 72 

sfA 

=> A = (3 + T2) 2 = 11 + 672. 

10. (b) : Denote by /*, the radius of A 
circle inscribed in triangle ACB. 

From similarity of triangle ACN and 
ABC 


-7-t = t => br = 16c 
16 b 



have = — => ar = 63c 

63 a 


...(A) 

Again from similarity of triangles and we 

•••(B) 

Squaring and adding we obtain 
^(a 2 + 6 2 ) = (16 2 + 63 2 )c 2 
=> rV = 65 2 c 2 /* = 65 cm. 

11. (a) : Recall the identity for a, b, c, x, y, z e R 

(a 2 + b 2 + c 2 )(j c 2 + .y 2 + z 2 ) = (a* + + cr) 2 + 

(^y - &*) 2 + (az cx ) 2 + (bz - cy) 2 

From the above equality it follows that 

(a 2 + b 2 + c 2 )(x 2 + ^y 2 + z 2 ) i> (a* + 6y + cz ) 2 

Because square of a real number is non negative 

Equality hold iff ay - bx = az - cx - bz - cy - 0 

, . a b 

ay - bx - 0 => — = — 
x y 

l n b c 

Similarly bz-cy - 0 => — = T 

a b c 

Hence — - — - j is the condition for the equality to 

hold. -..(A) 

The given relation is 

4(x + y + z)(x' + y' + z') = yj xx' + yy' + zz' 
Recasting the above as 

yj(X 2 + V 2 + Z 2 )(X' 2 + Y' 2 + Z' 2 ) = XX'+YY’ + ZZ' 
where X 1 = x, Y 2 = y, Z 2 = z etc. 
on squaring 

(X 1 + )- + Z 2 )(A' 2 + Y' 2 + Z' 2 ) = (XX' + YY' + ZZ') 2 
Thus for (B) to hold 

X Y Z 

jf 7 = T 7 = ~z r ^ using (A)) 


X_ _ i_ £_Z-± 

X' 2 Y' 2 Z' 2 ^ x' ~ y'~ z' 

establishing that triangles FOR and P'Q’R are similar. 

12. (b): W+T+[2] = 2-3 ...(1) 

x + M + { 2 } = 4 • 5 ...(2) 

[x] + O'} + z = 6 • 2 ...(3) 

Adding all of them we obtain, 
x + M + {*} + y + \y] + {j;} + 2 + [z] + {z} 

= 2.3 + 4.5 + 6.2 

=> 2z + 2^ + 2z=13=>;r+_y + z = 6.5 ...(4) 

From (1) and (4) on subtraction 

x- {x} +z-[z] = 6.5 - 2.3 => [at] + {z} = 4.2 

(Recall that at = [at] + {at>, etc.) 
implying that [at] = 4, {z} = 0.2 
Similarly from (4) and (2) on subtraction 
{ y } + M = 2 => M = 0, [z] = 2 
And from (4) and (3) on subtraction 
{*} + \y] = 0.3 => {jc} = 0.3 and \y] = 0 
Now at = [at] + {a:} = 4 + 0.3 = 4.3 
y = l>] + M = 0 + 0 = 0 

z = [r] + {z} = 2 + 0.2 = 2.2 
thus (4.3, 0, 2.2) is the only solution. 

,3 - ( b ) : v „ + 3 = V n + 2 V „. 1 

Let’s compute a few terms of the scries. The idea is to 
see the sequence repeats itself. 

V 4 = v 3 • V, = -1, V 5 = v 4 • V 2 = -1 

V 6 = V 5 • V 3 = HX-l) = • 
v? = v 6 . V 4 = (1) (-1) = -1 
v„ = V v 5 = (_!)(_!) = 1 = v, 

V 9 = V 8 • V 6 = (0(D = I = V 2 

V ,0 = V 9 • V 7 = (1)(-1) = V 3 

From v 8 it’s like a fresh beginning. The sequence repeats 
itself after every 7 terms. Accordingly the period is 7. 
The sequence goes like I, 1,-1, -1,-1, 1,-1, v,, v 2 , ... 
Now 446 = 7 x 63 + 5 so v 446 = v 5 = — 1 . 

14. (d) : Observe that 
2(xy - z^v) = 2xy - 2zw 

= {(ac 2 + y 2 )- (x -y) 2 } - {(z 2 + w 2 ) - (z - w) 2 } 

= (x 2 + y 2 - z 2 - it' 2 ) 

- (x -y + z - h')(at - y - z + w) ...(A) 

Again 

2 (xy- ztv) _ x 2 + y 2 - z 2 - w 2 
x-y+z-w ~ x-y+z-w 

z 2 + \v" 

~{(x+w)-(y + z)} 

Contd. on page no. 68 


--(x-y-z-w) 


* 2 -y 2 -- 2 ^ - 2 

x + y + z + m> 
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Contd. from page no. 26 

(From the hypothesis of the problem) 

_ x 2 - y 2 - z 2 + w 2 - { (x + w) 2 -(y + z ) 2 } 

x + y + z + w 

= (* 2 + w 2 )-(;t + w) 2 -{(y 2 + ; 2 )-0> + .-) 2 } 

x + y + z + w 
-2xw + 2 yz _ 2 (yz-xw) 


Thus 


x+y+z+w x+y+z+w 
2(xy-zw) _ 2 (yz - xw) 


x-y+z-w x+y+z+w 
xy-zw _ yz-xw 


x -y+ z-w x + y + z + w 

15. (c) : The solution rests on being able to factorize 
the number N, using elementary identities. 

N = 2 1224 - 1 = (2 153 ) 8 - 1 

Now * 8 — 1 = (* 4 - 1 )(jc 4 + 1) = (x 2 - l)(x 2 + 1 )(jc 4 + 1) 
= (x- IX* + 1)(* 2+ 1)(* 4 + 1) 

( 2 ' 53 )«_| = ( 2 ,S3 - 1 )( 2 ,53 + 1 )[( 2 ,53 ) 2 + 1 ][( 2 153 ) 4 + 1 ] 

Consider (2 153 ) 2 + 1 = (2 153 ) 2 + (l) 2 + 2 • 2 153 • 1 - 2 154 
= (2 153 + 1 ) 2 - (2 77 ) 2 
= (2 153 + 2 77 + I)(2 153 - 2 71 + 1) 

= tx(2 l53 - 2 77 + 1) 

Also (2 153 ) 4 + 1 = 2 153 * 4 + 1 = 2 612 + 1 = (2 204 ) 3 + 1 
= (2 204 + 1 )(2 408 - 2 204 + 1) = (2 204 + 1)P 
Thus a and 3 both divide N. 

16. (b) : We will express the series as a telescopic sum 
l n = ((2«) 2 — 1 )[(2m + 4) 2 - 1 )] 

= (2m - I)(2m + 1)(2m + 3)(2m + 5) 

Now /, = 1 • 3 - 5 - 7 , l 2 = 3 • 5 • 7 • 9, etc 

Note that 13 5 7 = y^[l 3 5 7 9 - (-1)1 - 3 5 7] 

3 5 7 9 = 1 L[3 5 7 9-M — 1 3 5 7 9] 

5-7- 9 11= ^[5 7 9 1 1 13-3 5 7-9 11] 


99 101 103 105 = ^[99 101 103 105 107 

-97 99 101 103-105] 

The sum telescopes yielding 
1 • 3 • 5 • 7 + 3 • 5 • 7 • 9 + ... + 99 • 101 • 103 • 105 


= ^[99 101-103 105 107 + 1-3-5-7] 

17. (a) : The trick lies in being able to find the factors 

of the given repunit 

111111 = 33 x 37 x 91 = 1221 x 91 


Now 1111...1 = 11T111 ...10000 + 1111 

670 l.v 666~h! 

As 666 is a multiple of 6, the number 
11 11 ...1 0000 j s divisible by 1221 

666 l's 

Hence the remainder is 1111. 


3 digits 


2 letters 


1 8. (a) : Denote by boxes 
the letters and digits to be 
filled up. 

Number of licence plates that don’t use the digit ‘3’ 

= 4 3 = 13 2 

Because each of the place of digits can be filled in 4 
ways, but each letter place can be filled in 13 ways. 
Number of licence-plates that don’t use the letter l A' 
= 5 3 x 12 2 

Because each of the places of digits can be filled in 5 
ways, but each letter place can be filled in 12 ways 
But these two categories - ‘Not 3’ and ‘Not A' have 
some overlap - namely, those licence - plates that used 
neither ‘3’ nor t A\ 

Number of such licence plates = 4 3 x 12 2 , because now 
digit 3 is not available and also the letter A is not available. 
Thus the desired number of licence-plates 
= 4 3 x 132 + 53 x 12 2 - 4 3 xl2 2 = 19600. 

19. (d) : Assume none of a, b, c is zero. That is a, b, 
c are all positive. 

By AM-GM inequality 

° + \ + C ^ J ~ yjabc => 1 > 21abc 

=> 3abc < — => 1 + 3 abc < 1 + — 

1 9 

=> 1 + 3abc < — => 1 + 3 abc > — 

Now by weighted mean inequality 

1.1 1 


1 + be 


+ b- 


1 + ca 


+ c- 


1 + ab 


a + b + c 


a + b + c 


a (1 + be) 4- 6(1 + ca) + c(l + ab) 
(In notation M,(jc) > M_ x (x)) 

a b c 1 


1 + bc 
a 

1 + be 
a 


1 +ca 
b 

1 + ca 
b 


1 + ab 
c 

1 + ab 
c 


(a + b + c) + 3abc 

-J—>± 

1 + 3 abc 1 0 


>1 

1 + ab " 10 


1 + be 1 + ca 

Note that 9/10 is the greatest number that can be 
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y = x at (1, 1) and also touches the .r-axis is 

(a) 2-V2 (b) 2 + 4l (c) V2-1 (d) 1 + V2. 

30. & = (_4, 0), B = (4, 0). M and N are the variable 
points of y-axis such that M lies below N, MN = 4. Line 
joining AM and BN intersect at 4 P\ Locus of ‘P’ is 
(a) 2 xy - 1 6 - a* 2 = 0 (b) 2 xy + 1 6 - a 2 = 0 

(c) 2xy + 1 6 + jc 2 = 0 (d) 2 xy - 16+ .^ = 0. 
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Patwatoli, village of IITians 
48 Dalits have made it to institute on merit 

IN the land of "quota politics", Patwatoli village of Bihar 
truly stands out to be an exception. 

Unlike the champions of Mandatisation in polity, students 
here do not suffer from any "quota syndrome", which is 
often perceived as the only ladder for upward mobility for 
the Dalits and backwards. 

Known as the IIT village of Bihar, success here is redefined 
as "where there is a will, there is a way". This Dalit village 
in Gaya district has 48 students who have made it to the 
IIT on merit, and not quota now applicable in premier 
institutions, in the past one decade. Four of them made it 
last year alone. 

The village has perpetual power crisis but IIT aspirants study 
together and are coached by their successful seniors. 
Santosh Kumar, who owns a small shop in Gaya, told that 
the story began in 1992 when the first student from village 
had cleared the exams and there has been no looking back 
since. Santosh said, "The aspiring poor students here help 
their fathers in the shops to earn their livelihood on one 
hand, and prepare for the IIT entrance on the other". 
The fathers of the aspiring students are equally happy hoping 
their sons move out of the village. Soon after the first few 
students made it to IIT till 1993, the successful seniors then 
set up an organisation called "Nav Prayas". 

This organisation helps aspirants from the village prepare 
for the exams. Social activist Ajay Kumar, who hails from 
Gaya, admits that the Nav Prayas is doing good social work. 
"Seniors are the guides and they instill confidence among 
new aspirants the need to compete". Officials in the district 
administration too admire the teracity of the Dalit students 
of Patwatoli. As Patwatoli emerges as a model for others to 
follow by producing 48 IIT students, it perhaps also shows 
how commitment combined with the concerted action can 
overcome toughest of odds, without quota. 



1. Who can participate 

If you have taken any of the exams given below 
and possess plenty of grey cells, photographic 
memory then you are the right candidate forthis 
contest. All you have to do is write down as 
many questions (with all choices) you can 
remember, neatly on a paper with name of the 
exam, your name, address, age, your 
photograph and mail them to us. 

2. The exams 

PMT : AFMC, BHU.AIIMS, JIPMER, Delhi PMT, 
H.P..WB JEE, Punjab, Haryana CET, Safdarjung 
VMMC, CMC Vellore, Maharashtra CET, U.P. 

CPMT, Orissa JEE, M.P. PMT 

Engineering : DCE, UPSEE, Haryana CEE, MP 
PET, J & K CET, AMU, WB JEE, Bihar CECE, 
Jharkhand CECE, Orissa JEE, Maharashtra CET, 
Punjab PET,.... 

3. The Benefits — 

Plenty! Each complete question with answer 
will make you richer by Rs. 5*/- More the 
questions, the merrier it will be. We will make 
you famous by publishing your name (photo if 
possible). Also you can derive psychological 
satisfaction from the fact that your questions 
will benefit thousandsof readers. 

4. and lastly the pitfalls 

Don't send incomplete question. Our panel of 
experts will cross-check your questions. You 
have to send it within a month of giving the 
particularexam. 

Mailto: TheEditor, MTG,406,TajApt.,RingRoad, 
Near Safdarjung Hospital, New Delhi - 29. 

Tel. (01 1)26194317, 26191601. 

* Conditions apply 

o Payment will be made after the MCQs am published. 
o Kindly note that each question should be complete. 
o Payments be made only for complete questions. 
o Preference will be given to the reader sending the maximum complete 
and correct questions. Other conditions apply. The decision of the Editor, 
MTG shall be final and binding. 
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SUBJECTIVE 

PROBLEMS 


PROBABILITY 


1. The digits 1, 2, 3... 9 are arranged at random to 
write a 9-digit number. What’s the chance that the 
difference of the digits at equal distances from both 
the ends is always one? 

2. Two bishops’ one black and the other white are 
placed at random on a chess board. What is the chance 
that they kill each other ? 

3. Six couples are arranged at random for a 
photograph. What’s the chance that the two members 
of each couple are always together ? 

4. 3 identical green balls, 2 identical red balls and 5 
identical blue balls are arranged in a row at random. 
What’s the chance that the first green ball comes before 
first red ball? 

5. Two four digit number X and Y are written down at 
random. What’s the chance that )' can be subtracted 
from X without borrowing ? 

6 . A bag has two cubical dice one fair and the other 

unfair for which the chance of getting k dots on the die 
is proportional to k itself. One of the dice is selected at 
random from the bag and rolled. If it turns up an even 
number what’s the chance that the selected die is fair ? 

7. There are two urns in which the first urn has six 
white and four black balls where as the second has 
three white and two black balls respectively. Three balls 
are drawn from the first urn and the balls of predominant 
color are dropped into the second urn. Later a ball is 
drawn from the second urn. What’s the chance that it 
is white ? 

8. The numbers X> Y are chosen at random from the 

set of natural numbers {1,2, 3, , N} N > 2 with 

replacement. What is the chance that X 1 - Y 2 is divisible 
by 3 ? 

9. X and Tare two independent binomial variates such 
that X (5, 1/2) and Y (7, 1/2) then what’s the chance that 
/%+T) = 3? 

10. A fair coin is tossed 6 times. The random variable 
X is the difference between the number of heads and 


that of tails in the random experiment. What’s the mean 
and variance of X ? 


SOLUTION 


1. The total number of ways of writing down the 
number = 9! 

The 9 digits can be split into pairs (1,2), (2, 3), (3, 4) 

(8, 9) such that the difference of the digits is 1. 

The total number of ways of filling up of first place is 9 
and its pair should be placed in the last place. The 
second place from the beginning can be filled in 7 ways. 
The second place from the last can be filled with its 
pair in only one way. The third place from the beginning 
can be filled in 5 ways and the third place from the last 
can be filled in 1 way and the fourth place from the 
beginning can be filled in 3 ways and the fourth from 
the last can be filled in 1 way with its pair and finally 
the middle place can be filled in 1 way. 

The total number of favourable ways = 9><7x5x3x 1 

D . , , 9x7x5x3xl 1 1 

Required chance = = = 

9! 8x6x4x2 384 

2. First the total number of ways of putting the two 
bishops on the chess board successively 

= 2 C, x 64 x 63 = 2 x 64 x 63 
One of the two bishops can be selected in 2 ways. 
Case 1 : When the first bishop occupies any of 28 
squares in the external border the number of ways of 
putting the second bishop such that it is killed is 7 in 
each case and the number of ways is 28 x 7 = 196 
Case 2 : When the first bishop occupies any one of 
the 20 squares in the next inner large square then the 
number of ways of putting the second bishop is 20 x 9 
= 180 

Case 3 : When the first bishop occupies any one of 
the 12 squares in the next inner boundary then the 
number of ways of putting the second bishop is 12 x 
11 = 132 

Case 4 : When the first bishop occupies any one of 
the 4 squares in the middle then the number of ways of 
putting the second bishop is 4 x 13 = 52 
The total number or favourable ways of placing the 
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second bishop such that it is killed 

= 196+ 180+ 132 + 52 = 560 

The total number of favourable ways is 

2 ( 1 96 + 1 80 + 1 32 + 52) = 2 (560) 

. , , 2x560 5 

Required chance = — — — = — 

M 2x64x63 36 

3. First six couples can be arranged at random in a 
row in a total number of 12! ways. If the two members 
of each couple are together then each couple should 
be taken as one entity and the two members in each 
entity can be arranged in 2! ways and the six entities 
can be arranged in 6! ways the total number of 
favorable ways is 6! 2 6 

6! 2 6 

Required probability = | — 

4. The total no. of ways of arranging the ten 


balls = 


10 ! 

2!-3!-5! 


= 2520 


Let E be the event that first green ball comes before 
first red ball. Let G, B, R denote green, blue, red balls. 


Position of the 

No. of ways of arranging 

first green ball 

the remaining balls 


9! 

G 

2! * 2! * 5! 


8! 

BG 

2! * 2! • 4! 


7! 

BBG 

2! • 2! - 3! 


6! 

BBBG 

2! * 2! * 2! 

BBBBG 

5! 

21-2! 


4! 

BBBBBG 

2! * 2! 


Total number of favourable out comes - 

9! 8! 7! 6! 5! , 4! 

2!-2!-5! + 2!-2!-4! + 2! 2!-3! 2L2L2! 2!-2! 2!* 2! 

= 756 + 840 + 210 + 90 + 30 + 6= 1512 

, 1512 

Required chance = — 

1 2520 


5. Total numbers of ways of writing X and Y is (9 x 1 0 3 ) 2 
If Y is to be subtracted from X without borrowing then 
the digit in every position of X should not be less than 
the digit in the corresponding place of Y. The following 
cases arise for the digits in the units place of X and Y 


Digit in Units 
place of Y 

Digit in Units 
place of X 

Number of ways 

0 

0,1, 

..9 

10 

1 

1,2, 

..9 

9 

2 

2,3, 

..9 

8 

3 

3,4, 

..9 

7 

4 

4,5, 

9 

6 

5 

5,6,..,.... 

9 

5 

6 

6,7, 8,9 

4 

7 

7,8,9 

3 

8 

8,9 

2 

9 

9 

1 


Number of favourable ways for the unit’s digit of the 
two numbers such that Y can be subtracted from X 

without borrowing = 10 + 9 + 8 + + 1 = 55 

Similarly number of ways of filling up the digit in tens 
and hundreds places is each 55, for both the numbers, 
but the unit’s place can be filled for both the numbers 
in 45 ways as the first position should not be occupied 
by 0. 

Total number of favourable ways is 55 3 x 45 

55x55x55x45 5(0.55) 3 

Required probability - g j x ] 000 x 1 000 ~ 9 


6. Let E be the event of getting an even number and 
A, B be the events of selecting the fair and unfair dice 
respectively. 

Probability of selecting the fair die A = P(A) = 1/2 

Probability of getting an even number on the fair 

die = P (E/A) = 3/6 = 1/2 

Probability of selecting the die B = P(B) = 1/2 

On the unfair die assume the chances of getting 1, 2, 

3 ... 6 is *, 2 k, 3k, 4 k, 5k, 6k 

Now k + 2k + 3k + 4/; + 5 k +6£ = 1 =>21 k— 1 => k = 1/21 
Probability of getting an even number on the unfair die 

12 

= P ( E/B ) = 2k + 4k + 6k = 12* = — 


By Baye’s theorem 
Required chance = P(B!E) 


P(B) P(E/A) 

P(A)P(E/A) + P(B) P(E/B) 


1 1 

— x — 
2 2 


11 1 12 

— x — l — x — 
2 2 2 21 


2J__ J7_ 
45 ” 15 


7. Let E be the event of drawing a white ball from the 
second urn. Let A r A v A y A 4 be the events of drawing 
3 White; 2 White, 1 Black; 1 White, 2 Black; 3 Black 
balls respectively. 
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6 r i v 

/, (4)=t^=7;^ 2 )=-% 


i _ 


C 3 2 

( ; l 0 C 3 10’ J l 0 c 3 30 

Also P(E/A ] ) = ^;P(E/A I ) = ^, 

8 7 

P(E/A 3 ) = ^-,P(E/A 4 ) = l 

1 8 

4 

Required probability is 2^(4) ^(^4) 

f =i 

1615 3 3 1 3 1 5 9 1 349 

6 X 8 2 X 7 + 10 X 7 + 30 X 8~8 + 14 + 70 + 80~560 

8. The total number of ways of selecting both X and 

Y = N* N=N 2 

Every number is in the form 3k; 3k - 1 ; 3k + 1 
If both numbers are of the form 3k; say X = 3/, 

Y = 3m then X 2 - Y - 91 2 - 9 m 1 = 9 (l 2 - m 2 ) which is 
divisible by 3. 

If both numbers are not multiple of 3 say X= 3/- 1, 
Y=3m- 1 then X 2 -Y 1 = {31 -\) 2 - (3m - 1 ) 2 
= 9 f 2 -61 -9m 2 + 6/7/ = 3(3l 2 -21- 3 m 2 + 2m) and this is 
divisible by 3. 

Number of multiples of 3 from 1 to N= — 

L 3 

Number of numbers which are not multiples of 
3 = *-"" 


r N~' 2 


3 . 


Number of ways of selecting two multiples of 3 = 
Number of ways of selecting two numbers which are 

( mV 

not multiples of 3 = 1 N - — 

V 13 j) 

Total no. of favourable ways = 

r n2 


Required probability = 


~N_ 
.3 J 

N- 


+ | N- 
2 


N_ 
3 _ 


N_ 
.3 J 


N 1 


9. Range of A' = { 1, 2, 3, 4, 5} 

Range of )'= {1, 2, 3, 4, 5, 6, 7} 

\fX+Y=3 then (*, }*) e {(0. 3), ( 1 , 2), (2, 1 ), (3, 0)} 
P(X+Y) = 3=*P (A^= 0nr=3)u/ > (I=ln)'=2)u 
P(X=2nY= l)u P(X=3nY=0) 
i.e. P (X+ Y) = 3 =* P (X= 0) P (Y = 3) + P (X= 2 ) 

P (Y= 1 ) + P(X= \)P(Y=2) + P(X=3)P(Y=0) 
Required chance 


2 s 2 7 2 s 2 7 2 5 2 7 2 5 2 7 
_ 10 + 70 + 105 + 35 220 _ 55 

4096 " 4096 “ 1024 

1 0. Given X= |No. of Heads - No. of Tails| 

Range ofX= {0, 2, 4,6} 

Probability of getting 3 heads and 3 tails 

6 C 20 

-nx-v-f-f. 

Probability of getting 4 heads and 2 tail or 2 head 

and 4 tails = P(X = 2) = tXj, - 1® . 

2 6 64’ 

Probability of getting 5 heads and 1 tail or 1 head 

and 5 tails = />(* = 4) = — £- = —■ 

2 6 64’ 

Probability of getting 6 heads and 0 tails or 0 heads 
and 6 tails =P(X = 6) = — C< ‘ = — 


X 

0 

2 

4 

6 

P(X = x) 

20/64 

30/64 

12/64 

2/64 


Mean of X, n 


V„ D , v . 60 48 12 120 

= L*r P(A' = ^) = — + — + — = _ = 1.875 
64 64 64 64 


r= 0 


60 48 12 _ 120 

64 64 64”"i 

Varianceof X = Y J x 2 r P(X = x r )~ |.i 2 

r=() 

120 192 72 384 

= 7T + 7r + zr = -zr = 6 -( L875 )= 2 -4844 
64 64 64 64 
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Mock Test 


FOR 


151 2008 



MULTIPLE CHOICE TV PK TEST 


!• For how many values of p are the numbers 

p-\ , P + 1 « 

p, and — — are all pnme? 

4 2 

(a) exactly one (b) atleasttwo 

(c) infinitely many (d) no value. 

2. Let A = {a u a 2f ..., a 7 } a set of seven elements and 
B- {b h b 2i £3} is a set of three elements. The number of 
function / from A to B such that 

(i) /is onto, and 

(ii) there are exactly three elements x in A such that 
fix) = b x is 

(a) 558 (b) 560 (c) 490 (d) 1680. 

3. Sum l[l + 2[2 + 3[3 + + 2008 12008 equals 

(a) [2008-1 (b) 12009-1 

(c) 212008-1 (d) 212009-1 

4. The minimum possible value of 
\z\ 2 + \z - 3 1 2 + \z - 6i\ 2 is 

(a) 30 (b) 45 (c) 15 (d) 20. 

5. The number of integer (positive, negative or zero) 
solutions of xy - 6(x + y) = 0 with x <y is 

(a) 10 (b) 9 (c) 12 (d) 6. 

6. The number of integers n > 1, such that n, n + 2, 

n + 4 are all prime numbers is 

(a) zero (b) one 

(c) infinite 

(d) more than one, but finite. 

*7. The remainder /?(jc), when polynomial jc 100 is divided 
by jc 2 - 3jc + 2 is 

(a) (2 100 - 1 ) jc - 2(2" - 1) 

(b) 2 100 jc- 2(2 100 - 1) 

(c) (2 100 -1 )jc + 2(2"-1) 

(d) (2 100 + 1 ) jc - 2(2" + 1). 

8. The expression 

Vsin 4 * + 4cos 2 x - >/cos 4 jc + 4sin 2 x simplifies to 
(a) cos 2x (b) cos x (c) sin2x (d) sinx. 


By Alok Kumar, B.Tech, IIT Kanpur 

9. (1 + tanl°)(l + tan2°) ... (1 + tan45°) = 2", the value 
of n is 

(a) 22 (b) 23 (c) 24 (d) ?1. 

Directions for questions 10 to 12 : Answer the following 
questions on the basis of the passage given. 

On a rainy day n people go to a party in a hotel. Each 
of them leaves his umbrella at property counter. Denote 
by D n the number of ways in which the umbrellas are 
handed back to them after the party in such a manner that 
no person receives his own umbrella. 

10. D n satisfies 

(a) D n = (/? — 1 )(D rt _ i + D n _ 2 ) 

(b) D n = ( n -\)D n _ x +(n-2)D n _ 2 

(c) nD n = (n-l)(D n _ l +D n _ 2 ) 

(d) nD n = ( n -\)D„^+(n-2)D n _ 2 

11* Let n = 6, how many ways are there in which exactly 
one perspon gets back his own umbrella? 

(a) 135 (b) 264 (c) 275 (d) 305. 

1 2. Let D = 6, how many ways are there in which exactly 
two persons get back their own umbrellas? 

(a) 135 (b) 264 (c) 275 (d) 305. 

13. The sum 

3 | 4 t | 2008 

11+21+3! 2 !+ 3 !+ 4 ! 2006!+ 2007!+ 2008! 

equals 

11 I 

W 2 2006! W 2 2008! 

_J 1_ _J__ 1 

(c) 2006! 2008! 2007! 2008! 

14. The line jc +y = a, a > 0 meets the axis of jc andy at 
A and B respectively. A triangle AMN is inscribed in the 
A OAB, O being the origin of coordinates with right angle 
at N, M and N lie on OB and AB respectively. If the area 
of the triangle AMN is three eighths of the area of A OAB y 

AN • 

then is 

BN 

(a) 3 (b) 1/3 (c) 2/3 (d) 3/2. 
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15. Let f(x,y) = V* 2 + .V 2 + \j(x-\) 2 +y 2 


+yjx + (y-\) 2 +sj(x-3) 2 +(y-4) 2 , 
where x and y range over all real numbers. The minimum 
value of/(x,y) is 

(a) 2 + S (b) 5 + S 

(c) 5-V2 (d) none of these. 

Directions for questions 16-18 : Answer the following 
questions on the basis of the passage given. 

Let polynomials A{x\ B( x), C(x), if they exist, satisfy for 
all x. 


I A{x) | - 1 B(x) | + 1 C(x) | = 


-1 x < — 1 
3x + 2 -l<x<0 

-2x + 2 x>0 


19. Orthocentre of triangle with vertices (0, 0), (3, 4) 
and (3, 0) is 

(a) ^3, (b) (3,12) (c) (3,4) (d) (3,0). 

2005/' i \3 

20. If x 2 + x + 1 = 0, then 

(a) 4007 
(c) 4005 


(b) 4006 

(d) none of these. 


21. The value of 


Then \la 2 b 2 -4 A 2 + \lb 2 c 2 -4 A 2 +\lc 2 a 2 -4A 2 
simplifies to 

ab + be + ca 


(a) 

(c) 


2 , 1 2 , 2 
a + 0 + c 


a 2 + b 2 + c 2 


(b) 


(d) 


ab + be + ca 


2 ' ' 2 

23. The incentre of the triangle with vertices (1, >/3) , 

2 J_ 

.3* V3 

'■ Ti) 

24. The area of the triangle whose vertices are ( a , a), 


(0, 0) and (2, 0) is 

(a) 


(b) 


l 2 J 



2 S' 


(c) 

3’ 2 

(d) 


16. 

A(x) is 







(* + 

■1,0 + 

1), (a + 2, a) is 


(a) 

3jc-3 

2 

(b) 

-5x 

2 

(C) 

1 

JC 

2 

(d) 

3x + 3 

2 

(a) 

V2 

(b) ^ (c) 1/2 

(d) 1. 

17. 

B(x) is 







25. 

Let / 

1 J a r e~‘ 

dt in terms of 

(a) 

-5jc 

(b) 

5jc 

2 

(C) 

1 

x — 

2 

(d) 

3jc — 3 

^ equals 

Jl + , aW~ a ~ 

1 


L 




JL 


z 

(a) 

-/e“° 

(b) Ie^ (c) Ie° 

(d) -le°. 

18. 

C(x) is 






1 

26. 

Let P 

be a point in the first quadrant lying on the 


1 


-5x 

(c) 

3x-3 

(d) 


..2 

2 


(a) 

-JC + - 
2 

(b) 


2 

X 

2 

ellipse — 
8 

+ — = 1 . Let AB be the tangent at P to the 
18 


(a) 

(c) 


2000 
2 

,2000 + i 


2 2001 


2000^ f2000 
8 

(b) 

(d) 


+ ....+ 


2000 


2000 


is 


2 2 000 _ | 


2 2001 +1 


3 3 

22. Let ABC be an acute angled triangle with area A . 


ellipse meeting the x-axis at A andy-axis at B. If O is the 
origin, the minimum possible area of triangle OAB is 
(a) 12 (b) (c) 671 (d) 4. 

27. The equation of the circle circumscribing the triangle 
formed by the points (0, 0), (1, 0) and (0, 1) is 

(a) x 2 +y 2 +x +_y = 0 (b) x 2 +y 2 +x-y + 2 = 0 
(c) x 2 +y 2 -x-y = 0 (d) x 2 +y 2 -x +_y + 2 = 0. 

28. Suppose that a , b , c are three distinct real numbers. 
The expression 

(x - a)(x - b) | (x-6)(s-c) | (x-c)(x-a) _ ^ 
(c-a)(c-b) ( a-b)(a-c ) ( b-c){b-a ) 

takes the value zero for 

(a) no real x 

(b) exactly two distinct real x 

(c) exactly three distinct real x 

(d) more than three real x. 

29. In the picture, ABCD is a parallelogram. AD is 

ATs XY 

parallel to ZX and — equals 2/3. Then — equals 
ZB BD 
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(a) 1/4 (b) 3/5 (c) 9/40 (d) 9/25. 


30. The least positive integer k such that 


^ I/B 


<k 


for all positive integers n is 

(a) k = l (b) k = 4 (c) k = 3 (d) k = 5. 


SHORT ANSWER I \ PI TPS I 


l 

1. Let f(x) = j\t-x\tdt for all real x. Sketch the 
o 

graph of f(x). What is the minimum value of / (x)? 


a 2 b 2 c 2 d 2 , 

4 2 -l 2 + 4 2 -3 2 + 4 2 -5 2 + 4 2 -7 2 

a 2 b 2 c 2 d 2 , 

6 2 -i 2 + 6 2 - 3 2 + 6 2 -5 2 + 6 2 - 7 2 

a 2 b 2 c 2 d 2 , 

8 2 _ 1 2 + 8 2 _3 2 + 8 2 _5 2 + 8 2 _ 7 2 - 1 

Find the value of a 2 + b 2 + c 2 + d 2 . 

8 . Let P be a point inside the triangle ABC such that 
ZAPB = ZBPC = ZCPA . Prove that 

la 2 +b 2 +c 2 r- 

PA+PB + PC= J + 2V3 A 

where a, b, c, A are the sides and area of the triangle 
ABC. 

9. Find the angle at the vertex of an isosceles triangle 
of given area such that the radius of the incircle is 
maximum. 


2. Find all ( x , y) such that sin x + sin y = sin ( x + y) and 

M + M = l. 

3. Suppose / is a real valued differentiable function 
defined on [1, ©o) with /(l) = 1. Suppose, moreover, that 

/satisfies f\x) = — — X — — . Show that f(x) < 1 + n/4 
for every x > 1 x + f (*) 

(By the symbol f 2 (x) we mean {f(x)} 2 ) 

4. Let a j, a 2 a n be n numbers such that each aj is 

either 1 or —1. If axa^aya^ + aici^a^a^ + a n a\a 2 ciT ) = 

0 then prove that 4 divides n. 

5. Let a 0 = 0 < a\ < a 2 .... < a n be real numbers. Suppose 
p(t) is a real valued polynomial of degree n such that 
°/+i 

J p(t)dt = 0 for all 0 <j < n - 1, 
a i 

show that, for 0 < j < n - 1, the polynomial p(t) has 
exactly one root in the interval (a j9 a j+ ,). 

6. Suppose that the three equations 

ax 2 - 2bx + c = 0; bx 2 - 2 cx + a = 0 
cx 2 - 2 ax + b = 0 

all have only positive roots. Such that a, b, c are all 
equal. 

7. Let a , b , c, d satisfy 

a 2 b 2 c 2 d 2 

2 2 - 1 2 + 2 2 - 3 2 + 2 2 - 5 2 + 2 2 - 7 2 1 


10. In how many ways can one fill a 4 x 4 matrix with 
±1 so that the product of the entries in each row and each 
column equal to-1? 

SOLUTIONS TO MULTIPLE CHOICE TYPE TEST 

1. (a) : Let — — - = k , some positive integer k , then 
4 

p = 4k + 1 

We then have 1—^- = *!L±2l = 2& + l 
2 2 


Then the given numbers become 4k + 1 , k, 2k + 1 
Observe that 4k+\=3k + k+ \ 

2k + 1 = 3k - (k - 1) 

The remainder when 2k + 1, k, 4k + 1 are divided by 3 
are the same as the remainder when k - 1 , k, k + 1 are 
divided by 3. But these are three consecutive integers, 
so one of them is a multiple of 3. 

Now the only multiple of 3 that is prime is 3 itself. 
Only for k = 3 all three 4k + 1, k, 2k 4- 1 are prime 
viz. 13, 3, 7. 

2. (c) : The three elements in A which form the pre-image 


set of bi can be chosen in 


’ c,.2±l 

5 1-2-3 


= 35 ways 


Now the remaining 4 elements in A can be associated 
with the remaining two elements in B such that the 
function is onto is 2 4 - 2 = 14. 

Thus the number of function satisfying the given 
condition, by product rule, is 35 x 14 = 490 . 
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3. (b) : Let’s telescope the series. Note that 

k\k = \(k + \)-\Mk = \k + \-\k 

Thus, 1-[1= [2-H 
2*12=13-12 


2008- 12008 = [2009 - 12008 
Adding we get 

1[1 + 212 + + 200812008 = 12009 -1 

4. (a) : Look at the problem in the geometric setting. 

Let A = 0, B = 3 and C = 6 / and P = z. Note that 
A, B , C determine a triangle. Then the problem 
reduces to finding the minimum possible value of 
PA 2 + PB 2 + PC 2 . Geometrically, we know that the 
minimum occurs at centroid of the triangle ABC, 
which is at 

0 + 3 + 6/ 


z = - 


= 1 + 2 / 


The minimum possible value is 

|1 + 2/| 2 + |l + 2/ - 3| 2 + |1 + 2/ - 6/| 2 
= (l 2 + 2 2 ) + (2 2 + 2 2 ) + (l 2 + 4 2 ) 

= 1+ 4 + 4 + 4+1 + 16 = 30. 

5. (a) : xy - 6(x + y) = 0 
=> xy- 6(x + y) + 36 = 36 

=> (* - 6)(y - 6) = 36 => uv = 36 

where u = (x - 6), v = y - 6, x < y means u < v 

Once (w, v) is a solution, so is (-v, -w). 

The solution in positive integers are 
(1, 36), (2, 18), (3, 12), (4, 9), (6, 6) 

Also (-36, -1), (-18, -2), (-12, -3), (-9, -4), (-6, -6) 
are the solutions. 

We have in all 10 solutions. 

6. (b) : n, n + 2, n + 4 when divided by 3 leave the 
same remainder as modulo 3. 

When 0, 2, 4 are divided by 3, so the remainders 
are congruent to 0, 2, 1 in that order. But these are 
consecutive integers. So one of them is necessarily 
divisible by 3. Now the only number that is prime and 
divisible by 3 is 3 itself. 

For n = 3 only the numbers n, n + 2, n + 4 are 
prime. 

7. (a) : By division algorithm, 

x 100 = (x - l)(x - 2)g(x) + ax + b 
At jc = 1 => 1 = a + b ) a = 2 100 - 1 

x = 2 => 2 100 = 2 a + b ) b = 2 - 2 100 

Thus, R(x) = ax + b = (2 100 - l)x + (2 - 2 100 ) 

= (2 100 - \)x + 2(1 - 2"). 


8. (a) : yj sin 4 x + 4cos 2 x -vcos 4 x + 4sin 2 x 


= -y/sin 4 x + 4(1 - sin 2 x) - i/cos 4 x + 4(1 - cos 2 x) 


= yj(2- sin 2 x) 2 - y](2 - cos 2 x) 2 
= (2 - sin 2 *) - (2 - cos 2 *) = cos2*. 

9. (b) : (1 + tanl°)(l + tan2°) + ... (1 + tan45°) 

= {(1 + tanl°)(l + tan44°}{(l + tan2°)(l + tan43°)} 

.... (1 + tan45°) 

= 2 • 2 • 2 ... 23 terms = 2 23 
n = 23. 

10. (a) 11. (b) 

1 2. (c) : Let the persons A h A 2 ,... A„ and their umbrellas 
be a\, a 2 , ... a n . There are (n - 1) possible choices for 
A u to receive a wrong unbrella. The umbrella a x be 
disposed off in two ways. Give umbrella a x to A 2 or 
do not give umbrella a x to A 2 . So we have a recurrence 
relation. 

D„ = (n - 1)(A» - 1 + A» - 2 ) 

Recall that we learnt 

D„ = «! Tl — -H — 1)"—1 

" L 1! 2! 3! w!J 

The number of ways that exactly one of six persons 

picks up the umbrella = 6 C X * D 5 = 6 x 44 = 264. 

The number of ways that exactly two of six persons picked 

up their own umbrellas = 6 C 2 * D 4 = 15 x 9 = 135. 

13. (b) : We employ the method of difference to 

telescope the sum. 

k + 2 

'* = 


k + 2 


&!+ (fc + l)!+ (k + 2)\ k\(\ + k + \ + (k + 1)(^ + 2) 

k + 2 (k + 2) 1 _ k + l 

k\(k + 2) 2 ~ 

1 


k\(k + 2) 2 " 

(k + 2)-l_ 

' 

-2)! ' 

_ 1 

1 

‘'~2\ 

3! 

1 

1 

t 2 — 

2 3! 

4! 

*2006 = 

1 

2007! 


k\(k + 2) (Jfc + 2)! 


1 


(Ar + l)! (* + 2)! 


1 1 

Adding we have sum = — - ■ 


2 2008! * 



BN 
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N J_a_ ak_ 

U+i *+i. 

MN1AB 
Slope of MN = - 


slope of AB 

Equation of MN 

ak ( a 

* *+ 1 \ k + 1 

a(l -*) 

x-y = . 

(1 + *) 

Thus the co-ordinate of M is I 0, a 




k - 1 
k + 1 


Area of AMN = - x (area of OAB) 


3 2 
= — a 
16 


1 

aky/2 

CLyfl 

2 

i+* 

1 + k 


(1 + k? 


_3_ 

16 


=> k = 3, 1/3. 

But if k- 1/3, then M lies outside the segment OB and 

thus the sought for value of k = 3. 

AN = 

BN 

15. (b) : The expression 

|z| + |z - 1| + |z - /| + |z - (3 + 4 /)| 

= |z| + |z - (3 + 401 + |z - 1| + |z - 1 | 

The least distance is (5 + >/2) . 

16. (d) 17. (b) 

18. (a) : As x = -1, and x = 0, are two critical points 
of the absolute function, we can assume that 

/ (x) = ajjc + 1 1 + P|x| + yM + 8 
= (y - a - P)x + y - a, jc c -1 
= (a-P + Y)* + a + 8, -1 < x < 0 
= (a + P + y)* + a + 8, x > 0 

which gives a = “> P = -y-, y = -1, 5 = i 

3x + 3 5x 1 

Then A(x) = - 5(jt) = y, C(x) = -x + ^. 

19. (d) : Let ^ = (0, 0), 5 = (3, 4), C = (3, 0) 

AB = 5, i?C = 4, >4C = 3 

Orthocentre will be at (3, 0). 

20. (a) : x = co, to 2 




+|jr+ 7 


= (-1) 3 + (-1) 3 + 2 3 = 6 
The sum of any three consecutive term is 6. 
Sum up to 2005 th term = 668 x 6 - 1 = 4007. 

2 ™>f 2000 N 

21. (b) : Let f(x) = (1 + x) 2000 = 2- 


r-0 


72000' 

+ 

'2000'’ 

( 2000^ 

+ ....+ 

.1 2 J 


, 5 , 

1^2000 J 


Set co, 1, co 2 in turn and form 
/( 1) + co/(co) + cd 2 /(cd) 


= 3 


= 2 2000 + o)(l + co) 2000 + co 2 (l + co 2 ) 2000 = 35 

5 = -(2 2000 -1). 

3 

22. (c) : 2A = abs'mC = bcsinA = casinB 
The expression equals 

^ yja 2 b 2 - a 2 /> 2 sin 2 C = ^ abcosC 

= ^Y J (ab cos C + a c cos 5) 

= i^a(/?cosC + ccos5) 


= -Yaa = 
2^ 


a 2 +b 2 +c 2 


23. (d) : The triangle formed by the vertices 
(1, yfi ) , (0, 0) and (2, 0) is an equilateral triangle. So 
its incentre and centroid will be same. 

24. (d) : Shifting the origin to (a, a ), the co-ordinates 
of the vertices become (0, 0), (1, 1), (2, 0). 

The triangle is as under 



( 0 , 0 ) 


The equation of BC is x = 2 

The perpendicular distance from A on BC is AN = 1 

Area of ABC = -xBCx AN = -x2x\ = \ 

2 2 


e~ l 

25. (a) : Let J= f dt 

i ,t-a - 1 


a - 1 

Set / - a = - u, so that dt = - du and limits become 
1 and 0 

J = } -?—(-<*,) = = e -]**L = 

J-M-r \ U + 1 | W + l J 0 i+« 

= -e~° • 7 = -Ie~°. 
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8 18 

Let the tangent at P(a , b) meet the x-axis at A and 
y-axis at B. 

The equation of the tangent to the ellipse at (a, b) is 

ax by , . x y . 

— + — = 1 ue. + ^— = 1 


8 18 


8 la 18/6 


So that ,4 = (y, oj and B = ^0, yj 

I £ i£-Z£ 

Area of triangle OAB = 2 a b ~ ab 

As (a, b) lies on the ellipse, we have 

2 ,2 

a b 


1 — 1 

8 18 


2 l2 

a 0 


T + lg \a 2 b 2 

From AM-GM inequality, y 'o 

2 V 8 • 1 8 

=> —>— => 6 >ab => ab < 6 => — > — 

2 12 ab 6 

72 

The area of the triangle = — 

ab 

As — > — 
a6 6 

The minimum area of the triangle = 72 = 12. 

6 


( 0 , 1 ) 


27. (c) : 



As the triangle is right angled, the circle circumscribing 
the triangle is the circle with its extremities of diameter 
being (0, 1) and (1,0). 

The equation of the circle is 

(x-0)(x- l) + (y - 1)0-0) = 0 


=> x 2 +y 2 -x-y = 0. 

28. (c) : Let 

f(x) = (x-a)(x-b ) t (x-6)(x-c) | (x-c)(x-a) 1 
(c - a)(c -b) (a- b)(a - c ) (b - c)(b - a) 

Then / (x) is a quadratic in x. 

Now f(a) = 0+ 1 + 0- 1 = 0 
fib) = 0 + 0+ l- l= 0 
/(c) = l+ 0 + 0- l= 0 

Then / (x), a polynomial of degree 2, vanishes for 3 
distinct real values of x. Thus it must be an identity. 

C 


29. (c) : 



AZ 1 _ BZ 3 c BX 

= - => = - So that : 

ZB 3 BA 5 £Z) 


(0 


Triangle XYZ and BYC are similar, then 
XY ZX 3 

YB~ BC~ 5 

AT 3 , AT 3 

As = -, we have = - 

YB 5 BX 8 

c ... , .... AT 3/8 9 

From ( 1 ) and ( 11 ), = = — . 

BD 5/3 40 


(ii) 


30. (b) : We have 

2n\ (2n\ ( 2n 


) 


(1 + l) Zn = 4” 


For n = 5, we have 

m 


V5 y 


- 252 > 3 Thus, k = 4. 


SOLUTIONS TO SHORT ANSWER TYPE QUESTIONS 
1. We first need to find the explicit form of the 
function. Note that the integration is with respect to /, 
so that the limits on / are from 0 to 1. Now depending 
upon whether x lies in (-«>, 0], (0, 1) or [1, «>) we have 
different expressions for the function, 
x < 0 

1 1 11 


Jl' 

II 

;§ 

* 

1 

0 




1 

\< 2 1 

3 

— X 

0 

0 

1 

|<N 
1 


0 <x < 1 
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Now both x and t lie in the same interval and so to 
decide the sign of t-x, we need to break (0, 1 ) further 
into (0, x] and [x, 1). 

X 1 

/(jc)= jj/- x\tdt+ ^\t-x\tdt 

o x 

X 1 

= J(x -t)tdt+ j(t-x)tdt 

o x 

X X 1 1 

= * jtdl - jt 2 dt + jt 2 d( - x jtdl 

0 0 X X 


t 2 



_i_ 

/ 3 

1 

P_ 

|<N 
1 

0 

3 

i 

0 

1 

— X 

X 

2 


= x 


x 3 x 3 1,, 3 . X 2x 

= + -(l-r*) — (1-x^) 

2 3 3 ' 1 

x 3 1 x 3 x x 3 x 3 x 1 
— 1 H = 1 . 

63322 323 


x> 1 


t lies here 


x lies here 

1 1 

/(x) = J| / - x | tdt = J(x - t)tdt 


1 


1 


= x J, tdt - jt 2 dt = x 
0 0 

Thus we summarise, 

* 1 

2 + 3’ 


r 2 ^ 

r 


£_I 

2 3 


/(*) = 


x<0 


x i x 1 . 

+ -, 0<x<l 

3 2 3 


2 3’ 


x>l 


The function is continuous at x = 0 and x = 1, which 
can be easily verified by little calculation. 

The graph of y = / (x) can be drawn as under 



The minimum value of / (x) occurs in (0, 1). 
x 1 

As y = - — - + -, 0<x<l 
3 2 3 

C 2 _! 

dx~ 3 -2~ X 2 

dy/dx vanishes at x 2 = 1/2 i.e. x = — J=- in (0, 1) 

v2 


d 2 _y = 
dx 2 


2x 


And thus 


d 2 y , 


is positive at x = -j=, so y min 


occurs 


at x = - 


1 


VT 

\x 3 x ll 


i 

12 


2 1 
+ - 


> r 2 .i- 3 u=-^ 

6>/2 L 2 J 3 6-\/2 3 

_i i_ir, j_) 

= 3V2 + 3-3l 1_ ^/ 


It can be verified that 


2. sin x + siny = sin(x + y) 

Applying transformation formulae we get 

- . x + y x-y - . x + y x + y 

2 sin —cos — = 2 sin —cos — 

2 2 2 2 

=* 2sin £±zJ cos £zZ_ cos £±zl = 0 


^ . x+y . x . y . 
2sin — sm— sin— = 0 


2 

in- 
2 2 


Thus either sin * = 0 


x + y = 2wi, weZ (1) 


or 


or 


sin — = 0 => x = 2 mz, neZ (2) 
sin^ = 0 => y = 2nn, neZ (3) 


Each of (1), (2) and (3) when solved with |x| + \y\ =1 
produce the solution to the system. Let’s take them 
one by one. 

(I) x + y = 2wt, nez\ 

I x | + 1 y |= 1 

Using triangle inequality, |x + y| < |x| + |y| 


. 
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Thus |2wi|<l 


\n\Z~ 

2k 


Thus the only integral value that n can take is 0. 

x + y = 0 1 

So our system reduces to , 

l*l+l;y|=ij 

(\ ih i n 

which has two solutions, I ”> _ 2 J’ l 2 * l) 


(II) 


x = 2 wr, nez 

\x\+\y\=\ 


Plugging the first equation in second, we have 
| 2 «tc| + \y\ = 1 => [y| = 1 - | 2 mi| 

As \y\ > 0 => 1 - |2mi| > 0 


| 2 mt| < 1 




The only integral value that n can take is 0. Thus there 
are two solutions in this case ( 0 , 1 ), ( 0 , - 1 ). 

(Ill ) y = 2«Jt, nez 

l*l+M=i 

Arguing as in case (II) we have two statement in this 
case ( 1 , 0 ), (- 1 , 0 ). 

Thus all together we have 6 solutions, viz. 

"0 ( - 2 ’ 0 (0, 1)( (0, _1) ’ (1 ’ 0) ’ (_1,0) 


3. /'(*) = 


x 2 +f 2 (x) 


We observe that f'(x) > 0 on [1, °°) 

Thus /is increasing on [1, <») 

As /(l) = 1 we have f (x) > 1 V xe[l, oo) 

Now f\x) = — — <-/- 
x + / (x) x +1 

As /'(*) and — are both positive 

x z +\ 

X X j 

We have - J" 

l 1 1 + ‘ 

=> [/(/)]*<; [tan" 1 /]' 

=> /(x) -/(l) < tair'x - tan -1 1 

=> /(x) - 1 < tarr l x - (tc/4) 

=* /(x)<l + tan“'x-- 

4 

As x € [ 1 , oo), tair'x £ nil giving 
. Jt n 

x)<l + 

2 4 
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That is /(x)<l + - Vx>l 
4 

4 . Let oti = a^a^cit 
a 2 = 


«/i = Offl \ a 2 a 3 

Since each a t is either 1 or -1, so is each a,- , that is, 
each a, is 1 or -1 
The given condition, 

aia2#3#4 + 02030405 + •••• + 0^10203 = 0 
turns into + a 2 + ... + a„ = 0 
Let k of a,’s be 1, so (n - k) of a ; ’s will be -1. The 
above relation gives 

k • 1 + (n - k) • (-1) => k-(n-k) = 0 
n = 2k. 

n 

Now, n«i- product of all a/s 

i=l 

= (product of k of a/’s that are each l)-(product 

of (n - k) of a/’s that are each - 1 ) 

= (l)H-l) n -* = (-l) n -*. 

n 

Again, Y[ a i = ( a l a 2 a 2 a A)( a 2 a 2 a A a s) ( a n a l a 2 a i) 

i=l 

= a, 2 a 2 W .... a 2 

= 11 1 = ( 1 )" = 1 . 

n 

Equating the two expressions for I~[ a * we ^ ave 
(- 1)"-*=1 /=1 
=> n - k = 21 for some integer / 

But n = 2k, which gives 2k - k = 21. .*. k = 21. 

Thus n = 2k = 4/, which shows that 4 divides w. 

t 

5 . Define /(0= J />(*)<&, so that/'(/) 

a i 

Observe that / ( 0 y) = 0 are f(aj + i) = 0 (by hypothesis 
of the problem). 

/ (f) has a zero in the interval ( 0 y, 0 y + j) for 0 <y < n - 1 . 
From Rolle’s theorem applied to this polynomial, 
/'(/) has at least one zero in the interval ( 0 y, ay + 0 for 
0 <j < n - 1. Note that f\t) is polynomial of degree 
n. So it can only have n zeroes. We have already 
found n distinct zeroes, so these are the only zeroes 
of /?(/), establishing that p(t) has exactly one zero in 
( 0 y, 0 y + 1 ) for 0 < h - 1 . 

6. 1st solution 

First note that none of a , b , c can be zero. For if any 

of them, say, a equals zero, then the equation 

Contd. on page no. 67 
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COMPREHENSIONS 


^ A ray of light coming along the line y = 1 from 
positive direction of jc-axis and strikes a concave mirror 
whose intersection with x-y plane is a parabola y 2 = Ax, 
then 

The slope of reflected ray 
(a) -3/4 (b) -4/3 (c) -1/2 (d) -1/3. 

Length of the reflected ray (contained within the 
parabola) if reflected ray makes an angle 0 with positive 
direction of its axis 

(a) 4 sec 2 0 (b) 4cosec 2 0 

(c) 2tan 2 0 (d) 2sec 2 0 

3* If tangents are drawn to the parabola at the ends of 
reflected ray (contained within the parabola), then angle 
between the tangents is 

(a) 45° (b) 60° (c) 30° (d) 90°. 

Let 0 b 0 2 and 0 3 are acute angles and are the roots 
of the equation E x , E 2 and £ 3 respectively where 
E x : (2sinx - cos*) (1 + cos*)= sin 2 * 

E 2 : 3cos 2 jc - lOcos* + 3 = 0 and 
E 3 : 1 - sin2* = cos* - sin* 

1 . 

(a) 

(c) 


The value of cos0j + cos0 2 + cos 0 3 will be 

373+7 _ 373-2 


(b) 


37(3 + 272 + 6 

6V2 


(d) None of these. 


2* The value of sin0j + sin0 2 + sin0 3 will be 

14 + 3V2 3 +4> /2 


(a) 

(c) 


6n/2 

72 + 1 


(b) 


(d) 6/5. 


3- The value of sin(0! - 0 2 ) is equal to 
(a) 1 (b) 0 

1-276 , JS 73+272 


(c) 


(d) 


6 6 

( • Consider a real valued function / (*), we define a 

limit as follows 


r/ v .. f 2 (x + h)-f 2 (x) t . _ 

</(*)>= ljm— h -■ where / 2 (x) = (f(x)) 2 

1 • li u=f(x),v = g(; t), then the value of < u • v > is 


(a) <h>v + <v>w 
(c) < u > + < v > 

2 . 


(b) u 2 < v > + v 2 < u > 
(d) uv < u + v >. 


If u- f(x ), v = g(x) then value of < u/v > is 


(a) 

(c) 


U 1 < V > -v 2 < u > 


y < w > —u z < V > 


(b) 

(d) 


u<v>-v<u> 


v<u>—u<v> 


The value of < tan x > will be 
(a) sec 2 jt (b) 2sec 2 x 

(c) tan* • sec 2 * (d) 2 tan* • sec 2 * 

Consider an ellipse having foci A(/{) and B(r 2 ) in 

the cartesian plane. If eccentricity and area of the ellipse 
be 1/2 and 4 units respectively. 

The equation of ellipse is 

(a) \r-r x \ + \r-r 2 N J\ ■ 

(b) \r-r l l + lr-r 2 l=2 


m h I 


(c) I r - I + 1 r - r 2 I = 2 1 J\ - r 2 1 

(d) None of these. 

2* If origin is an interior point of the ellipse then 

(a) 2IJj-r 2 l>l*ji + lr 2 l 

(b) 2l/j-r 2 l<l/jl + lr 2 l 

(c) \r l -r 2 \>\r 1 \ + lr 2 \ 

(d) \r x -r 2 l<l/j l + lr 2 1. 

If P is any arbitrary point on the ellipse then 
maximum area of A PAB is 

(a) 4 /ti (b) 2/7t (c) l/7i (d) nJA. 


SOLUTIONS 


A. 

1 • (b) • Let reflected 
strikes at P (1/4, 1) 
slope of tangent at P 


-(*) 


= 2 


(1/4.1) 
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=> Slope of normal at P = -(1/2) 
Applying concept of reflection 


1 

X* 


■4 


,+ H> 


m) 1 + 0|--| 


C. 

1. (•>) : <U V> = <f(x)- g(x)> 

_ i im / 2 U + /|) g 2 U + ft) - / 2 (*)g 2 (*) 

a— » o h 


m=- 4/3 

2. (b) : since reflected ray must pass through focus 


=» Length of reflected ray = length of focal chord 
= 4 a cosec 2 0 = 4cosec 2 0 ( v a = 1) 

= f 2 (x) < g(x) > + g 2 (x) <f(x) 
= u 2 <v> + v 2 <u> 

> 


3. (d) : since, tangents drawn at the end of focal chord 
intersect on the directrix and hence, perpendicular 

2 . (c): < “ > = < f( ' x) > 
v g(x) 

\f(x+h)] 2 

\mf 

=> angle = 90° 

= lim 
0 

.g(* + *)J 

U«J 

B. 

h 


E x : (2sin * - cos *)(1 + cos *) = sin 2 * 

f 2 (x + h)g 2 (x)-g 2 (x + h)f 2 (x) 


=» (1 + cos*)(2sin* - cos* - 1 + cos*) = 0 

a-> o hg 2 (x + h)g 2 (x) 




=> (1 + cos*)(2sin* - 1) = 0 
=> cos* = -1 (rejected as acute angle) 




or sin * = 1/2 => sin0! = 1/2 => cosBj- — 

Next 

E 2 • 3cos 2 * - lOcos* + 3 = 0 

factorizing we get 

cosjc = 1/3 or cosjc = 3 (rejected) 

9 /o 

=> cos0 2 = 1/3 => sin0 2 = ■ ^ ■ 

Next 

E 3 : 1 - sin2x = cos* - sinjc 
=> sin 2 jc + cos 2 jc - 2sinx • cosjc = cos* - sin* 
=> (cos* - sin*)(cos* - sin* - 1) = 0 
=> sin* = cos* or cos* - sin* = 1 


= lim f 2 (x + h)\ 

h-*0 


g^Qc + h)-gH x) 

+g 2 (x) 


/^U + /.)-/ 2 (x) 

h 


sin0 3 = cos0 3 = or cos0 3 = 1, sin0 3 = 0 

(rejected as acute angle) 


So, 

1 . (c) : cosOj + cos 0 2 + cos 0 3 

_S 1 . 1 3 76 + l-Jl + 6 

2 3 V2 6^2 

2. (a) : sinGj + sin0 2 + sin 03 

_ 1 2V2 1 _ 14 + 3V2 

2 3 V 2 6-J2 

3. (c) : s i n ( 0 1 _ 0 2 ) = sin0 1 cos0 2 - cos0!sin0 2 

_1 1 2V| . re Q) _ 1-2^6 

"2 3 2 3’ ( 1 2) 6 


^^ IfHx + ty-fHx)] j.o {x) [g 2 (x+h)-g\x)] 
g 2 (x+h)g 2 (x) 

g 2 (*)< /(*) > ~f 2 (x) < g(*) > 

g\x) 

u v 2 <u>-u 2 <v> 

< -* > = 

V V 4 

T (a\ . .. tan 2 (* + /i)-tan 2 * 

W-<tan*> = hm 

h-> 0 h 

= lim tan ^ A + -y- — • lim(tan(* + h) + tan *) 

/«->o h h->o 

= sec 2 * • (2tan*), < tan* > = 2tan* • sec 2 * 

D. 

L (c ) : pa + PB = 2a 
Let position vector of P(r) 

2 as = A5 H Tj rj I 

| r — r* 

=» I r - r, I + 1 r - r 2 1= 

= 2 1 /{ - r 2 I 

2. (a) : if origin is an interior point of the ellipse then 

^<0, IO-r 1 l + IO-r 2 l<2lr 1 -r 2 l 

=> I r\ l + l r 2 1 < 21 f\ -r 2 1 => 21 r x -r 2 1 > I r\ l + l r 2 1 

3- (*>) : Area of APAB = j ( AB ) /i 

max area = ^ (2a*) h ^ (2ae)(b) (v = b) 

max area = (v 7ta/? = 4) 

= 1.1 = 1 ■ 
71 2 71 
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Contd. from page no. 26 

bx 2 - 2 cx + a = 0 => bx 2 - lex = 0 

will have a root x = 0, which is not positive. Thus, 
a, b, c * 0. 

Further since the equation have only positive roots, a, 
b t c are either all positive or all negative. 

Let a , by c be all positive. If they are all negative, then 
multiply each equation with (-1) and then - a , - b , -c 
will be all positive. 

For the roots to exist, D > 0, which gives 
b 2 > ac ; c 2 > ab ; a 2 > be 
We have to prove that a, by c are all equal. Assume 
to the contrary, that any two of them, say a and b are 
not equal. Take for definiteness, a > b 
Now a > b = 1 => ba> b 2 (multiplying by b 9 which 
is positive) 

=> ba> b 2 > ac (from the condition given) 

=> ba > ac => b > c 

Again, multiplying with c, 

cb > c 2 > ab (from the condition given) 

=» cb > ab => c > a 

Thus we have arrived at a > b > c > a, which is 

absurd. 

Thus, a, b, c are equal. 

2nd solution 

Having established that a , b , c are all positive or are 
negative and thus taking a, b , c to be positive, without 
any loss of generality, we assume the roots of 
ax 2 - 2 bx + c = 0 to be aj, 0i 
bx 2 - 2 cx + c = 0 to be a 2> 0 2 
cx 2 - lax + b = 0 to be a 3 , 0 3 

We have a { +^=— cqPj = — 
a a 

n 2c n a 

<*2+P2=y « 2 0 2 =- 

n 2a a b 

«3 + P3=— Ot 3 p 3 = — 

c c 

On multiplying, (a, +Pi)(a 2 +p 2 )(a 3 +p 3 ) = 8l 
( a iP 1 )(a 2 P 2 )(a 3 p 3 ) = lJ 
From AM-GM inequality, 

Multiplying them all, 

(a, + P i)(a 2 + P 2 )(a 3 + P3) ^ 
8(a 1 p,)(a 2 p 2 )(a 3 p 3 ) 

... (ii) 

From (i) and (ii), 


(a, + Pi)(a 2 + p 2 )(a 3 + p 3 ) = (a,p,)(a 2 p 2 )(a 3 p 3 ) 
Thus the equality holds in the inequality. That means 
a, + P, = a,Pi, a 2 + P 2 = a 2 p 2 , a 3 + p 3 = a 3 p 3 
which gives 

be 

— = — => b = c 
a a 

Similarly, c = a and a = b. 

Thus a = b = Cy i.e. a, b , c are all equal. 

7 . Consider the equation, 


x — i x-3 z x-5 z x-T 


- = 1 


When cross-multiple is a fourth degree equation, whose 
roots are x = 2 2 , 4 2 , 6 2 , 8 2 . 

a\ x - 9)(x - 25)(x - 49) + b\ x - l)(x - 25)(jc - 45) 

+ c\x - \)(x - 9)(jc - 49) 
+ <p-(x - 1)(jc - 9)(x - 25) 
= (JC - 1)(JC - 9)(jc - 25)(jc - 49) 

Now, 

a\x - 9)(x - 25)(x - 45) + b\ x - l)(x - 25)(x - 49) 
+ c\x - 1 )(x - 9)(x - 49) + cf(x - 1)(jc - 9)(x - 25) 
- (jc - l )(jc - 9)(x - 25)(x - 49) 
= ( x - 4)(x - 16)(x - 36)Cx - 64) 
Comparing the coefficient of jc 3 and simplifying, we 
get 

a 2 + b 2 + c 2 + d 2 = 36. 



Since ZAPB = ZBPC = ZCPA 
=» each of these angle is equal to 2n/3 
In triangle ABC we have 

PA 2 + PC 2 - 2 PA ■ PC cos— = b 2 
3 

=> b 2 = PA 2 + PC 2 + PA- PC ... (i) 

Similarly, a 2 = PC 2 + PB 2 + PB ■ PC ... (ii) 

c 2 = PA 2 + PB 2 + PA ■ PB ... (iii) 

Adding (i), (ii) and (iii) 

a 2 + b 2 + c 2 = 2 (PA 2 + PB 2 + PC 2 ) + PA- PB 
+ PB ■ PC + PC ■ PA 

= 2 (PA +PB + PC) 2 -4LPA ■ PB + 1PA ■ PB 
=> a 2 + b 2 + c 2 = 2 (PA +PB + PC) 2 - 32 PA • PB 

... (iv) 
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A - &ABC - A APC + A BPC + A BPA 


= -sin— (PA ■ PC + PB ■ PC + PA ■ PB) 

2 3 

j(Z PAPB ) 

2 "•«>-$ 

Putting the value of PA • PB in (iv) 

4A 

a 2 + b 2 + c 2 = 2 (PA + PB + PC) 2 -3--^ 


a 2 +Z> 2 +c 2 


= 2(P^ + PB + PC) 2 - 4%/3A 
= (PA + PB + PC) 2 -2^3A 

+ 2AV3 


2 , i 2 , .2 

(^ + pg + PC ) 2 = a + * +c - 


PA + PB + PC = 


a 2 +b 2 + c 2 


■ 2\/iA 



Let 2a be the angle of the vertex. 

Area of the triangle = A (constant) 

Let r = radius of incircle, b = length of equal sides 
and a = length of base. 


A , a+b+c a , 

Now, r = —. where s = or s = — + b 

s 2 2 


(a/2) . 

Now, — — = sma 


a = 26sina 


(v6 = c) 


r = - 


6(1 + sin a) 

1 f2 . „ ,2 2A 

Again, A = — b sin 2a => b 
& 2 sin 2a 


Therefore, 

z = r 2 =■ 


sin 2a 


2A 


(l + sina) 2 2 0 + sina)' 


0<2a<7c 


sin 2a 

For maximum r (that means for maximum z) 
dz _ A f 2 cos 2a(l + sin a) -2 sin 2a -cos a 
da 2[ (l + sina) 3 


= 0 


2cos2a(l + sina) - 2sin2a cosa = 0 
=> (1 - 2sin 2 a)(l + sina) - 2sina cos 2 a = 0 
=> 1 - 2sin 2 a + sina - 2sin 3 a - 2sina + 2sin 3 a = 0 
=> 2sin 2 a + sina - 1 = 0 or sina = 1/2, -1 
Neglecting sina = -1 
sina =1/2 => a = 30°. 

AA = 2a = 60° (angle of vertex) 

AB = AC (given) 

+ 2 AB = 180° 

2AB = 120° => AB = 60° 

=> AABC is an equilateral triangle. 

10. Let’s fill the 3 x 3 matrix {a,y}, ije {1, 2, 3} by 
element 1 or -1 in all possible ways. The number of 
ways to fill is 2 9 = 512. 

We claim that this is number of ways to fill 4 x 4 matrix 
Uj e {1, 2, 3, 4}. Once the 3 x 3 matrix elements 
are decided, the remaining elements are automatically 
determined. The remaining elements in each row and 
each column is determined by the condition that the 
product of all entries in each row and each column is 
-1 . Our task is to show that the element a 44 also gets 
determined. 

Let P = (<?! 1 ! 3 )(<2 2 1 a 22 a 23>)( a 3 1 a 32 a 3l) 

Now P(a Al a A2 a A3 ) = (^\\^\2^\3)( a 2\ a 22^23)( a ^32 a 33) 

(<* 4 1*24^43) 

= (^\\^ 2 \ a 3 \ a 4 \)( a \ 2 a 22 a 32 a 42 )( a n a 23 a 33 ( a 43 ) 

= (_!)(_!)(_!)(_!)= 1 ... (0 

Similarly, P(a ]A a 2A a 3A ) = 1 ... (ii) 

From (i) and (ii), a^a A1 a^ = a XA a 2A a^ A 
Thus chain of a AA is consistent with the overall 
arrangement. g 
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If you have any difficult /unsolved problem or you are unable to understand 
one, then write to us. Our team of experts will diagnose your problems. The 
diagnosed problems will be published in the subsequent issues. 


Taking (| a + [a* - ~b 2 | + 1 a - [4 - 6 2 |) 2 
| a + 7 a 2 -^ 2 | 2 +| a -^ a 2 -* 2 | 2 + 2 

|(a + -y/a 2 -& 2 )||a-7a 2 - A 2 | 

(■•■ l z ,l Kl = l z , Z 2 I) 


1. If z is any complex number such that 
2|zp + z 2 — 5 + / -y/3 = 0 then what will be the values 
°f z ? [Gourav, Patna] 

Solti.: Let z = x + i y be any complex number then 
z = x - iy 

|z| 2 = zz = (x + iy) (x - iy) = jc 2 + y 2 ...(i) 

given equation is 
2 |z| 2 + z 2 - 5 + / y /3 = 0 

2 (x 2 + y 2 ) + (x + iy ) 2 = 5 - / ^3 (Using (i)) 

=> 2x 2 + 2 f + x 2 - y 2 + 2 xy i = 5 - / ^3 
=> (3a: 2 + y 2 ) + 2 xy i = 5 - i ^3 
comparing Re and Im parts 
3^+/ = 5, 2xy = -^3 


Using (ii) 


3a: 2 + — = 5 
4a: 2 


12a: 4 + 3 


squaring both sides 
..2 3 


4x 2 y 2 -3 or y 2 = — 7 
4a: 


..(ii) 


4a: 2 


= 5 


12a^ + 3 = 20a: 2 or 12* 4 - 2(k 2 + 3 = 0 
or 12X 4 - 18a: 2 - 2a: 2 + 3 = 0 
or (6 x 2 - 1) (2a: 2 - 3) = 0 
either 6a: 2 - 1 = 0 or 


2jc 2 - 3 = 0 


6a: 2 = 1 


'4 


2 1 
or x =- 
6 


-4 


° r ***•/? 
>-2 _ 1 


Putting x 2 in (ii ) y 2 =ll^ = l ^ y = ±-L. 

* 4x1 2 V 2 


Putting x 2 = | in (ii) ^ 2 = 

Z tX j Z 


^ = ± V2 


Complex numbers are 
J .. _ 1 . 3 -1.3 [J 1 

y ~le '7i' TT'TT h~ l H' 


^ 2 + '£ 

12 


2. Prove that |z, + zj 2 + |z, - zj 2 = 2|zJ 2 + 2|z 2 | 

[Venkatesh, A.P.] 

L.H.S = lz, + z 2 | 2 + |z, - z 2 | 2 = |z,| 2 + |z 2 | 2 + 2 |z,| |zj 

+ |z,P + |z 2 | 2 -2|z i ||z 2 | 
= 2|zJ 2 + 2 |z 2 P = R.H.S 


So |z, + z 2 P + |z, - z 2 p = 2|zJ 2 + 2 |z 2 P 


•(i) 




- 2\a\ +2\ <Ja 2 l ) 2 \~ + 2| a 2 - a 2 + 6“ | Using (i) 

= 2M 2 + 2 \b \ 2 + 2 \a 2 - b 2 1 

Taking 

(| a + b\ + \a - 6|) 2 = | a + b \ 2 + |<? - &| 2 + 2 \a 2 - b 2 \ 

...(ii) 

= 2|tf| 2 + 2 |6| 2 + 2 |<7 2 - £ 2 | (Using (i)) 

Hence from (i) and (ii), we conclude that* 

(|fl + Va 2 -f> 2 | + | q - >/q 2 -4|) 2 = (|a + A|) + | a - 6|) 2 

=> ja + ^q 2 -* 2 | + |a- > /a 2 -4|=|a + *| + \a-b\ 


3. Evaluate /■ S * nA dx 


cos a: 

f Vsinx , . 

= J — = & = J- 


[Ravi, Chennai] 


J sin a: 


4 


sin 2 * 


■A 


= J- 


>/7 


n/iVTT/) (VT4) (VTT7) (7T7) 


^/(l + sinxXl-sinx) 

Put sin x = t 
differentiate 
w.r.t .v 


= J- 


Vr dt 


(l + Od-/) 


= /- 


V7 rf/ 


=> cos* dx = dt 

or dx = - 7 - 1 dt 
1 1-/ 2 


(i+(V7) 2 )(i-(V7) 2 ) 

Taking V/ = y 
or t = y 2 

4 y 


••(i) 


So 


(1 + 0 ( 1 -/) 


+ B 


(i+ 4x1-4) i+4 


Cy+D 


.(ii) 


1 -4 

where /l, 5 , C, Z) are constant (By using partial 
fraction) 

or y - (Ay + B){ 1 -4) + (Cy + D) (1 +f) 

By comparing coeff of 4, y 1 , y and constant term we 

get A = -,B = 0,C = -,D = 0 
2 2 

Substituting these values in (ii) 

i <44 < 4 * ^*4 a* 


= -jiogo + 4) - 7 log (i — 4 ) + c 

4 4 


= -l°g 

4 


i+y 


.2 7 


i-4 


-iipg[l±£ 
4 6 1-/ 


+ c =-log 
4 


1 + sin a: 




1 -sinA: > 
(Using (i)) 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topic of IIT-JEE syllabus. 
This section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue 
of MT, challenging problems are offered with detailed solution. The readers' comments and suggestions regarding the problems 
and solutions offered are always welcome. 


If a, b, c, d are positive then 
\c + dx 

lim I 1 + ■ 


Jt— 


( 1+ ^) 


9. Show that the function g, defined by 
g (x) = sina + cosa - 1, a = sin" 1 yf[x},{‘} denotes 
fractional part function, is an even function. 


(a) 

(c) 


e ao 

e (c + d)/{a+b) 


(b) 

(d) 


3. The function 


is not 


(a) 

(c) 


(b) I I _L 
2’2'Ji 


Evaluate 


„ ,. Jl + cos 2 (x- 1 ) 

2. lim ; = 

*-»l * ~ 1 

(a) exists and it equals V 2 

(b) exists and it equals 

(c) does not exist because x — 1 — > 0 

(d) does not exist because L.H.L. is not equal to R.H.L 
log (1 + ax) - log(l ~ bx) 

x 

defined at x = 0. The value which should be assigned to/ 

at x = 0 so that it is continuous at x = 0 is 

(a) a - b (b) 1 + b 

(c) log a + \ogb (d) none of these 

4 . If a line OP through the origin O makes angle a, 
45 ° and 60° with x, y and z axis respectively then the 
direction cosines of OP are 

1 1 i 

72’2’2 

1 _L 1 (d) none of these 

2 ’V 2’2 

5 . If O is the origin and the line OP of length r makes 
an angle a with x-axis and lies in the xz plane, then the 
co-ordinates of P are 

(a) (r cos a, 0 , r sin a) (b) ( 0 , 0 , r sin a) 

(c) ( 0 , 0 , r cos a) (d) (r cos a, 0 , 0 ) 

^ cosx 

6 . Evaluate lim 57 T 

x-> 7 i /2 (l-sinx) z 

i T • 1 1 Y 

7. Evaluate lim sin - + cos — 

x — V x x J 

S. If /and g are differentiable at aeR such that 
/ (a) = g(a) = 0 and g'( a) * 0 , then show that 
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SOLUTION 


1. (a): Umfl + — fr-] 

x -+oo\ a + bx) c + 

k a + bx) 


= lim 

X—>oo 


\a + bx 


dx 
a + bx 


lim 


(c/x) + d 


^c->oo ( a/x) + b 

2. (c) : Put x - 1 = t 

•y/1 + COS 2 (x - 1) = lim z? I cos t 1 
r-» 0 1 


lim 

*->1 


.x-\ 


.. y/l COSt , . , 

= lim does not exist because t — > 0, 

/->0 t 

(x-l)->0 


3. (d) : For continuity at x = 0 
lim /(*) = /( 0) 

AT — >0 


lim 
x— >0 


f a.log (1 + 
^ ax 


ax) 6.log (1-fcc) 


-bx 


)■ 


/( 0 ) 


a + = /(0) 


4. (c) : Direction cosines of OP are cos a, cos 45°, 

cos 60° and cos 2 a + cos 2 45° + cos 2 60° = 1 


> cos 

► cosa= 1/2. 




9 

1 =» cos a = -7 


5. (a) : Let the coordinate of P be (x, y, z). Since 

OP lies in xz plane and makes an angle a with the 
x-axis, it makes angle (te/ 2) - a with z-axis and ti/2 with 


(-H 


y-axis. so, x = rcosa, y — r cos—, z-r cos 

are the required co-ordinates and therefore are 
( r cos a, 0, r sin a) 


lim 


cos x 


= lim 


sin t 


x-mt /2 (l-sinx) 2/3 t-+ 6 (l-cos/) 2/3 


. , lm i 

r-*0 (2sin z (//2)) 2/3 2 I/3 (sin (//2» l/3 

Limit value is «> as t — > 0 + and limit value is - «> as 

/->o- 


[ sin — + cos 

_1_ 

\x lim x( sin — + cos — -1 1 

l * * ) 

l * 

X 

J 


sin (l/2x) ( 1 . \ \ 

lim — -7- — - cos - — sin— - 
= M 2 x { 2 x 2 x) =e 


f(x)-f(a) 

8 lim JM = lim -■*-* = IM 

x->a g(x) = x->a g(*) - g(a) g\a) ’ 

x-a 

as/ (a) = g(a) = 0 and g'(a) * 0 

9. g(x) = sin (sin -1 y[{x}) + cos (sin -1 J{x}) - 1 
=Vw + cos (cos 1 yjl-{x}) - 1 

=Vw+>A :: w)-i 

Ifx e I, then {*} = 0 => g (x) = 0 => g (x) = g (-or) 
If* £ /, then {-*} = 1 -{*} => g (- x) 

= yjl ~{JC} + y[{x} ~ 1 = g(j) 

Hence g is an even function. 


(2 


, i 1 * 1 + 1 .. 


2 + — 
2 
x 


asjc<0 


x— >- OO 


1 

2>/2 


4 + — 

X 
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PRACTICE PAPER 


IIT-JEE 2008 


Exam on 
13 lh April 
2008 


SECTION-1 


(only one correct option) 


1 . Which of the following inequalities is true? 

(a) sin 10 > 0, cos 8 > 0 (b) sin 10 <0, cos 8 > 0 

(c) sin 10 < 0, cos 8 < 0 (d) sin 10 > 0, cos 8 < 0 

1 1 . 

lies in 


By Alok Kumar, B.Tech, IIT Kanpur 

8. Let a,b,c be three non-coplanar vectors. Define 
v, , v 2 , v 3 by the setting 


2. The expression 


, 1/2 


the interval 
(a) (2,3) 

(c) (-3,-2) 


3. Let 0 e 


(5-5) 


log(l/5) /2 log(l/3) 

(b) (3,4) 

(d) (-4,-3) 

which of the following statements 


is true? 

(a) (cos8) cos0 < (sin8) cos0 < (cos8) sin0 

(b) (cos8) sin0 < (cos8) cos0 < (sin0) cos0 

(c) (sin8) cose < (cos8) cos0 < (cos8) sin0 

(d) (cos8) cos0 < (cos8) sin0 < (sin8) cos0 

4. The area of quadrilateral whose vertices are 1 , i, co, 
co 2 where co (* 1) is a complex cube root of unity, is 

3 + 2-73 3 + 2-73 


(a) 

(c) 

5. 


4 

•J3 + 2 


(b) 


(d) 


2 

y/3 + 2 


4 2 

Let a n be a sequence defined on positive integers by 


4n + yj4n 2 -1 
the setting a n 


pn+i + yj2n-\ 

a i + a 2 + a 3 + •••+ a 6o equals 

(a) 665 (b) 364 (c) 1098 


then 


(d) 1312 


is 


>/log(cot _1 x) 
(b) 0 < x < °° 
(d) - oo < x < 0 


6. The domain of / (x) = 

(a) cot 1 < x < 

(c) - oo < x < cot 1 

7. Let the normal at P( 2, 4) on the parabola y 2 = 8x 
meet the parabola again at Q. Let C be the centre of the 
circle inscribed on PQ as a diameter. Then the image of 
Cin the line < y = xis 

(a) (-4,1) (b) (-4,10) 

(c) (10,-4) (d) (6,10) 


bxc _ cxa _ axb 
v, = — - — , V'j - — - — ,v^ = — - — , which one ot 
[a be] [a be] [a be] 

the following is false? 

(a) a - v { +b - v 2 + c • v 3 =3 

3 

(b) V 1 (V 2 XV 3 ) + V 2 -(V 3 XV 1 ) + V3-(V 1 xv 2 )= ^ 

(c) [Vi V 2 v 3 ] = — =— 

[ab c] 

2 

(d) [v!><v 2 v 2 xv 3 v 3 x v, ] = ■■ 

[a b c\ 

9. Let/: X-* Y be a function. Which of the following 
is true? 

(a) /-* f(A) oAVAqX, where equality holds iff/is 
one-one. 

(b) / _1 f{A) 3 A V A qX, where equality holds iff/is 
onto. 

(c) f~ l f(A) c: A V A oX, where equality holds iff/is 
one-one 

(d) f- 1 f(A) c A V A c X y where equality holds iff/is 
onto. 

SECTION-II 


Assertion-Reason Type 


(a) Statement- 1 is true, statement-2 is true ; statement-2 
is a correct explanation for statement- 1 

(b) Statement- 1 is true, statement-2 is true; statement-2 
is not a correct explanation for statement- 1 

(c) Statement- 1 is true, statement-2 is false 

(d) Statement- 1 is false, statement-2 is true 

10. Consider the equation sinx = K k being a parameter 
lying in the interval [-1, 1] 

Statement -1 : For a given K the equation has two 

solutions in [0, 2 tu] 

because 

Statement -2 : sin0 = <=> sin(n - 0) = k 

1 1 . Let a , b , c, d be non-zero real numbers 
Statement- 1 : ( b 2 - ac ) 2 + (c 2 - bd) 2 + ( ad - be) 2 = 0 
=> a , b , c, d are in G. P 

because 
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Now distance between their centres = 5 < difference 
between their radii. So second circle lies inside first 
circle completely. 


=> co 2 = (z) 2 => z = co or z = -co 

=>to = zorz = — w , out of these z = — cb satisfies 
arg(zco) = 7i. 

18 . Use S-34 

20. (x— l) 3 + 8 = 0 =>x= 1 +(-8) 1/3 ,UseS-4tofindthe 
roots. 

2 1 . z + /co = 0 => z — /co = 0 => z = /co 
arg (zco) = n => arg(z) + arg^yj = 7t 
=> 2arg(z) - arg(/') = it => arg(z) = ytc 



23 . Using S-28, 
collinear 




T 2 l 


o 


Now, minimum value of \z } - z 2 | 

= Radius of bigger circle - Radius of smaller circle 
DisjflP between their centre 


> and 




27. Use S-44 


24. The value of z 

26. Use S-12 
29 . Use S-45 

34 . Using S- 6 , |z + 3| 2 -|z-3| 2 =6 => 2 Re (z) (3 - (-3)) 
+ 3 2 _(_ 3) 2 = 6 ^ 12jc = 6 

36. Length of each side is \z\. Hence it is an equilateral 
>/3 7 

triangle and its area = — | z | 

38. Use AGP 

40. N = 12 and |z 2 - 3 - 4/| = 5 are equations of circles. 
Using S-40, their centres are (0, 0) and (3, 4) and their 
radii are 12 and 5. 



= 1 {aa = |a| =1} 


42. Using S-4, a = p, P = pi o, y =/>co 2 . Put these values 
in the given expression to simplify it. 

43 . Use S-28 

44. Use S-28, \z + 1 1 = [z + 4 - 3| < |z + 4|+|-3| 

45. >/5+/>/3 = >/8(cos0 + /sin0) 

/ — r — i/3 rr 1/3 2/cTC 4* 0 2/T7C + 0. 

=> (V5 + /v3 ) 73 = (v 8 ) / 3 (cos — - — + /sin — - — ), 

& = 0 , 1,2 

Now magnitude of each value equals (V8) 1/3 = V2. 
Therefore, distance of each root from origin is 


WbfcG- 


NEW BOOKS on the latest pattern 
MATHEMATICS for IIT-JEE by Dr. G. Ramanaiah 


MATHEMATICS I 

IIT-JEE 



WtfcG- 

MATHEMATICS I 

II T-JEE 

Tnyonometry 
Coinnlex Nuniliers 
Vector Alyehra 


Rs.140 



Grab your copy ... 

Today ! 


Wfefe®- MTG BOOKS 

503, Taj Apt., Ring Road, Near Safdarjung Hospital, 
• New Delhi - 29. Tel.: 26194317, 26191601 
SS!U e-mail : info@mtg.in website : www.mtg.in 


MATHEMATICS TODAY | MAY 08 




I 



Olympiad Enrichment Series - VIII 

W^^IIT-JEE 2009-10 

This series is selected for their motivating, interesting and stimulating sets of quality 
problems, with a lucid expository style in their solution. 


Let a , b , c and d be real numbers such that 
{a 2 + b 2 - 1 Xc 2 + d 2 - 1) > (, ac + bd- l) 2 . 
Prove that a 2 + b 2 > 1 and c 2 + d 2 > 1 . 

Find all compl 
(3z+l)(4z + 



Let 2W = 
Then 


P(\-x) 


(1 ~~ x) n ~~ 1 

X 


Q{x) = {-\)"x"d + { 


Letx x ,x 2 , _ 
the polynomial P{x) = x” - 1 , n > 2. 

Prove that ^ — + — ^ — +....+ ■ * 


1-Xi l-* 2 "" 1-x^j 2 

Let a and b be given real numbers. Solve the system 
of equations 

x-yyjx * 1 -y 2 _ y-xjx^f 


for real numbers jc and y. 


x 2 +y 2 


- = b 


For the sake of the contradiction, suppose that one 

of cP 4- or (2 4. 2 | egs than or equal to 1 . Since 

{ac + bd — 1 ) 2 > 0, a 2 + b 2 — 1 and c 2 + d 2 — 1 must have 
the same sign. Thus both a 2 + b 2 and c 2 + d 2 are less than 

1 . Let x = 1 — a 2 — b 2 and y = 1 - c 2 - d 2 . 

Then 0 <x,y< 1 . Multiplying by 4 on both sides of the 
given inequality gives 

4 xy > {lac + 2bd- 1) 2 = (2 - lac - Ibd) 2 
= {a 2 + b 2 + x + c 2 + d 2 + y - lac - Ibd) 2 
= [{a - c) 2 + {b - d) 2 + x + y] 2 

> {x +y) 2 =x 2 + Ixy + )P, or 0 > x 2 - Ixy + y 2 
= {x -y) 2 , which is impossible. Thus our assumption 
is wrong and both a 2 + b 2 and c 2 + d 2 are greater than 1 . 

Note that, 8 (3z + 1) 6 (4z + 1) 4 (6z +1)2 (12z + 1) 
= 768, 

i.e., (24z + 8)(24z + 6)(24z + 4)(24z + 2) = 768. 

Setting u = 24z + 5 and w = u 2 yields 
{u + 3 ){u + l)(w — l)(w - 3) = 768, 
i.e. {u 2 - l)(w 2 - 9) = 768, i.e. w 2 - lOw - 759 = 0 
i.e. (w - 33)(w + 23) = 0. 

Therefore the solutions to the given equation are 

__±V33-5 ±V23/-5 

Z ~ 24 3nd Z = -^^' 

Alternative - 1 : For i = 1, 2, , n, let a f = 1 
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x- 


and a{\ s are the non zejpitfoots of tly polynomial Q{x ), as 

a i 

Thus the desired sum is the sum of the reciprocals of the 
roots of polynomial Q{ x), that is, 

i-i- +r i- + +_1_.±+X> +-L 

X 1 1 X 2 1 x n - 1 a \ a 2 a n - 1 


_ a 2 a l -- a n + * 1*3 -• a n + -• + W 2 — Q n- 1 

a \ Q 2 <*n 

By the Vieta’s Theorem, the ratio between 

s= a 2 <*n + a x a^ a n + + a x a 2 .... a n _ x 

and P = a\....a„ is equal to the additive inverse of the ratio 
between the coefficient of* and the constant term in Q{x), 
i.e., the desired value is equal to 

V 


- W _ 


- — i , as desired. 
2 


Alternative - 2 : 

For any polynomial /?(*) of degree n - 1 , whose zeros are 
x x , x 2 ...., x n _ ], the following identity holds : 

+ _l_=c|m 

x ~*i x ~ x 2 x ~x n . x R(x) 


For R(x) = 


■XT" - 1 
x — 1 


= x"- 1 +x n ~' 1 + .... + x + l. 


R( 1) = n and fl'(l) = (» - 1) + ( n - 2) + 
«(»-!) 

2 ' 

It follows that 

l.i. .1 ,'jrq) »-i 


l-JC, \-x 2 


1 — JC, 


n - 1 


R( l) 


4. Let u =x +y and v = x-y. Then 


w + v 


0 <x 2 -yP = uv< 1, * = —5—, and y = 


u — v 


Adding the two equations and subtracting the two 
equations in the original system yields the new system 

u - uyfuv = (a + b)\l 1 - uv v + vjuv = (a- b)\l 1 - uv. 

Multiplying the above two equations yields 

uv{ 1 - uv) = (a 2 - b 2 )( 1 - uv), hence uv = a 2 - b 2 . 


It follows that u = 


(a + b)yl\ -a 2 +b 2 

1 -Ja 2 -b 2 


and 


(a - b)\l\-a 2 +b 2 

v — , — 

1 + \!a 2 - b 2 

which in turn implies that 

v _ i a + byja 2 -b 2 b + aja 2 -b 2 

\ Vl -a 2 +b 2 >J\ — a 2 +b 2 

whenever 0 < a 2 - b 2 < 1 . 


Right Act : IITs change selection mode 

Move comes after IIT? found it hard to explain procedure to people using 

Right To Information Act 


THE Joint Enhance Examination (JEE), conducted 
by the Indian Institutes of Technology (IITs), has posed 
questions that have foxed many a student. Now that 
people using the Right To Information Act are asking 
it to disclose how students are selected, the IITs had to 
change the selection procedure. 

“We have had to make the procedure much more 
simpler because we thought the earlier system was a little 
too complicated to be explained to the general public,” 
says a highly placed source in IIT. 

The JEE is arguably one of the toughest entrance 
examinations in the world with 60-70 students vying for 
each of the 5,000-odd seats on 
offer. The competition is so in- 
tense that many coaching insti- 
tutes, and indeed entire towns 
like Kota, specialize in training 
people to pass this test. This is 
a trend that clearly worried the 
wise old men at IIT. “We are 
looking for innate analytical 
abilities rather than people who 
have access or the money to go through the intensive sys- 
tem,” says an IIT director. 

The only way to do this to keep varying the nature 
of the question papers in physics, chemistry and maths 
- the three subjects that JEE tests - and that is where the 
problem of selection starts. The selection process has to 
make sure that students from even poor areas get to the 
short listing stage and also has to take into account that 
random nature of questions and varying ways in which 
students can be evaluated. Many questions in the JEE 
can be solved through more than one method. 

For the last 10-12 years IITs have used a statistical 
method of coming up with a list of students from which 
the merit list is then made, depending on the number of 
seats available that year. The scores in each subject are 
accumulated in the form of a Bell Curve. The curve is 


called so because it looks like a bell and has all the aver- 
age scores in the centre while exceptionally good and 
unusually bad scores are at the right and left extremeties, 
respectively. 

The JEE would select all the students on right-half 
of the bell and about 34% of the scores on the left-half 
of the curve, what is technically called “one standard de- 
viation” on the negative side. Effectively, the IITs would 
end up selecting the top 84% of the students in each of 
the subjects. The availability of seats would decide the 
total cut-off marks based on which the 5,000-odd stu- 
dents would be selected. 

It is this method that has 
now been discontinued, osten- 
sibly because the IITs would 
have found it hard to put their 
statistical technique up for pub- 
lic scrutiny. Now, the IITs have 
decided that the top 80% (a 
nice round number) would be 
selected. A total of 5,500 stu- 
dents would be selected. “This 
is a much simpler way and can 
be easily understood by everyone,” says a source close to 
JEE. 

Incidentally, some news reports of the IITs selecting 
people with single digit marks appears incorrect. “The 
numbers must be wrong. This is a wrong cut-off as the 
last time when we had single digit cut-offs was 1 5 years 
ago,” IIT Madras director MS Ananth said. 

There i§ another explanation for it. According to 
information made available, there are two levels of cut- 
offs. When the IITs select 84% of the students (first cut- 
off), about 1,50,000 of the 2,00,000-odd students are se- 
lected and this is where students with marks low as 1 , 2 
or even 4 are selected but only to be put through another 
round of selection. A second cut-off decides the 5,000- 
odd people who make it through the gates of seven IITs. 


COURSE CORRECTION 

> 60-70 students vie for each of the 5,000- 

odd scats in IITs every year 

> Earlier, IITs chose top 84% students in each 
subject. Now, it will pick 80% 

> Number of seats to decide cut-off marks; 
5,500 students to be selected 
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By - Ramkhshna B.S. Khandeparkar, Dept, of Mathematics, 
Smt. Parvatibai Chowgule College, Goa 


Trigonometric Ratios ( continued ) : 

In this article we obtain answer and the preceding 
rows simultaneously. We have seen the method of 
multiplication where we multiply from left to right. 
This helps to get the product in the exponential form. 
Similar method is followed here, getting answer and 
the preceding steps simultaneously. This is one of the 
advantage of Vedic Mathematics methods. We use 
this method in finding values of inverse trigonometric 
functions and later solving transcendental equations. 


1 1 To find the value of sin -1 0.3. 

Let sin -1 0.3 = x then sin x = 0.3. We know that, 

x 3 X 5 X 7 X 9 x n 

smx = x- — + — - — + — - — + which gives us 


v 3 V S 1 9 11 

*-0 3 + — - — + — - — + - — 

3! 5! 7! 9! 11! “* 

Note that we have to find the value of x and the R. H. S. 
gives us the first digit of the value of x. 


sinx 

xi 

3! 


0.3 


0 

0, 


0 


0 

2 , 


0 


u 


-+ o. 


3 t 


x 0.3 0 5 2 4 

x 2 0.1 T 0 3 \- 2 

In this example there are five rows involved concerning 

x 3 x 5 

the terms sinx, — , - — , x and x 2 . We know the value 

of sin x and the first digit of this is the first digit in 
the answer value and therefore we write 0.3 down into 
the answer in the fourth row. This digit also helps us in 
finding first digit of the x 2 . 


i.e. duplex D<3> = 9 = ll.We take 1 as remainder 
and write 1 T in the place of first digit of x 2 . 

This value of x 2 will then help us to get first digit in the second 
row. The term of the second row can be expressed as 

— = x x x 2 + 6 and hence we have 



= 3,3-i-6 = 0 (quotient) and remainder 3. We 


write 0 3 as the first digit for the term — in the second 
row. Simultaneously take 0 into the answer. 

Then we find the next digit for the term x 2 . We have, 
i.e. duplex D < 3 0 > = 0 

x 3 

Our next step is to find the next digit for the term 

(3 

in the second row. We have, P 


3 (A 

= 0, 
1 oj 


0 + 30 = 30, 


30 -*■ 6 = 5 (quotient) and remainder 0.5 is the second 
digit of the second row and also 5 is taken into the answer 
simultaneously. 

For next digit of x 2 , duplex D < 3 0 5 > = 30. We write 
3 in the place of third digit of x 2 . 

(3 


For second row, P 


14 + 6 = 2 (quotient) 


(3 0 5^ 

= 14. 

,1 0 3 J 
Thus we get foi 

x 3 ( 0 ) 

Jf . Next, P\ =0, gives zero digit for the 


and remainder 2. Thus we get fourth digit for the term 

: term 


x 
' 5 


For next digit of x 2 , duplex D < 3 0 5 2 > = 12. We 
write 1 2 in the place of fourth digit of x 2 . 

(3 0 5 2' 

Similarly, for second row, P 


! )- 8 ' 


. -.8 + 6 = 1 

[l 0 3 2 

(quotient) and remainder 2. This gives the next digit 
for the term ^ . Also, p[° 5 |= 5, 5 + 2 = 3 (quotient) 

and remainder 1 . This gives the next digit for the 
*5 

term — i- 

2. To find the value of sin -1 0.2195 

Let sin -1 0.2195 = x, then sin x = 0.2195. We know that, 


X 3 X 5 X 7 x 9 X 11 

sm x = x - — + — - — + — - — + which gives us 

r 3 r 5 r 7 r 9 r 11 

x = 0.2195+| r -| T +%-i ? + f n -... 

Note that we have to find the value of x and the R. H. S. 
gives us the first digit of the value of x. 
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Mock Test 


FOR 


151 2008 



_ , .. „ . . By Alokkumar, B.Tech, IIT Kanpur 

The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world for training 

S '*" S " C : and ““ r " aKd SCle “ eS The BS “ “W I”*™-. the flagship pClc Z? 
arpa com P rehensive Instructl °n in the theory, method and application of statistics, in addition to several 

areas of Mathematics and some basic areas of computer science. 

Ead candidate applying for admission to this programme has to take a selection test comprising Objective type and 
Short-answer type questions in mathematics at the Higher Secondary level (10 + 2 year’s programme) 

The selection tests consists of 6 

( 1 ) A multiple choice type test having about 30 questions, and 

(2) A short-answer type test having about 10 questions. 

Questions will be set on the following and related topics. 

: Sets ’ °P era tions on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory of quadratic equations polynomial 

complex numbers. 60 ' 6 " 1, ** ge ° metriC pr ° gressions ’ ^equalities involving A.M , G.M., and H.M., 

cZZnZ’’ T lane ge0metiy °/ C , laSS X level - Geomet ^ of 2 dimensions with cartesian and polar co-ordinates 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle' 

P f C, 'r 3nd hyperbola and cc l uat i ons of their tangents and normals, mensuration. ’ 
includinTad^i' f T S ? ng ’ tngonometric and inverse trigonometric functions, trigonometric identities 
Calculus f FunctionT^ne ^° ,Ut, r ° ns f ° f ‘r^onometric equations. Properties of triangles, heights and distances. ' 
j-~. . . ’ nc unctlons . onto functions, limits and continuity, derivatives and methods of 

fferentiation slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph of 
functions, methods of miration, definite and indefinite integrals. e.aln.tion of ate. using inters ® 

Logical Reasoning : Consistency of statements. 

iZHlmutarS'ernf. f, ° m f °' "" ^ b ™ 8 “ y0 “ fel M “ k 151 » which 


MULTIPLE CHOICE TEST 


1 . Let n - (2008 + 1 then the number of primes in the 
list n + I, n + 2, ....« + 2007 is 

0 (b) at least 8 

(c) exactly 8 (d) at least 3 

2. Let Ar = (a + Va 2 -l) l/n +(a-Va 2 -l) l/ \/7e N, 

" - 1- It is also known that a is irrational, then which one 
of the following statements is true? 

(a) A is a rational number for exactly two values of n. 

(b) AGs a rational number for exactly four values of n. 

(c) N is rational for no value of n. 

(d) AGs a rational number for exactly six values of n. 

^ If circles zz +az + az + b = 0, and 

zz + cz + cz + d = 0, b and d being real cut orthogonally, 


(a) b + d (b) 


(c) 


b-d_ 

2 


(d) b-d 


then Re (ac ) equals 

b + d 
2 

•L The equation \z-i\-\z+ i\=k represents hyperbola 
if 

(a) 0 < | £ | < 2 (b) 0<*<2 

(c) -2<k<2 (d) k>2 

5. Let 72 be a divisor of the base 1 0 number (x619y) 
Then the value ofx +y is 

( a ) 5 (b) 6 (c) 4 (d) 8 

<> The number of positive integers n less than 1991 for 
which 6 divides n 2 + 3n + 2 is 

(a) 1329 (b) 1328 (c) 1341 (d) 1342 
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7. The largest positive integer n such that n + 1 0 divides 
w 3 + 100 is 

(a) 900 (b) 890 (c) 790 (d) 800 

8. Let n be a 50-digit number in base 10. All digits 

except the 26 th (reading from the left) are 1. If n is 
divisible by 13, then its 26 th digit is 
(a) 1 (b) 2 (c) 3 (d) 4 

9. How many solution pairs (x, y) in integers are there 
to the equation x^x 2 + y)=y"*' 

(a) finitely many (b) infinitely many 

(c) none (d) exactly one 

10. Let/satisfy 

f (x) +/ (2x) +/ (2 -x) +/( 1 + x) = x 
for all x € R. Then/(0) equals 


(a) -4 


(b) 4 


(O i 


(d) -2 


11. An escalator is moving downwards with the speed of 
4-steps a minute. Ram takes 6 minutes less to get down if 
he is going down on the moving escalator as compared to 
when he comes down via the stationary escalator. Shyam 
takes 6 minutes more to get up if he is going up on the 
moving escalator as compared to when he goes up via 
the stationary escalator. If Ram and Shyam start together 
from the top and bottom respectively they meet after 4 
minutes on the moving escalator. How many steps are 
there in the escalator? 

(a) 32 (b) 48 

( C ) i6 (d) can’t be determined 

12. A student holidaying for n days observed that it 
rained on 7 days - morning or afternoon. When it rained 
in the afternoon, it was clear in the morning. There were 
6 clear mornings. There were 5 clear afternoons. Then n 
equals 

(a) 8 (b) 6 (c) 12 (d) 9 

13. Let S = {1, 2, 3, ... 10}, the number of subsets of S 

whose sum of elements is odd is 
(a) 256 (b) 512 (c) 348 (d) 408 

1 4. Let a circle of radius ‘ b ’ be inscribed in a rhombus of 
side a, then the area of the rhombus is (in sq units) 

(a) 4 ab (b) ^ab (c) ab (d) lab 

15. The least value of the expression 

2 ^ + - 4x - 2y + 20, where x and y range over all 

real numbers is 

(a) 6 (b) 8 

1 2 (d) none of the above 

1 6. The average weight (in kg) of all the students in a 
gathering equals the number of students in the gathering. 


The increase in thd average weight when a teacher of 
21 kg is included equals the decrease in average weight 
when a student of 19 kg is excluded. The strength of the 

ploec ie 

(a) 15 (b) 10 (c) 20 (d) 17 

17. Let P = {(x,y) | x 2 +y 2 = 4, x,y e z} 
Q={(x,y)\x?+f = 25-,x,yez} 

The number of points that lie inside Q but not inside P 
is 

(a) 38 (b) 48 (c) 60 (d) 56 

18. Two circles having equal radii are drawn, without 

any overlap in a semicircle of radius 2 units. If these 
be greatest possible such circles that the semicircle can 
accommodate, the radius of each circle is 
(a) >/2+l (b) x/2-1 

(c) 2V2 + 1 (d) 2V2-2 

19. Let x,y,zeR satisfy 

O+i) +Q + 1) +( z + i)__ _ t ^ en the va j ue Q f 
x + y + z 


I 




IS 


(a) 1 
(c) -1 


(b) 0 

(d) cannot be determined 


20. The number of order pairs (a, b) of integers that 
satisfy | a + 10 4 1 + 1 b - 10 3 1 < 3 equals 

(a) 18 (b) 25 (c) 19 (d) 21 

21. Let n = 2 35 • 3 23 , the number of divisors (positive) of 
rf that are less than n and don’t divide n is 

(a) 1668 (b) 863 (c) 804 (d) 805 

22. How many four digit positive integers are there in 
base 6 if one is counting the number in the same base 
system? 

(a) 5555 (b) 6000 (c) 4555 (d) 5000 

23. Let S(n) = 3 + 8 + 1 5 + ... to n terms, and 

S \ri) = 6+11 + 18 + ... to n terms, the value of 
S(lll)-S'(lll) is 

(a) -333 (b) 333 (c) 211 (d) -112 

24. Suppose a + a + a + aa + aaa =10*, where a and n 

are single digit numbers, aa stands for 2-digit numbers 
and aaa for 3 -digit numbers, then a cannot be 

(a) 8 (b) 80 (c) 800 (d) 81 

25. The number of 4-digit numbers that are divisible by 
30 and 35 but not by 140 is 

(a) 22 (b) 44 (c) 45 (d) 23 

26. The number of 3-digit numbers such that if one of 
the digits is 8, the following digit is 9, is 


1 


82 
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(a) 665 (b) 666 (c) 18 


(d) 19 


27. In the diagram shown 
below, PQ = a, PR = b, O is 
the centre of the circle and N is 
a point between Q and O such 
that PN 1 QR. The length of 
ON equals 


(a) 

(c) 


a 2 — ft 2 

liTT? 

A 2 - a 2 

2 4744 


(b) 

(d) 



4744 

474b 1 


28. Let S denotes the sum of squares of the sides of a 
right angle triangle and P the square of the perimeter of 

the right angled triangle. Then the least value of ^ is 
(a) 6-W2 (b) 3-2V2 (c) 3-V2 (d) 6-V2 


29. The lines y = mx + 9 and x + 4y = 8 1 , where m is 
a positive integer, intersect at points both of whose co- 
ordinates are integers. The number of values that m can 
take is 

(a) 1 (b) 2 (c) 3 (d) 4 

30 # Let 77 be a positive integer such that 2” - 1 is a prime 
number, then 77 is a 

(a) Prime number (b) Composite number 

(c) Prime number only for finitely many values of 77 . 

(d) None of the above. 


SHORT ANSWER TYPE TEST 


1 . Let /: N — > N be a function such that 

f(n + 1) > V n e N. Prove that f(n ) = nV n e N. 

2. Find all polynomials g(x) such that 
xg(x- l) = (x- 15 )g(x) 

3. Given a set of 77 + 1 positive integers, none of which 
exceeds 2 77, show that at least one of the numbers of the 
set must divide another member of the set. 


4. How many 6-digit codes are there which uses only 
the digits 0, 1 or 2 and in which the digit 2, whenever 
appears, it always does so after 1? 

5. Let n be a positive integer with at least 4 divisors 
and let the divisors be d v d 2 , d v d 4 , ... where d< d 2 < d } 
< d A < ... with d x = 1. Find all such n if it is known that 
n = d\ +d\ + d% + d%. 

6 A lattice point ( x , y) is a point in the x -y plane both 
of whose co-ordinates are integers. Find the number of 
lattice points on the hyperbola 2 xy - 5x +y = 55. 

7. Let p be a prime number greater than 3. Prove that 
24 divides p 2 - 1 . 


8 Let p > 2 be a prime number. Define 
11 l N t 


S = 1 + - + - + ...+ 
2 3 


p-\ 


? let S = — — where N are D 


are co-prime positive integers. For instance, when p = 5 
25 

we get 5' = —, given N p = 25 and D p = 12 observe that 5 
divides N y Show that in general,/? divides N . 

9 # P is a point inside a given triangle ABC. D, E , F are 

the foot of the perpendiculars from P to the lines BC , CA , 

AB respectively. Determine, with proof, all P for which 

BC CA AB . 

— — + — — + — — is least. 

PD PE PE 


10. Three roots of the equation X*-px? + qx?-rx + s = 0 

are taivf, tani?, tanC, where A , B , C are the angles of a 
triangle. Determine the fourth root as a function of (only) 
/?, q , r and s. 


SOLUTION TO MULTIPLE CHOICE TEST 


1. (a) : fl + 1 = [2008 + 2 

/7 + 2 = l2008 + 3 
77 + 3 = 12008 + 4... 


77 + 2007 = 12008 + 2008 

Thus 2 divides n + 1, 3 divides n + 2, ... and finally 2008 
divides n + 2007. 

Note that 12008 is divisible by each of 2, 3, 4, ... and 
2008. We have then shown that all the numbers in this 
list are composite, establisting that there are no primes 
in the list. 


2. (c) : N = (o + V o 2 - l)' /n + (a -477)' /n 
let b = (a + 477) l/n theniV = 6 + -j- 

b 




1 m-\ 


If N is assumed to be rational, then we obtain that 

b m + — is rational for all m e N. 
b m 

But b n + — = a + yja 2 -1 + a - y/a 2 -1 = 2a , 
b n 

an irratfonal number. Thus the assumption of N being 
rational leads to a contradiction. Hence N is irrational. 


3. (b) 

4 # ( a ) . Let z be the variable point P. - i and / be 

respectively F ] and F 2 ~ two fixed points. 

The equation \z-i\-\z + i\ = k reduces to 
PF X - PF 2 = k 

The locus of P, under suitable condition on k , can be a 
hyperbola having foci as F x and F r 
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By the triangle inequality | PF X - PF 2 \ < F t F 2 (the 
difference of two sides being less than the third side). 
Thus | k\ < \ (- /) - (0 | 

=>T^T<i,2/| => I ^ I < 2 

But observe that | k | can’t be zero, i.e. k * 0, for then 
equation would reduce to 
| z — i | = | z + i | 

the locus of which is the perpendicular bisector of the 
join of points - i and i - clearly a straight line. 

Thus for 0 < | k \ < 2 does the equation 
| z - i | - 1 z + / 1 = k represents a hyperbola. 

5 ( a } . Write 72 as a product of two numbers prime to 
each other 72 = 2 3 • 3 2 . Since 72 divides x679y, it follows 
that 8 and 9 both divide x679y. 

For a number to be divisible by 8, its last three digits 
should be divisible by 8, so 8 divides 79y giving^ = 2. 
Also for a number to be divisible by 9, the sum 
of its digits must be divisible by 9, so 9 divides 
x + 6 + 7 + 9+ >> = x + 24. Thus 9 divides x + 6, giving 
A' = 3. 

The number x619y therefore, is 36792 and then x + y 
equals 5. 

6. (b) : w 2 + 3/7 + 2 = (n + l)(/7 + 2), again 6 = 2 x 3. If 

6 is to be a divisor of ( n + 1)(h + 2) then four possibilities 
arise 

(a) 6 is a divisor of n + 1 , or 

(b) 6 is a divisor of n + 2, or 

(c) 3 is a divisor of n + 1 , and 2 is a divisor of n + 2, or 

(d) 2 is a divisor of n + 1 , and 3 is a divisor of n + 2. 

The possibility (a) holds for n = 5, 11, 17, ... 1991 thus 
for 332 values of n. 

The possibility (b) holds for n = 4, 10, 16, ...., 1990, thus 
for 332 values of n. 

The possibility (c) holds for n = 2, 8, 14, ... 1988, thus for 
332 values of n. 

The possibility (d) holds for n = 1,7, 13, ... 1987, thus 
for 332 values of n. 

So there are in all 4 x 332 = 1328 values of n between 1 
and 1991 for which n 2 + 3n + 2 is divisible by 6. 

7. (b) 

H ( C ) . Let jc be the 26 th digit of n. 
n = 111... llllxlll... Ill 
25 fs 24 fs 

for the divisibility by 13, we apply the alternating 3-digit 
sum test - remember that the sum has to be calculated 
starting from the right. 

Let the sum be oc + llx-(3 + ll, where 
a = lll....lll + ...-lll 

8 blocks 

p= iii-iii+... +111 

7 blocks 


we have a = 0 and p = 111. So the sum is 1 lx -100 = lx 
Obviously then x = 3. Thus the 26 th digit of N is 3. 

[Note that llx means the three digit number (1 lx) 10] 

9 # (b) : The equation isx^x 2 +y) =y n+] 

the equation is x 4 + x 2 y = y n + 1 
=* 4x 4 + 4x 2 y = 4y n+i 
=> y 2 +4x 4 +4x 2 y = y 2 +4y n+] 

=> (2x 2 + y) 2 =y 2 + 4y n+i =y 2 (\+ 4y "~ l ) ...(/) 

from (0 it follow that 1 + 4y 1 is an odd square, 
let 1 +4y~' =(2k+ l) 2 
=> 1 + 4/-' =l + 4fc + 4* 2 
=> y"-' =lc 2 +k = k(k + \) 

Since k and k + 1 are relatively prime integers, each of 
them must be the {n - l)* power of some integer. It is 
possible only when n = 2, thus given y = k(k+ 1) 
from (/) 

=> lx 2 + k{k+ 1) = k(k + \)(2k+ 1) 

=> 2x 2 = k(k+\)(2k+\)-k{k+\) = k(k+\)‘2k 

=> x 2 = 1?(k + 1 ) 

So k + 1 should be a square => k + 1 = t 2 (say). 
thenx 2 = (Z 2 - l) 2 / 2 x = (/ 2 -l)/ = / 3 -/ 

Again y = k(k+ 1) = (r 2 - l)/ 2 = r 4 -/ 2 . 

.*. (x, y) = (Z 3 - /, f - 1 2 ) describes all the solution of the 

problem, which are obviously infinitely many. 

10 (a) * Th e given functional relation is 
/(x)+/(2x)+/(l +x)+/( 2 -x)«x 
Set x = 0 in the above relation to get 

/(0)+/(0)+/0)+/(2) = 0 
=> 2/(0) +/(1) +/(2) = 0 ...(/) 
Set x - 1 in the funtional relation to obtain 

/(l)+/(2)+/(2) +/(!)=! 

=> 2/(1) + 2/(2) =1=> /(l)+/(2)=l/2 ...(h) 

using (i) and (if) 

2/(0) + i = 0 /. /(0) = — ^ 

1 1 (b) : ^ et n number of steps in the escalator 

and the speed of Ram and Shyam be a and b steps a 
minute respectively. Using the idea of relative speed 
three equations can be immediately written 


l n 

a + b = — 

A 

...(0 

n n 

a a + 4 

...(») 

n n 

b- 4 b 

..m 


Now the problem will be solved with the help of 3 
simultaneous equations in 3 unknowns to find n. 

First Solution 

From (//) and (Hi) on equating 
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ft ft ft 


n 


n 


n 

a 


a + 4 
4 


b- 4 
4 


n 

T 


i 


i 


tf(tf + 4) b(b- 4) 

=> a 2 + 4a = Z> 2 - 46 => 

=> (a - 6)(a + 6) = - 4(a + b) 
=> (a + b)(a - b + 4) = 0 
As a * - 6, we have b = a + 4 
from (/) and (if) 


7 a+4 b-4 b 

a(a + 4) = b(b-4) 

d 2 -b 2 = 4(a-b) 

...(/V) 


• n 
a + b = — 
4 


Ji— L).« 

ya a + 4 ) 

)f- — )= 

\a a + 4 ) 


4 (a + b)\ 


ri — !^i=< 

ya a+4 ) 


4(tf + tf + 4)| 
8 (^ + 2 )- 


• = 6 


a(a + 4) 

=> 16(a + 2) = 3a(a + 4) = 3a 2 + \2a 
=> 3a 2 - 4a - 32 = 0 => 3a 2 - \2a + Sa - 32 = 0 

=> 3a(tf-4) + 8(a-4) = 0 (3a + 8)(a - 4) = 0 

As a can’t be negative, a = 4. Consequently b = 8 
Total number of steps n = 4(a + b) = 4(4 + 8) = 4 • 12 = 48 
Second Solution (Elegant) 

It takes some ingenuity to look at the system in a way 
that uses ‘quadratic equation’ in a subtle way. 

Rewrite (if) and (Hi) as 


n 

a 


a + 4 


= 6 ; 


-b -b + 4 


= 6 


indicating that a and i —b J are the roots of* the quadratic 

— n ~ 6 
x x + 4 

=> 4n = 6x(x + 4) => 2n- 3x(x + 4) 

=> 3x3 + I2x -2/7 = 0 

=> a + (-b) = -12/3 = - 4 and a(-b) = -2/7/3 
The first equation is 

• n 
a + b = - 
4 

i.e. 

using (A) and (B) 

{a - (-Z>)} 2 = {a + (-A)} 2 - 4 (a)(-b) 

2 


n 


•••(A) 

•(B) 


W-“ + 7 * 


3/7 2 - 128/7-768 = 0 


3/t 2 - 144/7+ 16/7-768 = 0 
3n(>i - 48) + 1 6(« - 48) = 0 
(/? - 48)(3/7 + 16) = 0 => n = 48. 

1 2. (d) : There were 6 clear mornings mean there were 
n - 6 rainy morning. Similarly, there were 5 clear 
afternoons mean there were n - 5 rainy afternoons. 


When it rained in the afternoon it was clear in the 
morning implies that there is no day when it rained both 
in the afternoon and in the morning. The number of rainy 
days = the number of rainy afternoons + the number of 
rainy mornings 

= (/7 - 5) + (/7 - 6) = 2/7 - 1 1 
But 2/7-11=7 (given) 

=> 2/7=18 n = 9 

13. (b) : First Solution 

The set S has 5 even and 5 odd numbers. For a subset 
of S having the sum of elements as odd, the subset must 
contain an odd number of odd numbers and any number 
of even numbers. Thus the required number of ways 
= ( 5 C, + 5 C 3 + 5 C 5 ) x (*C 0 + 5 Cj + 5 C 2 + 5 C 3 + 5 C 4 + 5 C 5 ) 
= 2 5 " 1 x 2 5 = 2 9 = 512. 

(Recall that C 0 + C ] + C 2 + ... C n = 2" and 

C 1 + C 3 + C 5 + .... = 2- 1 ) 

Second Solution 

As the set 5 contains an equal number of odd numbers 
and even numbers, there will be an equal number of 
subsets of S that add up to even or odd numbers. The 
total number of subsets = 2 10 . 

The desired number is half of this, that is 2 9 = 512. 

14. (d) 

15. (a) : 2x 2 + 3y 1 -4x- 12y + 20 
= 2(jc 2 -2*) + 3O 2 -4y) + 20 

= 2(x 2 - 2x + 1) + 3(y 2 - 4y + 4) + 6 
= 2(x - l) 2 + 3(y - 2) 2 + 6 

The least value occurs at x — l,y — 2 and is given by 6. 

16. (b) : Let the number of students in the class be n 
Thus the average weight = n 

total weight = n* n = n 2 

When a teacher of 2 1 kg is included, the increase in 


average weight = 


w 2 +21 
n + 1 


When a student of 19 kg is excluded, the decrease in 

/7 2 19 

averge weight - n 

n - 1 

Both these are equal, which means 


>7^+21 /7 -19 

n = n — = 

n + \ /7 — 1 

22-(/7 + l) -(/7-l) + 18 

n + \ 


21-/7 -/7 + 19 


n + \ 


n — 1 


/7 — 1 

22 l= 18 
n + \ /? — 1 


which gives n = 10 


22 ^ 18 40 4 

/7 + 1 /7 — 1 2/7 2 

(using ratio and proportion) 


17. (c) : We are looking for lattice points that lie inside 
Q but not inside P, i.e (jc, y) must satisfy 4 < x 2 +y* < 25 
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we consider non-negative solutions and then multiply 
by a suitable factor to take care of change of sign or 
interchange ofx and y. 

for x = 0,y = 2, 3, 4 =>3><2 = 6 solutions 

x=l,y = 2, 3, 4 => 3 x 4= 12 solutions 

x = 2,jy = 0, 1,2, 3, 4 => 5 x 4 - 2 = 1 8 solutions 

x = 3,y = 0, 1,2, 3 => 4 x 4 - 2 = 14 solutions 

x = 4,_y = 0, 1,2, => 3 x 4-2= 10 solutions 

we have in all (6 + 12+ 18+ 14+ 1 0) = 60 solutions 


18 . (d) 

19. (a) : from the given relation 

(x + l) 2 + (y + l) 2 + (z + l) 2 = 4(x +y + z) 

(x+ l) 2 -4x + (y+ l) 2 -4y + (z+ l) 2 -4z = 0 
=> (x- l) 2 + (y- l) 2 + (z- l) 2 = 0 
which holds iff x =y = z = 1 

= (1 + 1 -1X1 + 1-1X1 + 1-1)*! -1-1*1 

20. (b) : Let a + 1 0 4 = jc and b - 1 0 3 = >>, then the equation 
reduces to | jc | + |.y | < 3. 

The left hand side can take values 0, 1, 2 or 3. 

\x | + 1 y | = 0 has just one solution (0, 0) 

| jc | + 1 jv | = 1 has 4 solutions (1,0), (-1,0), (0, 1), (0,-1) 
j x | + | y | = 2 has 8 solutions (0, 2), (0, - 2), (2, 0), (-2, 0), 
(1; 1), (1, - 1), (-1. l).(-l.-l) 

I x | + \y | = 3 has 12 solutions. 

The total number of solutions = 1 + 4 + 8+ 12 = 25. 
Corresponding to every (jc, y) that is a solution, we 
have a corresponding solutions (a, b). Thus there are 25 
solutions. 


21. (d) 

22. (d) : Suppose one counts in base 10, then there are 
5000 four digit numbers. If counting happens in base 6, 
there could be 5000 4-digit numbers. Note that 9 and 5 
are respectively the greatest digit in base 10 and base 6. 

23. (a): S(w)-$'(/i) = (3 + 8+ 15 + ...) — (6 + 11 + 18 + ...) 

= _(3 + 3 + ... to n terms) = - 3 n 

wehaveS(lll)-S'(Hl) = -3 x 111 =-333 

24. (d) : aaa + aa + a + a + a= 10* 

aaa + aa + 3 a =10* a(l 1 1 + 11 +3)— 10* 

=> 125a =10* 

As 125 must divide 10*, then the min. value of k is 3. 

For k= 3, a = 8 
= 4, a = 80 
k = 5,a = 800 

25. (a) : The number divisible by 30 and 35 both is also 
divisible by their LCM, i.e. 210. If a number is divisible 
by 210, but not by 140, then it is not divisible by their 
LCM, i.e. 420. The least and the greatest 4-digit number 
divisible by 210 are 1050 and 9870 respectively. 


The number of numbers divisible by 210 
9870-1050 8820 , 

210 + 210 

Similarly the number of 4-digit number divisible by 420 
9660-1260 
” 420 

Hence the number of numbers divisible by 210 but not 
divisible by 420 = 43-21 =22 

26. (a) : If 8 is not one of the 3-digits, we have 
g x 9 x 9 = 648 3-digit numbers. 

With 8 in tens place and 9 in units place we have 8 
3-digit numbers - viz 189, 289, ... 789, 989 
(Note that 889 is excluded). 

With 8 in hundreds place and 9 in tens place we have 9 
3-digit numbers - viz 890, 891, ... 897, 899 
(Note that 898 is excluded) 

The total number of numbers = 648 + 8 + 9 = 665. 

27. (c) 28. (a) 

29. (c) : y = /wx + 9 and jc +4 y = 8 1 together give 

81 = mx + 9 =» 81-JC = 4mx + 36 

4 

z=> 45 = jc(4 m +1) => x(4 m + 1) = 45 

As m is a positive integer so is Am + 1 and then so is x. 
The above equation is to be read as 45 being the product 
of two positive integers. 

4 m + 1 can be 5, 9, 45 

So m can be 1,2, 9. With these values of m, both x und^ 
turn out to be integers. 

30. (a) : We will show that if 2 n - 1 is a prime number 
then so is n. Assume n is not a prime number, then n = ab 
for some positive integers a, b > 1 . 

Now 2" - 1 = 2°* - 1 = (2 a ) b - 1 

= ( 2 a - \){( 2 a ) b ~ 1 + ( 2 a ) b ~ 2 + ... + 2 ° + 1 } 
and this factorisation establishes that 2 n - 1 is not a prime 
number, contradiction! 

Thus n is a prime number. 


SOLUTIONS TO SHORT ANSWER TYPE TEST 


1. Let d be the least element of the range of/ ; i.e. 
d = min {f(n): n e N} 

By the well ordering principle, such an element d exists 
and it is unique. Let m e N be such that d If 

m > 1 , then we have d =/ (m) >f(f(m - 1). Thus we get 
a new element f(m - 1) whose /-value is smaller than d. 
But this contradicts the choice of d as the least element 
of {/(«) : n G N) • So m = 1 . 

Now think of the set {f (ri) : n > 2}. Reasoning as we 
did before, we can conclude that this set has the least 
element/(2). Also /(l) < /( 2). For/(l) =/( 2) could give 
/(l) >/(/*(!)) contradicting the choice of/l). This chain 
can be continued to give 

/(l)</(2)</(3) ...</(«)<... -(A) 

Note that /( 1 ) > 1. This alone with (A) shows that 
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f(k)>k for all natural k. Let f(k)>k for some k , then 
f(k) > k + 1 . Using (A) we have / (k + 1 ) </(/ (£)). 

But this contradicts the given condition f(k+ 1) > /(/(£)). 
We have f{k) = k for all natural numbers k. 

1 2. From x g(x - 1) = (x - 15) g(x) we observe that x 
divides g(x). Thus g(x) = xgft), where g,(jc) is another 
polynomial. Putting this in the original equality 
“ 1 )g x (x ~ 1 ) = (x - 1 5)xg { (x) 

Cancelling the common factor 

(* - 1) £,(* ~ 1) = (* - 1 5 )g { (x) ...(/) 

Thus (x - 1) divides g,(x). So we can write 
g l (x) = (x- \)g 2 (x) 

Putting this in (/) we have 

(x - \)(x - 2) g 2 (x - 1) = (x - 15)(x - 1 )g 2 (x) 
Cancelling the common factor 
(*-2)g 2 (*-l) = (x- 15) g 2 (;t) 

Thus ( x - 2) divides g 2 (x) 

Continuing in this manner, we have a polynomial g 15 (*) 
such that 

4* - \)(x - 2) ... (x - 15 )g l5 (x -\) = (x- 15)g(x) 

= x(x-\ )(x - 2) ... (x - 1 5)g 15 (.r) 

Thus g l5 (x - 1) = g 15 (*) 

If £i 5 M is n ol a constant polynomial, then g I5 00 = 0 has 
a root a in C. But then g 15 (a - 1) = g, 5 (a) = 0, so that 
a - 1 is also a root of g 15 (x) = 0. We see that a, a - 1, 
a - 2, ... are all roots of g I5 (*) = 0. 

This is clearly impossible, since the equation g 15 (x) = 0 
can have only finitely many roots. The only possibility is 
that g 15 (x) = constant. 

i Thus g(x) = kx(x -\)(x- 2)... (jc - 1 4) for some constant k. 

3. Let the given set be S= {ar,, 2 , ... <2 n + 1 } 

Suppose a i — 2 n ‘ bj 

Where n. is a non-negative integer and b. is odd. What we 
have done is to write each a. as the product of the highest 
power of 2 present in it and an odd number. For instance 
48 = 2 4 -3, 32 = 2 5 -l. Corresponding to each a. we have 
a b p in effect, we get a total of (n + 1) odd numbers b v 
b 2 , ... b a + r Also all these odd numbers are less than 2n. 
But there are only n odd numbers less than 2n. So by the 
Pigeon-hole principle some two of them, say b and b k 
must be equal, i.e. b j = b k = b 
Then a. = 2 n j • b. and a k ~^ k * W 
= 2 nj b ' =2 nk b 

If n. < n k then a. divdes a k and if n. > n k then a k divides 
a j . Thus in either case we have two numbers in S , one of 
which divides the other. 

4. (This problem can’t be solved by ordinary principles 
of counting. Through this problem we introduce the 
reader to a powerful counting strategy - recursion.) 
Denote by a n the number of /7-digit codes made up of 0, 

1 or 2 and satisfying the conditions of the problem. a v 
the number of 2-digit codes can be obtained by simply 


counting them all : 00, 01, 02, 10, 11, 12, 22, 20. 

Let x = jCjjc 2 ... x n be a sequence belonging to a n . All the 
codes fall in two mutually exclusive cases. 

(/) If x starts with 2 i.e. x { =2 then each of x v x 3 , ... 
x n can be 0 or 2. Then there are 2" ** 1 such sequences. 
Remember that 1 cannot appear to the right of 2. 

(h) If x starts with 0 or 1 , i.e. x { = 0 or 2, then jc ^ ... x n 
is a sequence of (n - 1) digits satisfying the conditions of 
the problem. Thus there are 2 a n ] such sequences. 
a = 2 n ~ 1 + 2a x ,n>2 

n n- 1 * 

Also a 2 = 8. 

<? 3 = 2 2 + 2a 2 = 4 + 2 • 8 = 20 
<ar 4 = 2 3 + 2 <z 3 = 8 + 2 • 20 = 48 
<? 5 = 2 4 + 2a 4 = 16 + 2 • 48 = 1 12 
a 6 = 2 5 + 2a s = 32 + 2 • 112 = 256 

5. d= 1 (given) 

If n were odd, then all its divisors would be odd and in 
that case 1 + d\ + —a sum of four odd numbers, 

could be odd. Contradiction, so n is even, which gives 
that d 2 = 2. 

Now n = d\ + d\ +d$ +d% =1 + 4 + d\ +d ^ 

=> w = 5 + J 3 2 +^4 

with d v d 4 both dividing n and 2<d y < d 4 . 

Suppose d ^ is even then d 3 = 4(the only possibility), so 
n = 21 + J4 and since d 4 must be odd, it is the least odd 
prime divisor of n. As 2 d 4 divides n , it follows that 2 d 4 
divides 21 + d%, So d 4 divides 21 and thus d 4 = 3 or 7, 
which mean that n = 30 or 70. But neither 30 nor 70 
satisfies the condition of the problem. 

So d 3 is odd, and d 4 is even. If d 4 be 4, then d } = 3 and 
n = 5 + 3 2 + 4 2 = 30. But we have ruled out 30. Hence 
d 4 > 4. As d 4 is the first even divisor of n after 2, we have 
d 4 = 2d y So /7 = 5-t-c/ 3 2 +(2c/ 3 ) 2 = 5(1 + c/ 3 ). 

As d 3 divides n we must have </ 3 /5(l + t/ 3 ). Also d^ 
and 1 + dj have no factors in common, we got that d 3 
divides 5, and then n = 5 x 26 = 130.lt can be checked 
that 130 satisfies the conditions of the problem. The first 
four divisors of 130 are 1, 2, 5, 10 and we have in fact 
130 = l 2 + 2 2 + 5 2 + 10 2 . So there is exactly one such n. 

6. Our task is to find all pairs ( x, y) of integers such that 
2xy-5x+y = 55. 

Rewrite the equation as >>(2* + 1) = 5x + 55 
5jc + 55 2(2jc + 1) + jc + 53 „ jc + 53 

2x+l ~ 2x + \ _2+ 27+T 

Since y is to be an integer, 2 jc + 1 divides x + 53. 

Thus 2x + 1 also divides 

2(x + 53) = 2jc + 106 = (2jc + 1) + 105. 

Consequently 2x + 1 divides 1 05 
105 = 3-5-7 

The divisors for 105 are ± 1, ± 3, ± 5, ± 7, ± 15, ±21, ±35 
and ± 105. As (2x + 1) may assume any of these values, 
the possible values of x are 0, - 1, 1, - 2, 2, - 3, 3, - 4, 7, 
-8, 10, - 11, 17, — 18, 52 and - 53. The values of>> are 
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, o ,, 5 jc -h 55 
then found by y = ^ Y + p 

We obtain the following pairs (jc, y ) that satisfy the 
equation. 

(52, 3), (17, 4), (10, 5), (7, 6), (3, 10) (2, 13), (1, 20), 
(0, 55), (-1,-50), (-2, - 15), (-3, -8), (-4, -5), (-8, - 1), 
(-11,0), (-18,1), (-53, 2). 

These are all the 16 pairs that satisfy the equation. 

Suppose p is a prime number greater than 3, then p 
must be congruent to 1 , 5, 7, or 1 1 (mod 12). This can be 
checked by writing any positive integer n mod 12. 
w=12*-5 n = 12/:- 4 

n = \2k-3 n = 12/:- 2 

n=\2k-\ n=\2k 

n=\2k+\ w=12fc + 2 

n = 12/: + 3 n = \2k + 4 

n = 12/:+ 5 

of these only the number 12A: — 5, 12A: — 1, 12/: + 1, 
1 2k + 5 are prime i.e. n - 1, 5, 7, 1 1 (mod 12) 

Thus p = 1 2k ± 1 or 1 2k ± 5 
p 2 = (12/: ± l) 2 or (12/: ± 5) 2 

= 1 44/^ ± 24k + 1 or 1 44^ ± 120/: + 25 
In either case we have p 2 - 1 (mod 24). Thus p 2 - 1 is 
divisible by 24. 

Note that (p - 1) is an even number, so we can pair 
the numbers 1, 2, 3, ... p - 1 as (l,p - 1}, {2,p - 2}, ... 
the sum of the numbers in each pair being p. 

1 1 1, 1 P 

2 p-2 2(p-2) 


P~ 1’ 


Now t + ■ . 

i p - 1 


and, thus for any k, 1< k <p - 1 

1 + — L = P . 

k p-k k(p-k) 


+ +-( ,+ +H5 + +) + “ 


p-1 2(p-2) 3(p-3) 


Then 5 is a sum of 


P - 1 


factions in all, each with a 


Recall the cauchy’s inequality 

2 


numerator p. The least common multiple of the 
denominators of these fractions is not divisible by p, as 
the numbers p - 1 , 2(p - 1), 3 (p - 3), ... are not divisible 
by p (each is product of numbers less than p, therefore not 
divisible by p). So p in the numerator remains, it doesn’t 
get cancelled with anything in the denominator. Thus the 
numerator of S, i.e. Np , contains a factor ‘p\ establishing 
that p divides Np. 

9. Denote the lengths of segments PP, PE y PF by x, y 
and z. The area of the triangle ABC is 
A = \/2(ax + by + cz) -W 

We seek to minimize £ + L + £ subject to constraint (/). 
x y z 


(Wj Vj + U 2 v 2 + W3V3 ) 2 < (wf + u\ + ul )( V 2 + V 2 + vj ) 

Take w’s as Vox, yjby , 4cz and v’s as . 

Then cauchy’s inequality yields 


I 


< (ax + by + cz) 


( a + b + cj 


a b c 
- + - + - 

x y z 


^^ A (a b c\ 

V x y z ) 

- + - + -l>^-(a + ft + c ) 2 
x y z J 2A 

The equality holds if and only if the triplets 


I an d (fiw* by, cz) are proportional 

l* y z ) 

ax by cz , , 

—r = tr = -r i-e.x 2 =f = 2 ?=>x=y = z. 
afx b/y dz 

Geometrically the minimum value of the expression 
BC CA AB 
PD + PE + PF 

occurs when p is the incentre of A ABC. 

1 0. Recall that in a triangle ABC, we have 
tan/l tan# tanC = tan A + tani? + tanC 
(It can be proved in a single way) 

Let tan A tan B tanC = a = taa4 + tan# + tanC 
Let taivf tanZ? + tanZ? tanC + tanC tan A - b 
(jc - taiL4)(x - tan£)(;c - tan C) =x 3 -ax 2 + bx-a 
Denote the remaining zero of the polynomial 
xt-pjp + qxt-rx + s 
by a, so that we have 

(x 3 — ax 2 + bx — a)(x - a) =x 4 -pjc 3 + qx 2 - rx + s 
Equating coefficient of jc 3 , jc 2 , x, 1 in both expression 
a + a=p 
b + aa = q 
a + ba = r 
aa = s 

our aim is to eliminate a and b and solve for a. 
from (1) and (3) on subtraction a(l -b)=p-r 

from (2) and (4) on subtraction b = q-s 

p-r p-r p-r 
If b * 1 we have a = = “ 


...(A) 


...( 1 ) 

...( 2 ) 

...(3) 

...(4) 


1 -Z? l-(gr-5) 1 -q + s 

If b = 1 the right side of A becomes 
jc 3 -ar 2 +jc-a = (jc- a)(pP + 1) 

As this polynomial has only one real zero, while the 
hypothesis of the problem says that it has at least three, 
this case cannot occur. 

p-r 


Thus the fourth root is 


1 -q + s 


□□ 
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Mock Test 

FOR 


151 2009 


The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world for training 
and research in statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of the 
institute, offers comprehensive instruction in the theory, method and application of statistics, in addition to several 
areas of Mathematics and some basic areas of computer science. 

Each candidate applying for admission to this programme has to take a selection test comprising Objective type and 
Short-answer type questions in mathematics at the Higher Secondary level (10 + 2 year’s programme). 

The selection tests consists of 

(1) A multiple choice type test having about 30 questions, and 

(2) A short-answer type test having about 1 0 questions. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A.M., G.M., and H.M., 
complex numbers. 

Geometry : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates. 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, 
equations of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration. 
Trigonometry : Measures of angles, trigonometric and inverse trigonometric functions, trigonometric identities 
including addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances. 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods of 
differentiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph of 
functions, methods of integration, definite and indefinite integrals, evaluation of area using integrals. 

Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the first Mock ISI paper, which 
closely simulates the real exam. 


MULTIPLE CHOICE TEST 



1. If log 4 (jc + 2 y) + log 4 (jc -2 y)= 1 , then the minimum 
value of \x\ - \y\ is 

(a) V2 (b) n/3 

(c) V4 (d) s/5 

2. Let a, b , c, d be positive integers and 

3 5 

log fl b = —, log c d = —. If a - c = 9, then b-d = 

2 4 

(a) 92 (b) 93 

(c) 94 (d) 95. 

3. It is given that f(x) is a function defined on R , 
satisfying /(l) = 1 and for any x e /?,/(* + 5) > /(*)+ 5 
and f(x + 1) < f(x) + 1. If g(x) =/(*) + 1 - x, then 
g(2009) = 

(a) 0 (b) 1 (c) -1 (d) 2009. 


71 

(d) T 


4. The area pf the region bounded by x 2 + y 2 < n 2 and 
y > siat is 

2 2 _2 
, v 71 \ 71 

(a) — (b) — (c) — 

V 2 3 4 

5. Let k be a real number such that the inequality 
y/x-3 + \l6-x < k has a solution. The maximum value 
of k is 

(a) 4(>-S (b) -J6 + J3 

(c) V3 (d) V6. 

6. Let a 0 , a\, a 2 , a ny ... be a sequence of numbers 
satisfying (3 - a w+1 ) (6 + a n ) = 18 and a 0 = 3 then 

n 1 

s- L = 

/=o 0/ 

(., i<2”’ - * ' 


‘ >n+2 - n - 3) 


(b) j(2" +2 + n - 3) 
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(C) 


i(2 n+2 -n + 3) 


(d) i(2" +2 + M + 3). 


7* The equation jc 3 + ax 2 - b = 0 (b > 0, a, b e R) has 
(a) only one positive root (b) two positive roots 
(c) three positive roots (d) no positive root. 

8* The region described by the complex number z 
satisfying sin |z| > 0 is 

^A 


(a) * 


(c) 



>-v(b)*'< 






1 



i 



1 


V/// 




v, 

y 

9- If M is a 3 x 3 matrix where MM ' = / and 
det(A/) = 1, then det (M- 1) = 

(a) -1 (b) 0 

(c) 1 (d) None of these. 

10- Let a be the coefficient of jc 1000 in (1 - jc 2 + jc 5 ) 2005 

and b be the coefficient of jc 1000 in ( 1 + x 2 - x 5 ) 2005 then 
(a ) a>b (b) a<b 

(c) a = b (d) None of these. 

U. The number of (different) ways in which the words 
in this problem be ordered (including the words in 
brackets) is 

/x 38x18! _ 38x17! 

(a) — - — (b) 


(c) 


9 

36x17! 


(d) 


9 

36x18! 


9 v 7 9 

1 2. The area enclosed by the graph of 
|jc| + |y| + (jc +y \ = 1 is (in sq. unit) 

1 2 3 

(a) 7 (b) 4 (c) 


(d) 


4 

4 v ~ 7 4 v ' 7 4 v ~ 7 4' 

13. A quadrilateral in the XY plane is formed by lattice 
vertex (. x ,* y) such that x 2 + y 2 = 50. The number of 
parallelograms in such quadrilaterals are 

(a) 6 (b) 9 

(c) 1 5 (d) None of these. 

Note : Lattice vertex (x 9 y) =>x je integers. 

14. The curve represented by 

2 2 
x y 

r-h- 


sin 


V2 -sin>/3 cos>/2 -cos 75 


= 1 is 


(a) an ellipse with foci on jc-axis 

(b) an ellipse with foci ony-axis 

(c) a hyperbola with foci on jc-axis 

(d) a hyperbola with foci on y-axis. 


15. For any complex numbers Zj and z 2 , which one of 
the following statements is false? 

Zi +z 2 |<|zi| + |z 2 | (b) |zi-z 2 |£||ziHz 2 || 


(a) 

(c) 


— -1 


- (argz) 


(d) I z- l|>||z|-l| + |z|(argz) 


16. Points A h A 2 , A 3 , ... are placed on a circle with centre 
O such that ZOA n A nH = 35° and A n * A n + 2 V positive 
integers n. The smallest n(> 1) for which A { =A n is 

(a) 35 (b) 36 (c) 37 (d) 38 

17. A point in the xy plane is called lattice point if its co- 
ordinates are both integers. The maximum possible area 
of a circle in the plane that does not contain any lattice 
point in its interior is 

n n tc 

(a) n (b) - (c) - (d) -• 

18. Three students A , B and C are in the same class of 50 
students, but are not friends with each other. A is friend 
with 24 students, B is friend with 39 students and C is 
friend with 20 students. The greatest number of students 
that could be friends with all three of them are 

(a) 18 (b) 19 

(c) 20 (d) None of these. 

19 . A collection P of points (jc, y) of the plane is said 
to be convex, if whenever two points A(u , v) and B(s,t) 
belong to P, every point on the line segment A B also 
belongs to P. Let P\ be the collection of all points (jc, y) 
for which 2 < jc 2 + y 2 < 3 and let P 2 be the collection of 
all points (x,y) for which jc andy have same sign. Then 

(a) P\ is convex and P 2 is not convex 

(b) P 2 is convex and P\ is not convex 

(c) Both Pj and P 2 are convex 

(d) Neither P x nor P 2 is convex. 

20. A new sequence is obtained from the sequence of 
positive integers {1, 2, 3, ... } by deleting all perfect 
squares. Then the (2003) rd term is 

(a) 2047 (b) 2048 (c) 2049 (d) 2050. 


SHORT ANSWER TYPE TEST 


!• Prove that n 4 + 4 n ,n e N is never a prime number. 

2. Suppose that the numbers jc 1? jc 2 , ... jc„ all satisfy, 

-1<jc/< 1(1 </<w)and X*; 3 = 0. Prove that X*/-""- 
i=i i=i 3 

3. Let {jc,,} be a sequence satisfying the recurrence 

>/3 jc — 1 

relation jc„ +1 =■ r ” — , n> 1. Prove that the sequence 
v3 +jc„ 
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is periodic and also find its period. 

4 If the inequality sin 2 * + a cos* + a 2 > 1 + cos* holds 
for any * e R, find the range of values for negative a. 

5 A plane is roled with parallel straight lines at equal 
distances of 2a. A needle 21 long (/ < a) is thrown on the 
plane at random. Find the probability that the needle will 
hit any of the lines. 

5 Find the sum of the last 100 digits of the number 
A = 1-2*34 2007-2008 + 2009. 

7 Let a > 0 and b , be real parameters, and suppose that 
/is a function, R -» R and /(fl 3 * 3 + 3a 2 /?* 2 + 3a/? 2 *) < * 
< aVto) 3 + 3 a 2 /?(/(*)) 2 + 3 a/? 2 /(*) V * e R. Prove that / 
is a bijective function. 

g Let A = {* |* 2 - 4* + 3 < 0, * e R} 

B = {*|2 1_x + a < 0,* 2 - 2 *(a + 7) + 5 < 0, * e /?} 
HAqB, then find the range of real number a. 

9 An elastic ball whose dimensions may be neglected 
is found inside a round billiard table at a points different 
from centre O. Find the locus of points A from which this 
ball can be directed so that after two successive boundary 
reflections, by passing the centre of the table, it finds 
itself at the point A. Take R to be the radius of the table. 

IQ In the figure aside, E is the 
midpoint of the arc ABEC and the 
segment ED is perpendicular to 
chord BC at D. If the length of the 
chord AB is l { and that of segment 

BD is lj 9 determine the length of 

DC is terms of l\ and / 2 . 


Solutions to multipi e choice type test 


1. (b) : x + 2y>0,x-2y>0 

x >2\y\ > 0 

and (jc + 2y)(x - 2y) = 4 => x 2 - Ay 1 = 4 ...(i) 

Let x-y-aoxx-a +.y 

so, now (i) becomes (a + y) 2 - ^y 2 = 4 

i.e., 3 y 2 - 2 ay + (4 - a 2 ) = 0 

fory e /?, D>0 =>a>V 3 

so, minimum value of |*| - |y| = >/3. 

2 (b) * b = a 312 , d = c 514 . Let* 2 = a,y 4 = c 
*,y e R+ 

a-c = * 2 -/ = (*-y 2 )(*+y 2 ) = 9 
^ (*-/,*+/) = ( 1,9) 
i.e., x = 5,y = 2 
so, b - d = x 3 -y 5 = 93. 

3 . From the given conditions 

/(*) + 5 </(* + 5) </(* + 4) + 1 </(* + 3) + 2 



</(* + 2) + 3</(*+l) + 4 </(*) + 5 
=> The equality holds for all the above relations. 
i.e., f{x + 1) = /(*) + 1 and so /(*) = *. 

/. g(x) =/(*) + l-* = *+ l-*=l 
.*. g(x) is a constant function 
.*. g(2009) = 1. 


4 (a) • ( x >y) : ^ + y 2 ^ tt 2 represent all the points inside 

or on the circle, which is represented by horizontal lines 
(*, y) : y > sinx represent all the points which is lying 
on or above the curve y = sin*, which is represented by 
vertical lines. 



So common region which satisfies both the inequations is 
represented by vertical and horizontal lines. 

Required area 


= J \ln 2 -x 2 dx-jsinxdx + 


J sin**£c 


71 

~2 


or symmetry of the curves, required area is half the 
circular area. 


. Let y = fx-3 + >/6-*, * e [3, 6] 
y 2 = (x - 3) + (6 - *) + 2j(x-3)(6- x) 
y 2 < 2[(*-3) + (6-*)] = 6 
so, 0<y< >/6 so, = >/6. 


^ . Let b n = — then the given relation becomes 


b n + 1 + 




K41 ls 

50. = ^ + 


1. e., the sequence 

2 . 


a G.P. with common ratio 


=* b n =-(r+'-\) 

» i 

so, reqd. £ — -b ti +b^ +b 2 + ... + b n 
:=o a, 

= 1(2 - 1) + i(2 2 - 1) + i(2 3 - 1) + ... + l(2” +l - 1) 


2(2 - 1 ) 
2-1 


-(« + l)J = l( 2 n+ 2 -«- 3 ). 
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7. (a) : 

8. (a) : Letz = x + iy, \z\=x 1 +y 1 
so, sin|z| > 0 

=> 0<|z|<7tor27i<|z|<37t, etc. 

9- (b) : For any matrix M there exists a real number X 

and a non-zero column vector X such that 

(M-XI)X= 0 ^ MX = XIX = XX ...(1) 

Taking transpose of both sides of (1), we get 

(MX)' = (XX)’ => X’M' = XX ...(2) 

Multiplying (1) and (2), we get 
X'M'MX=XX'XX 
=> X'IX= X 2 X'X=>X'X= X 2 X'X 
as X is a non zero column vector 

X'X*0 => X 2 =\ => X = 1 or - 1 

when X - 1 
( M-XT)X=0 

=> (M-\)X=0 => \(M-I)X\ = 0 
=> | A/ — /| = 0. 

10. (b):* 1000 is even, so, its coeff. is unchanged if we 

replace jc by -jc 

so, under this transformation 

(1 - J c 2 +^) 2005 ^.(1 -JC 2 -^) 2005 

(1 + x 2 -* 5 ) 2005 ^.(1 +x 2 + X 5 ) 2005 and 

so, in the second series x 1000 will have +ve coeff. 

H. (b): 

12. (c) : The figure formed is a hexagon with sides 

1 -1 1 1 
x + y = —,x + y = — , jc = ±— , y = ±— . 

J 2 y 2 2 y 2 


13. (a) : All such parallelograms have two vertices with 
y > 0. There are 6 such points. So, there are 6 C 2 = 1 5 ways 
to choose them. Each such choice, the other 2 points of 
the parallelogram are determined uniquely. Hence, the 
answer is 15. 


14. (b) : Note that sin > sin \/3 and 

cos>/2 > 0, cosV3 < 0 and 

(sin V2 - sin V3 ) - (cos V2 - cos %/3 ) 


= 2^2 


sm 




. f 71 V2+V31 

U 2 J 


2 

—71 y/2-\f3 . ,71 >/2 + \/3 371 

— < <0 and — < < — . 

2 2 2 2 4 


15. (d) : 


16. (c) : Note that the minor arcs between A n and A n+{ 
are all congruent with measure 1 10°. So, the solution is 
the smallest n for which 1 10°(/7 - 1) is a multiple of 2tc. 
i.e., 37. 


17. (b) : A circle passing through lattice point vertices of 
a unit square will be the required area. 


y‘ 

\ 

s 



( 


) 



v — » 


o 





18. (a) : x + (24 - x) + (20 - jc) + (39 - jc) = 47, since 
are 3 members of the class. 



19. (d) : 

20. (b) : Since 

[•n/ 2046] = [-v/2047] = [V2048] = [>/2049] = 45 and 
2003+45 = 2048. 


SOLUTIONS TO SHORT ANSWER TYPE 
QUESTIONS 


1. If n e even, then 

n 4 + 4" = even and > 2. So, never a prime. 

If n e odd, let n = 2m + 1 
then n 4 + 4 n = (2m + l) 4 + 4 2m +1 
= (2m + 1 ) 4 + 4-(2 m ) 4 
= a 4 + 4 b 4 where a = 2m + \ ,b = 2 m 
= a 4 + 4b 4 + 4a 2 b 2 -4a 2 b 2 
= (a 2 + 2 b 2 + 2 ab)(a 2 + 2 b 2 - 2 ab) not a prime. 
So, n 4 + 4 n is never a prime, n e N. 


2. Let jc, = cos0/, 0, e [0, 7t] 
then ATQ, Scos 3 0, = 0 and 

= ScosG,. = -[4Zcos 3 0,. -Z cos 30,] 
i 3 

= — Zcos30,<-. 

3 ' 3 

1 

_ Xn ~S 


3. 


x n+l = 


1 + - 


then jc, 


n+l 


let x n = tana 

V3 


=> tan 1 x B+] = tan - ! x„~ — 

similarly tan -1 jc n+2 = tan -1 jc „ +1 - — etc. 

6 

so, adding such 6 recurrsive relations 
tan“‘x„ +6 = tan“'x„ - it 

*n+ 6 ~ 

Hence, {x n } is periodic with period = 6. 


4. When jc = 0, a + a 1 >2 
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=> a < -2 (since a < 0) 
when a < -2, we have 

a 2 + acosx > a 2 + a > 2 > cos 2 x + cosx = 1 + cosx - sin 2 x 
i.e ., sin 2 x + a 2 + acosx > 1 + cosx. 
so, for negative a, a < - 2. 


5. We consider the more general limiting case. 
Needle = 1 unit, grid =1x1 ^ 

Shaded area _ 3 

71 


Probability = - 


nil 

J da 
o 


o 






Shaded area = 1 - (1 - sina)(l - cos a) 
where unshaded area = (1 - sina)(l - cosa) 


6. The total number of 5's in 2008! are 


r 20081 2008 

+ 

" 2008 " 

+ 

" 2008 " 

+ 

" 2008 ' 

L 5 J + L 5 2 . 


. 5 3 . 


. 5 4 . 


. 5 5 J 


= 401 +80+ 16 + 3 + 0 = 500 
so, 2008! will have last 500 digits as 0 and hence the 
reqd. sum of 100 digits 
= 2 + 0 + 0 + 9=11. 

7. Let g(x) = a 3 x? + 3a 1 bx 2 + 3 ab 2 x = (ax + b ) 3 - b 3 . 

so, g is a one-one function 

let h be the inverse of g. 

then h(g(x)) = g(h(x)) =x,Vxei 

The given condition is 

f(g(x)) < x < g(f(x)\ Vx g R. 

But f(x)=f(g(h(x)))<h(x) ...(1) 

from the left inequality and 
x<g(/{x)) 

=> h(x) < h(g(f(x))\ since h is increasing 
i.e.,h(x)<f(x) ...(2) 

so, from (1) and (2 ),/(x) = h(x) 


, s, , fc+it-b 

and so, /(x) = , 

a 


which is clearly a bijective 


function. 


8. Note that A = (1,3) 

Let f{x) = 2 l ~ x + a, g(x) = x 2 - 2x(a + 7) + 5 
so,/(x),g(x) both are < 0 for all x e (1, 3) when/(l) < 0, 
/(3) < 0, g(l) < 0, g(3) < 0. 

Note that / is a monotonically decreasing function 
so, solving these above four inequalities, we have 
-4 < a < — 1. 

9. Note that C and A should lie on a diameter. 

Let OA = a, OB = OC = R 
let ZBCO = 0 then ZOBC = Q 
so, ZABO = 0 [angle of incidence 
= angle of reflection] 
and ZAOB = 20. 

Applying Sine rule to tsAOB , 



OA OB a R 

= => = 

sin 6 sin(Ji - 30) sin0 sin 30 

R R 

or 4sin 2 0 = 3 >0 => a>— . 

a 3 

so, the locus is all points situated outside the circle of 
radius RI3 centred at the centre of the table. 


10. Let radius of circle = r 
D = (-rcos0, 0) 

Let CD = / 3 = r + rcos0 and l 2 = r - rcos0 
and l\ = (rcos20 - r) 2 + (rsin20) 2 



Simplifying, l x = 2rsin0 

so, using the identity, sin 2 0 + cos 2 0 = 1 

.2 / 1 \2 


we 


tove - (£) + (^) ■ 


A 2 +4/1 

r = — 

8 /, 


so, / 3 = 2r - 1 2 = 


2(/, 2 +4/ 2 2 ) 


8 /, 


/, i.e., /,= 


4/, 
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r DIFFERENTIAL CALCULUS 
FOR STATES’ ENGG. ENTRANCE EXAMS 


IS 


1 • The domain of definition of 
/ (x) = yJ\og e (x 2 - 6x + 6) is 

(a) — >/3)u[3 + >/3, oo) 

(b) (-~,l]u[5,oo) 

(c) (-°°, 3 - V3) u (3 + V3, oo) 

(d) (-oo, l) u (5, oo) 

The domain of definition of sin" 1 log 3 ^ j is 
(a) [-9,-1] (b) [-1,9] (c) [1,9] (d) [-9,1] 

3 • The function / ( x ) = sin ^ log(x + yj\ + x 2 ) 

(a) even (b) odd 

(c) neither even nor odd (d) none of these. 

4 * If/ (x) = cos [n 2 ] x + cos [— 7i 2 ]x, then / ^ j equals 

(a) 1 (b) 2 (c) -1 (d) 0 

If f(a + b, a - b) = ab, then A.M. of f(a , b) and f(b, a) is 
(a) 0 (b) 1 (c) a (d) b 

Let f(x) = a x (a> 0) be written a s/(x) = g(x) + /z(x) 
where g(x) is an even function and /z(x) is an odd function. 
Then g(x +y) + g(x -y) equals 
(a) g(x)/z(x) ' (b) 2 g(x) 

(c) g(x) + g(y) (d) 2g(x+y)g(x-y) 

If f(x+y) =/ (x) +/(y) and /( 1) = 7, then the value 
of £ f(r ) is 


r=l 


(a) 


7n 


7(// + l) 


(b) ln(n + \) 
2 

(d) In (n+\) 


(c) 

Let /x) be a polynomial of degree 2&if/(l)=/(-l) 
and /, m, /z are in A.P, then are in 

(a) A.P. (b) G.P. 

(c) H.P. (d) none of these. 

The range of /(x)= is 

x +x + l 

(a) [l.oo) ( b ) [1,7/5] (c) (l,oo) (d) (1,7/3] 


10 - If /(2) = 4 and f\2) = 4 


, x/(2)-2/(x) 

then lim — — - equal 

*^2 x- 2 


(a) -2 


(b) 2 


n -If/(x) = cot' 1 


3x -x 
\-3x 2 


(c) 

3 ^ 


(d) -4 


and g(x) = cot 


-l 


( 1 2 N 

1 — x 


then lim equals 


U + * 


g(x)-g(a) 


(a) -f 
(c) 


(b) | 
(d) 


2(1 + a z ) ' ' 2(1 + a z ) 

12 * If /(x) is the least integer not less than x and 
g(x) is the greatest integer not greater than x, then 
lim [/(x) + g(x)] equals 

x— »)t+e 

(a) 11 (b) 10 (c) 9 (d) 12 

1 Which of the following statements is false? 

(a) a polynomial function is always continuous 

(b) a differentiable function is always continuous 

(c) a continuous function is always differentiable 

(d) log<x is continuous for all x > 0. 

14, The function /(x) = a [x + 1] + b[x - 1], where [.] is 
the greatest integer function, is continuous at x = 1 if 
(a) a = 0 (b) b = 0 (c) a + 2> = 0(d) a-b= 0 

1 5- If / (x) = x sin //x, when x * 0 and 0 when x = 0, then 

(a) / (x) is differentiable but not continuous at x = 0 

(b) continuous and differentiable at x = 0 

(c) not continuous at x = 0 

(d) continuous but not differentiable at x = 0 

f(x) = e 2 * - 1 when x < 0 and ax + bx 2 /2 whenx>0 
is continuous and differentiable for 
(a) a= 1,6 = 2 (b) a = 2, be R 

(c) a = 2,6 = 4 (d) aeR,b = 4 

( 4 * - 1) 3 


>7- If /(*) = - 


sin-log 1 + — 
a 3 


77 when x * 0 


and 9(log<,4) 3 when x = 0 is continuous at x = 0, then a 
equals 


By : Debjit Banerjee, 65, Manik Bandyopadhyay Path, Sail Co-op, City Centre, Durgapur. 
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(a) 1 (b) 2 (c) 4 (d) 3 

18. if f (*) = ax 2 + 1 when x < 1 and x + a when x > 1, 
also /(x) is differentiable at x = 1, then a equals 
(a) 1/2 (b) -1/2 (c) 2 (d) -2 

If g(x) = Sin — when x * 0 and k + i when 
+ 2x 2 

x = 0, also g(x) is continuous at x = 0, then k equals 

(a) 3/2 (b) -2 (c) 1 (d) 2 

20. if f an( i g are continuous and real valued function on 
an interval, then 

(i) /+ g is continuous in the interval 

(ii) fg is continuous in the interval 

(iii) fg is continuous in the interval 

(a) (i), (ii), (iii) are correct (b) (i) & (ii) are correct 
(c) (i) & (iii) are correct (d) (ii) & (iii) are correct 
2 1 • The differential coefficient of the function 
f(x) = lx - 1| + \x- 3| at the point x = 2 is 
(a) -2 (b) 2 

(c) 0 (d) does not exist. 

22* If/(x) = |x- 3| + |x - 4|, then in 0 <x < 5 ,/(x) is 
(a) differentiable at x = 3 (b) differentiable at x = 4 

(c) not continuous in 0 < x < 5 

(d) not differentiable at x = 3 & 4 

23. L e t f (jc) be a differentiable function and /'( 1) = 4 

f(2 + 2h + h 2 )- f(2) . 

f'n\ = 6 then I'm— x equals 

j (i) °’ tnen h-+o f(\ + h-h 2 )-f(\) 

(a) 3/2 (b) 3 

(c) -3 (d) does not exist 

24 - lffix+y) = fix) f(y) &f(x) * 0. If/(x) is differen- 
tiable at x = 0 &/'(0) = 2, then fix) equals 

(a) fix) (b) 2 fix) (c) -fix) (d) 1/2 fix) 

25- if / (*) i s differentiable at x = a, then 
i x + a)fix)-2a fja) 

x-a 

(a) fia) + af'ia) (b) 2 af\a) 

(c) fia) + 2af\a) (d) 2/(a)+/'(a) 

^ _i b-ax . dy . 

26. if y = cot , then — equals 

a + bx dx 


lim - 

x->a 


•equals 


(a) 1 


(b) 


1 


\ + x 


(c) -1 


(d) 


\ + x* 


If/ (x) is differentiable and /'( 4 ) = 5, then 


It 

i-42 


m-fi**) 


equals 


x-2 

(a) 20 (b) 10 (c) -20 (d) -10 

2,s - If fix+y + z) = / ix) f (y) / (z) * 0 and/(2) = 5, 
/'(0) = 2, then/'(2) equals 
(a) 0 (b) ±2 (c) ±5 (d) ±10 


when x * 0 and 0, when .v = 0, 


ii.il 

29. /(*) = « ii ‘‘ 

then / (x) is 

(a) discontinuous every where 

(b) continuous & differentiable at x = 0 

(c) continuous for all x but not differentiable at x = 0 

(d) neither continuous nor differentiable at x = 0 

in „ tan 2 x-2tanx-3 , 

' The value of lim — ~ equals 

jc-»tan"*3 tan x - 4 tan x -H 3 
(a) 0 (b) 1 (c) 1/2 (d) 2. 


T r u 

31. ^ * = e 


-'(¥) then 

> dx 


equals 


(a) 2x [1 + tan (log at)] + x sec 2 (log x) 

(b) x [ 1 + tan (log ac)] + sec 2 (log x) 

(c) 2x [1 + tan (log ac)] + x 2 sec 2 (log x) 

(d) 2ac [1 + tan (log a;)] + sec 2 (log at) 

32. if y = sfsinjx , then -j- equals 
(a) —rL— (b) ^ 


(C) 


2>/sin>/x 

1 


2x 

COS yfx 


2\Jcos\fx 
33. If/(x) = cos _1 


(d) r- r. 7 " 
4y/xyjs\nylx 


l-(logx) 2 
l + (logx) 2 


, then f\e) equals 


2 

(a) T 


(b) 


(c) 1 
dy 


«o > 


34. If sin v + e~ xcosy = e, then at (1, 7i) is 

J dx 

(a) 0 (b) 1 (c) e (d) -1 

35. If/(x) is differentiable even fiinction, then 

(a) f\x) is an even function 

(b) f\x) is an odd function 

(c) f\x) may be even or odd 

(d) f\x) is neither odd nor even. 

36. if y = x + x 2 + x 3 + to °°, where | x | < 1 , then for 

| y | < 1 the value of — equals 
dy 

(a) 1 -2y + 3y 2 -.... to<» (b) y +}? +y 3 + to«> 

(c) l —y +y* —y 3 + ..to °° (d) 1 + 2y + ly 2 + .... to 00 


If 2y = (x-a) V 2ax - x 2 +a 2 sin 1 


dy 

then —equals 
dx 


( a ) yjax-x 2 


\lx 2 - 2ax 


(b) \lx 2 -ax 
(d) \jlax-x 2 
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38. If y = log fl x + log, a + log, x + log. a, then ~ 

dx 

equals 

loga x 
(a) + 


(c) 


X logfl 
1 


(b) 


1 logfl 
xloga x(logjt) 2 


X logfl 


(d) - + xlogfl 
x 


39. If y - sin \ - e** ], then — at x = 0 is 
\6 ) dx 


(a) (b) ~ (c) — (d) — 

24 24 12 w 12 

4I) - If XyJ\ + y+ yjl + x = 0, then — equals 

dx 


(a) 


(c) 


1 


\+x z 


(b) 


1 


l+x z 


1 


(d) -- 


1 


(1 + *) ' ' (1 + JC)" 

41. If|x-l| + |x-2| + |x-3|^6,then 

(a) x>0andjt>4 (b) 0 <jc<4 

(c) x < - 2 and x > 4 (d) none of these. 

42. Which of the following statements is true? 

(a) \x-y\ = \x\-\y\ (b) \*-jA>\x\-\y\ 

(c) \x+y\<\x\-\y | (d) none of these 

43. If |jc — a\ <, h. then 

(a) (x - a) < b (b) a - b < x < a+ b 

(c) x<a-b &a + b< x (d) none of these. 

i4 dx , d 2 x , d 2 y 

44. If — = u and — T = v, then — f equals 

dy dy 2 dx 2 


(c) -4 


(a) -4 (b) — 

u 2 u 2 u 

45. if log x = z, then x 2 equals 
dx 


*» ^ 


, ^ d y 
(a) — f 

dz 2 


<b> 44 

dz 2 d!z 
(d) ^f-2 

72 


d y o dy 
2 


(c) ^z_4: 

dz 2 dz ' ' Jz " 1 dz 

46- If x = -,y = /(x)and — j = kz 2 ^- + z 4 —5-. then 
k equals 2 dx dz dz 

(a) -1 (b) 1 (c) 2 (d) -2 


2 b 

47 . if xy = ax + — , then elimination ofa&b gives 
(a) X 2 .V 2 + 2xyi-j; = 0 (b) X 2 j»/ 2 + 2*)^ +.y = 0 

(c) jc 2 _v 2 2jtvi -t- 2^ = 0 (d) x 2 y 2 + 2xy l -2y = 0 


(x 2 + 4) 

(a) n 2 

i . 
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(dyV 

(a) 

1 

(b) 2 

(c) 

1 — I = k (y 2 + 4), then k equals 

60. 

If lim 

x 3 + l 

-( ax + b ) 

(b) 2n (c) -n 2 (d) -2 n 



jr + 1 

_ 


49. \fy = (sin- 1 x) 2 + (cos -1 x) 2 , then 

(a) (1 -x^+xyt +4 = 0 (b) (\ +x 2 )y 2 -xy l -4 = 0 
(c) (1 -x 2 )y 1 -xy l -4 = 0 (d) (1 -x 2 )^-^ +4 = 0 

50. When the tangent to the curve y = x log x is parallel to 
the chord joining the points (1,0) and (e, e ), the abscissa is 

JlL 2e-l 


(a) 


e-l 


(b) 


► 2e-l 


(c) e 


e-\ 


e-l 


(d) 


51. If 2 a + 3b + 6c = 0, then the equation ax 2 + bx + c = 0 
having at least one root in the interval 

(a) (0,1) (b) (1,2) 

(c) (2, 3) (d) none of these. 

52. In the interval [l,3],thefunction/(jc)=x } -6x 2 + ar + ^ 

satisfies the rolle’s theorem at c = 2 + -j=- , then 

s 


(a) a=ll,b = 6 
(c) a = -ll,6 = 6 


(b) a=l\,be R 
(d) none of these. 

1 


If f(x) = yfx and g(*) = —j=, then c in MVT is 
ylx 

(a) A.M. between a & b (b) G.M. between a & b 

(c) H.M. between a & b (d) none of these. 

54. If a + b + c = 0, then the equation 3 ax 2 + 2 bx + c = 0 

(a) having at least one real root in (0, 1) 

(b) one root in (-1 , 0) and another in ( 1 , 2) 

(c) both roots are imaginary 

(d) roots arc equal. 

55. If f (x) = Ax 2 + Bx + c at c g(a, b) satisfies the 
lagrange’s MVT, then 

(a) c divideds the interval (a, b) in the ratio 2 : 1 

(b) c divides the interval (a, b) in the ratio 1 : 2 

(c) c is the mid point of (a, b) 

(d) none of these. 

J sec 2 1 dt 

The value of lim — equals 

*-»o xsinx 

(a) 1 (b) 2 (c) 3 (d) 0 

The value of lim — — — equals 


(a) 2 
58. 


If lim 

jc-»0 


*->o jt-sinjt 
(b) -2 (c) 1 

sin2x + A:sinx . 


(d) -1 


(a) 1 


jc 3 

(b) -1 


is finite, then k equals 
(c) 2 (d) -2 


59. The integer n for which lim ^ cosx — — ^ QSX — 
is a finite non zero number, is x 


3 (d) 4 

= 2 , then the values of a 




& b are 

(a) 1,-2 (b) 1,1 (c) 1,-1 (d) 1,2 

61. If/M = kx 2 - 9jc 2 + 9jc + 3 is an increasing function, 
then 

(a) k< 3 (b) k< 3 

(c) k > 3 (d) £ is indeterminate 

62. Let/(x) = x 3 + 6x 2 + px + 2 ; if the largest possible 
interval in which/(x) is a decreasing function is (-3, -1) 
then P equals 

(a) 3 (b) 9 

(c) -2 (d) none of these. 

63. The length of the longest interval in which the 
function 3sinx - 4sin 3 jc is increasing is 

(a) ti/ 2 (b) n (c) 3 ti/ 2 (d) tt/3 

64. The tangent to the graph of the function y = / (x) 
makes angles 45° and 60° with the x axis at x = 2 and x = 4 

4 

respectively, then J /'(*)/"(*) dx equals 

(a) f{A) (b) }(2) (c) 0 (d) 1 

65. The rate of change of surface area of a sphere of 

radius r when the radius is increasing at the rate of 
2cm/sec is proportional to 

(a) Mr 2 (b) r 2 (c) r (d) Mr 

66. If minimum value of jc 2 + 2 bx + 2 c 2 is greater then 
maximum value of g( x) = -x 2 - 2cx + b 2 , then 

(a) J2\c\>\b\ (b ) \c\>sf2\b\ 

(c) 0<c<2b (d) none of these. 

67. A point on the parabola^ 2 _ 1 8* at which the ordinate 
increases at twice the rate of the abscissa is 


(a) 


( 41 ) 


(b) (2,-6) (c) (2,6) (d) 


(I-!) 


68. If PQ and PR are the two sides of a triangle, then the 
angle between them which gives maximum area of 
triangle is 

7i k n 2n 

(a) - (b) - (c) - (d) y 

69. Let a and b are the roots of the equation 

x 2 + (3 - k) x - k = 0; then the value of k for which 
a 2 + b 2 is minimum, is 

(a) 0 (b) 1 (c) 3 (d) 2. 

70. The function f(x) = 2x 3 - 3jc 2 - 12x + 4 has 

(a) no maxima or minima 

(b) one maximum & one minimum 

(c) two maxima (d) two minima. 

71. The maximum distance from the origin of a point on 


the curve x = asin/ 




y = a cos t-b cos j, 

(a) a-b 
(c) yja 2 +b 2 


then a, b > 0 is 
(b) a + b 
(d) Va 2 -* 2 


72. The points of extrema of /(x) = J in the 

domain of x > 0, are o / 


(a) (2/1 + 1)- 


(b) nn 

(d) (2« + l)| 


(c) (4n + l)— 

73. The function / (x) = 2x 3 - 9 ax 2 + 12 a 2 x + 1 where 
a > 0 attains its maximum & minimum atx -p & x = q 
respectively such that p 2 = q, then a equals 

(a) 1/2 (b) 3 (c) 1 (d) 2 

* 2 +i _ 2 

74. If /(*)= J e~ l dt, then the interval in which f(x) 


increasing is 

(a) (—,0) (b) (0, eo) 


(c) [-2,2] (d) [3,5] 


75. Let P(a sec0, b tan0) & Q(a sec<(>, b tancj)) where 

jc 2 v 2 

0 + (J) = nJ2 be two points on the hyperbola — + 2L. = \ 

a 2 b 2 

If ( h , k) be the point of intersection of the normals at P & 
Q , then K equals 


g z +r 

a 

a 2 +b 2 


a +b 

(a) — — (b) - 

a 2 +* 2 , JX . 

(C) -J- (d) - b 

76. The curves y 2 = 4x & xy = k cut orthogonally, then 

the value of k 2 will be 

(a) 16 (b) 32 (c) 36 (d) 8 

77. If the st. liney = 4x - 5 touches the curve y 2 = ax 3 + b 
at (2, 3), then 

(a) a = 2,b = -l (b) a = 2,6 = 7 

(c) a = -2,b = -7 (d) a = — 2,b = l 

78. The equation of tangent to curve xy 2 = 4 (4 - jc) 
where it meets the line y = x is 

(a) Jc+y + 4 = 0 (b) x+y = 4 

(c) x-y = 2 (d) x-y + 2 = 0 

79. The locus of the point of intersection of two 
perpendicular tangents to the ellipse is 

(a) straight line (b) circle 

(c) parabola (d) none of these. 

80. Which of the following graphs is a function? 

y 


(a) 


(b) 




MATHEMATICS TODAY | FEBRUARY '09 


49 




(d) 




ANSWER 


ii 

2 . 


3. 

4. 


5. 


6 . 


(b): 

(O : Hints : The function will be defined 
when - 1 < log 3 ^ j< 1 & ^ > 0 

3 — 1 < — <3* & jc>0 =*1<*<9 

3 

(b) : 

( C ) : Hints : [n 2 ] = 9 & [-n 2 ] = -10 

(a) : Hints Let m = a + b &n = a-b 

m+n , m-n 
a = , b 

2 i 2 

f(m,ri) = — (m 2 - n 2 ) (Proceed) 

(c) : 

(even part) (odd part) 


••• g(x) = \{f{x) + /(-*)] = X -[a x + a~ x ] 

. ; Hints :-Puttingx= \,y = l,/(2) = 2-/(l) = 2-7 
Putting x = 2,y = l,/(3) = 3-7 ,/(4) = 4-7, /(5) = 5-7 
•••/(«) = «• 7 

8. (a) : Hints : - Let f(x) = ax 2 + bx + c 

9. (d) 10. (d) 

11. (a): Hints : Put x = tan 0 

12. (a)! n + e = 3.14 + 2.718 = 5.859 

/. lim l(x)+ lim g(jc) = 6 + 5 = ll 

x— >n+e X— »7t+e 

13. (c) 14. (c) 15. (d) 16. (b) 

17. (d) 18. (a) 19. (d) 20. (b) 

21. (c) : Hints : case-I/(x) = -(x- l)-(x-3)=-2x + 4 
when x < 1. case-II /(x) = (x- 1) - (x - 3) = 2 when 
1 <x< 3. case -IE f(x)=x- 1 +x-3 = 2x-4 whenx>3. 

22. (d) : Hints : The function Ix-x^ + |x-x 2 | + |x-x 3 | 

+ + \x - x n \ is continuous at each of x h x 2 , x n but 

not differentiable at jq, x 2 , x n . 

23. (b) 24. (b) 25. (c) 26. (b) 

27. (c) 

28. (d) : Hints : Put x=y = z = 0 

/(°) = I f (0)] 3 or/ (0) = ± 1 . Again put x = 2, y = h 
&z = 0 f(2 + h) = 5.f(h) (±1) 


29. (c) 30. (d) 31. (a) 

33. (b) 34. (c) 35. (c) 

37. (d) 38. (b) 39. (b) 

41. (a) : Hints : Proceed like (21) 


32. (d) 
36. (a) 
40. (d) 



42. (b) 43. (b) 44. (c) 45. (c) 

46. (c) 47. (d) 48. (a) 49. (c) 

50. (a) 

55 . ( a ). Hints : Let /(x) = + cx, then f(x) is 

continuous & differentiable for all x and /( 0 ) =/(l) = 0 

.*. By Rolle's theorem f\c{) = 0 or ac 2 +^c 1 +c = 0. 
By Algebraic interpretation of Rolle's theorem we 
know f\x) = 0 has at least one root between the roots 
of /(x) = 0 

52. (b) 

53. (b) : Hints : By lagrange’s MVT 

(b - d) f\c ) =f(b ) -/(a) and ( b - a) g\c) =g(b)~ g(a). 
Now divide the relations. 


54. (a) 55. (c) 

56. (a) : Hints : Newton leibnitz formula 


d_ 

dx 


j rw 

.0(x) 


=/{( M) <t>'M -Wpc)} 6'W. Given 
[By L’ Hospital’s 


sec 2 (x 2 )2x 


limit is 0/0 form lim 

Jt-»oxcosx + sinx 


57. (a) 58. (d) 59. (c) 60. (a) 

61. (c) 62. (b) 63. (d) 

64. (d) : Hints : /'( 2) = tan ^ = 1 and /'( 4) = tan | = S 
J f\ x )f"(x)dx = J f\x)d l f\x )] = 


76. (C) . niuis,wiq-^- 

-fel-KL- 1 


65. (c) 66. (b) 67. (d) 68. (c) 

69. (d) 70. (b) 71. (b) 

72. (b) : Hints : Proceed like 56. 

73. (d) 

74. (a) : Hints : Proceed like 56. 

75. (d) 

76. (c) : Hints: Let c } =y 1 = 4x & c 2 = xy = k 
1 

lc 2 

77. (a) 78. (b) 

79. (b) : Hints : The equation of the tangents to the ellipse 

— + 2L = i is y = mx±^l a 2 m 2 +b 2 . 
a 2 b 2 

Let they meet at (x 1? y{) 

.*. (yi - mx{) 2 = a 2 m 2 + b 2 . 

or m 2 (xj 2 - a 2 ) - 2/wxjyj +y 1 2 -/> 2 = 0, now Wj x m 2 = -1 , 
y}-b 2 

-j T = -l locus of(x 1 ,y 1 ) isx 1 2 .+ y 1 2 = a 2 + 6 2 

Xi - a 

i.e. 9 x 2 +)?■ = a 2 + b 2 which is a circle. 

80. (c) 
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Series - 2 


Understanding concepts 


Limits and Differential Equations 

Learn fast will aid students in quick understanding of concepts on the above topics. 


LIMITS 


What is limits ? 

Let us first try to understand what is limit? May be the 
given examples are best to illustrate limits. Assume you 
are travelling from point A to point B while passing 
through point C. The average speed from A to B can be 
calculated by simply taking the ratio between the distance 
from A to B and total time taken to travel from point A 
to B. But this has no physical meaning. Indeed, let us 
suppose that a policeman is standing at point C checking 
for speeders through C. Then the policeman does not 
care about the average speed. He is only interested about 
the speed that you see on the speedometer, the one that 
the car actually has when crossing C. Now the question 
arose “How to compute this instantaneous speed? But 
this is not easy at all. The one natural way to do this is to 
compute the average speed from C to points close to C. 
In this case the distance as well as the time from these 
points to C is very small. And hence the average speed 
is calculated using these small values. These average 
speeds over small distances get close to a certain value 
and that value should be called the instantaneous speed 
at C. 

• Now let us express this more mathematically. 

If J[t) is a function that determines the position of the 
moving object, and assume that at time t 0 , the moving 
object is at C. At t 0 + At we are at some point close to C. 
Then the average speed between these two points is 

/(;o + A/) ~/(/q) 

At 

• Then we study these numbers when At gets smaller 
and smaller. This is exactly the idea behind limits. 

• We will write lim JSb l to indicate the 

A/— >0 At 

instantaneous speed at C. 

• Consider another example. Let a regular polygon be 
inscribed in a circle of given radius. We may notice the 
following points. 

(i) The area of the polygon /Y 
cannot be greater than the area (/ 

of the circle however large the /j 

number of sides may be. ^ jy 



(ii) As the number of sides of the polygon increases 


indefinitely, the area of the polygon continually 
approaches the area of the circle. 

(iii) Finally the difference between the area of the circle 
and the area of the polygon can be made as small as 
possible by sufficiently increasing the number of sides 
of the polygon. 

• This is expressed by saying that the limits of the area 
of the polygon inscribed in a circle as the number of 
sides increases indefinitely, is the area of the circle. 

• Meaning of jc — » a : Let x be a variable and a be a 
constant. Since jc is a variable hence it can be changed 
to assume any value. It can be so changed that its 
value come nearer and nearer to a. Then we say that x 
approaches a and express it by the notation x a. More 
mathematically. 

Given a number 5 > 0 however small, if jc takes up 
values such that 0 < | jc - a \ < 8, then jc is said to tend to a 
and is symbolically written as x — > a. 

• Limit of a function: Let/jc) be any function of jc. If 
jc approaches a fixed a,J[ jc) approaches a fixed and finite 
quantity / then limit of/(jc) is said to exist at x = a and is 
equal to /. 

• Symbolically lim /(*) = / = / or/jc) -> / as x -> a. 

x—*a 

• The formal rigorous definition of limit of a function 
is given as: 

Let /(jc) be a function of jc. If for every positive 
number e > 0, however small it may be, there exists a 
positive number 5 such that whenever 0 < |jc - a\ < 8 we 
have |/(jc) — / 1 < e, then we say/jc) tends to the limit / as 
‘jc tend to a’ and write lim /(*) = /. 

x — )a 

Right hand and left hand limits : 

• Sometimes the function is not defined around the 
point a but oniy to the left or right of a. Then we have 
concept of left hand limit and right hand limit at a. 

• Right hand limit : If /(jc) approaches /j 
when x approaches a from right side- of a , i.e. 
jc > a then l } is called right hand limit of j{x) at 
jc = a. 

Symbolically lim /(jc) = l x = lim f(a + h) where h > 0. 

x->a + 

• Left hand limit : If J[x) approaches l 2 when x 
approaches a from left sides of a i.e. x < a, then / 2 is 
called left hand limit of /(jc) at x = a, symbolically 

lim /(jc) = / 2 = lim f(a - h) where h > 0. 

x->a 
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• Note: A function J{x) is said to posses the limiting 
value only if its right hand limit equals left hand limit. 

• Indeterminate forms: Now the question arises why 
to calculate lim f(x) but not f(a). For answering this let 
us consider one example. 


1 _ y 2 Q 

If we assume /(*) = then/(l) = - (not defined). 

1-jc 0 


Hence the value of /( x) at x = 1 cannot be determined. 

• Although we may not be able to report a exact 
value but we can report a limiting value of f(x) at 
x= 1 although /(l) theoretically is indeterminate. Not only 
0/0, there are several other forms which are known to be 
indeterminate like (i) 0/0, (ii) oo/oo (iii) oo - oo (iv) oo x o 
(v) oo° (vi) 0° (vii) jc°° where a: — > 1 . 

• In all these, only the limiting value can be 
determined. To calculate the limiting value for 
such cases in general a rule is used known as 
U Hospital rule which states that “If f(x ) and g(jc) 
are both zero at some point x 0i and / and g are both 
differentiable at every point except possibly jc 0 of an 
open interval ( a , b) that contains jc 0 and g\x 0 ) * 0 ; 
x e (a, jc 0 ) u (x 0 , b) then 

• The rule holds good if both J{x) and g(x) tends to oo 
as x — > jc 0 . 

• Although this rule is not directly applicable to other 
indeterminate forms, it can be applied after reducing the 
given form either to 0/0 or to oo/oo. 


Some basic properties of limits : 

1. To start with various properties of the limit let us 

note that the limit, when it exist, is unique. 

i.e. if lim f(x) = K and also lim /(jc) = L, then^T = I. 

x—>a x—>a 


2. The limit of the sum of two functions is equal to the 
sum of their individual limits. 

i.e. lim (/ + g)x= lim f(x)+ limg(jc). 

x— x— >a x—>a 

3. Similarly the limit of the difference of two functions 
is equal to the difference of their limits. 

i.e. lim(/ - g)x = lim f(x) - lim g(x). 

x—>a x—>a x —>a 

4. The limit of the product of two functions is equal to 
the product of their limits. 

i.e. lim (fg)x = lim /(*). lim g(x). 

x — x — >a x— >a 

5. The limit of quotient of two functions is equal to the 
quotient of their limits provided the limit of the divisor 
is not zero. 

i.e. lim(/ + g)jc = lim / (x)/lim g(x), where lim g(jc) * 0. 

.x— »a x -*a x—>a x 

6. The pinching or Sandwich theorem: Assume that 
h(x) <J[x) < g(x) for any interval around the point a. If 
lim /)(*) = / and lim g(x) = / then lim /(*) = /. 

x ~* a x->a x ->a 

• Limits and infinity: Concept of infinity is one of the 


mysteries of mathematics. So what is ~? It is simply 
a symbol that represents large numbers. Do not treat ± 
oo as ordinary numbers. These symbols do not obey the 
usual rules of arithmetic for instance oo + 1 = oo s oo - l = 
oo, 2 . oo = oo etc. 



x - 3 — > 0 as shown in fig. 
lim f{x) — — ^ = — oo and lim f(x) = = +oo. 

jc-> 3" 0 x-*3 + 0 

• Note that when x get closer to 3, then the points on 
the graph get closer to the vertical line x = 3. Such a line 
is called a vertical asymptotes. 

A liney = mx + c is said to be an asymptote of the curve 
y =/(*) if it touches the given curve either at oo or at -<» or 



Thus for a given function /( jc), there are four cases in 
which vertical asymtotes can present themselves are 
shown in figure. 






(i) lim f(x) = -oo; lim /(*) = -oo 

x—>a x — >o + 

(ii) lim /(jc) = — oo; lim /(^) = +oo 

x -+a~ x—>a+ 
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(iii) lim /(x) = +<»; lim /( x) = -«> 

x — >fl _ x-*a+ 

(iv) lim /(*) = +«>; lim/(x) = +«> 

X— >fl" 

• Next we investigate the behaviour of functions when 
x —> ± x — > oo means that the value of x so changes that 
it can be made greater than any pre-assigned positive 
number however large. Now if f(x) be a function of x , 
and if f(x) — > l as x «>, then we say that the limiting 
value of /(x) is / when x tends to infinity. In symbol it is 

written as lim /(*) = /. 

x— 

Consider lim — . 
x->°o x 

Some useful facts about the above function are: 

(i) As x approaches 0 from the right, \/x tends to oo. 

(ii) As x approaches 0 from left, 1/x tends to -oo. 

(iii) As x tends to oo, 1/x approaches to 0. 

(iv) As x tends to -®o, 1/x approaches to 0. 

• Thus to find lim /(x), divide the numerator and 

X — 

denominator of the function by the highest power 
of x present in the fraction and then use the idea of 


1 1 

— , — -r-,... — » 0 as X — > oo. 

X X 

Some standard results for evaluating trigonometric 
limits 

( lim sin x = 0) / lim cosx = l) 

\x — >0 / \x -*0 / 


f lim = 1^ = 

Vx->0 X ) Vx— >0 X ) 

Note that in lim^^ = l, x is expressed in radians. 

x— >0 X 

Whenever degree measure of an angle is given, it should 
be converted into radian measure by the conversion 
formula x° = 7tx/180 radians. Moreover, x should tend 
to zero, and the angle x in the numerator, x in the 
denominator should be same. 


Evaluation of exponential and logarithmic limits 

(1) lim(l + x) 1/:r = c (ii) limfl + -l =e k 
*-»° x >°° \. X J 

(iii) lim(l + Xx) 1/j: =e 1/x (iv) lim^— !- = l 

x— >0 x-»0 Q X 

(v) lim^^ = log e fl(a>0) 

x-40 X 

(vi) limlog < ,(l + Ar) l/j: = log e e = l 

x— >0 

, f . lim[/(*)-I]g(*) 

(vn) hm[/(*)] g ' ' =e x ~ > “ 

X — >o 

where g(x) —> 0 and /(x) — » 1, asx — » a. 
The following illustrations will make the conecpt more 
clear. 


Illustration l.pind 


( X , IX , X 

a +b +c 


lim 

x— >0 


! Let y= lim 

x— >0 


(a, b, c > 0). 

\2/x 


r a x +b x +c 


Then log^ = lim - log 
Jf— >o x 


x * i~x , . 

a +o +c 


(1“ form) 


= 2 1 im l0g( ‘ , * + y+c '^ 08(3> (0/0 fom,) 

x— >0 X 


1 

a x log a + b x log b + c x logc 

_a x +b x +c x _ 

1 


= 2 lim 

x->0 

(By L. Hospital rule 

2 2 
= - (logo + lo gb + logc) = ^log (abc) = \og(abc) 2 } 

=> y = (abc) 23 . 

x n 

Illustration 2. ij m — = ? (« integer), for all values of n. 

x-*°o e x 

Soln.: if n j s _ ve integer, then n = - m , where m eN. 


lim — = lim — 


-= lim 


- = — = 0 


x — >°° e 


x — >°° e 


x n 1 1 

If n = 0, then lim — = lim — = — = 0 
x — >°° e x *->°° e x °° 

x n 

If n e N, then lim — = 0. 

X->oo e X 

Illustration 3. if x ls re al number in [0, 1], then find the 
value of lim lim[l + cos 2m («!7ix)] 

m— »oo/i— » 00 

Soln.: if x g Q, then n ! tex will be an integral 
multiple Of 71 for large value of n. Therefore 
cos(« ! 71 x) will be either 1 or -1 and 
so cos 2m (n\ Tlx) — 1 . 

lim lim[l + cos 2m (w!7ix)] = l + l = 2 

m — > 00 n — >° e 

If x £ Q, n ! 7ix, will not be an integral multiple of 71 
and so cos(«! tcx) will lie between -1 and 1. 

Thus lim cos 2m («!7ix) = 0 
=> lim lim [1 + cos 2 (/z!7ix)] = l. 

> 00 

Illustration 4. Determine the value of lim 
Soln.: ... ijm /(*) = H m /(-71 _ h) 

h->0 




= lim 


X — > — 7l" 

-n-h + n\ 


= - lim - 


sinx 


■ = lim - 


h-+o sin(-7i - h) a- 40 sin(7i + h) /»— >o sin /i 

and lim f(x) = lim f(-n + h) - lim 1 - 7l + ^ + 7l l 
x->-n + /»-> o /»— >o sin(-7t + h) 

= -lim — = -l 
A->osin/j 

Since R.H.L. * L.H.L. 

lim /(x) does not exist. 

X — >— 71 


= 1 
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Illustration S.pind the value of lim x m (logx) n , m, 

x — » 0 + 

neN. n 

Soln.: ii m x m (logx) n = lim - (oo/oo form) 

x — > 0 + x — » 0 + X m 

r* r it • i r n(l0gx) n-l (l/x) 

By L. Hospital s rule, lim : — - 

x -> o + - m *-"- 1 

/i(logx) n , , c x 
= lim — ( oo/oo form) 


x->o + -mx 


w ( w - IXlog*)'’ 2 x (l/ x) 


= lim 


j— > o + (~m) 2 x m 1 

n(n - l)(logx)" _2 , r x 

= lim 7 t— 2 (oo/oo form) 

c— >o + m 2 x' m 

(Repeatedly differentiating numerator and denominator 
n times) we get, 


n ! 


• = 0. 


lim 

x — » o + (- m) n x m 
Illustration 6.jf /(*) = Sl "^ , [x]*0,= 0, [x] = 0 

where [x] denotes the greatest integer less than or equal 
to x, then lim / (x) equals 
(a) 1 ~° (b) 0 

(c) - 1 (d) none of these. 

Soln.:pirst note that by def. of [x], we have 
[x] = -1 when - 1 < x < 0 
and [x] = 0 when x < 0 < 1 
Hence by def. of 

/ (x) = S — -y = sinl when-l<x<0 

and /(x) = 0 when 0 < x < 1 . 
f(0-0)= lim sin 1 = sin 1 . 

h — >0 

and /(0 + 0) = lim 0 = 0 
//— >o 

since /(0 - 0) * /( 0 + 0) the limit of /(x) at x = 0 does 
not exist. 2 

Illustration 7. ^ 0* + *) sin (« + *)-« s ma = 
h — >o h 

(a) a 2 cosa + a sin a (b) a 2 cos a + 2a sin a 

(c) 2tf 3 cos a + a sin a (d) None of these. 


Soln.: (b) n m 

h—>0 


(a + h) 2 sin(a + h) - a 2 sin a 


(a + hY[sin(a + h)- sin a]+sin a[(a + h) 2 - a 2 ] 


= lim 
0 

1 9 
= lim - (a + A) 2 cos 
h-*oh 


(^Mi) 


+ lim— (sina)[a 2 +2 ah + h 2 - a 2 ] 
h-*oh 


= lim(tf + A) 2 cos 

h — >0 


( 2a + h\si 

l 2 )~ 


sin(/i / 2) 


+ lim(sintf)(2a + / 2 ) 



(hi 2) a-o' 

= 0 2 costf.l + (sina)(2a) = a(acosa + 2sina). 
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Illustration 8. lim [x - yj(x 2 + x)] = 

X— 

(a) 1/2 (b) 1 (c) - 1/2 (d) 0 

Soln.: (c)p u t x = \/h, then h — > 0 as x -» °o 

Then lim [x-^(x 2 + x)] 

X — >°° 


= lim 
/»-> o 


HH) 


A->0 


A 

-A 


= lim '-W = lim _ 

A-*0 /l[l + 7(1 + /|)] *->» *[1 + ^(1 + /,)] 

_ |im 1 _ -1 = 1 
*-0 l + ^/(l + /)) 1 + 1 2' 


tan x - sin x 


Illustration 9. ij m 

x — >0 x J 

(a) 1 (b) 2 (c) 1/2 (d) - 1 

Soln.: (c) lim tanjr ~ sin * = lim sinx(l-cosx) 


x -»0 


x->0 X cosx 


= lim 

x — >0 

= lim 

x — >0 


2 sin(x / 2) cos(x / 2)2 sin 2 (x / 2) 


x cosx 


4 sin (x/2) cos(x/2) 


.tonirwzr 

x->o2{ x/2 J 


cosx 

cos(x/2) _ 1 j j _ 1 
~~ 2 ' ' ~2 


cosx 

Alternative Method : By expansion 


tanx-sinx 
= lim z = lim 




x -»0 


= lim 

x — >0 


(HV- 


At-»0 


illustration 10. Suppose / : R — > R is a differentiable 
function and /(l) = 4. Then the value of 

lim — dt i s 
*-*i j4 (x-l) s 

(i) 8/'(l) (b) 4/'( 1 ) (c) 2/'(l) (d) /'( 1) 

Soln.: (a) H m f [ (x) —dt = lim — [t 2 ]I M 
*-» i J4 x-l x-»i x-l L J4 

= lim — - — [_/~ 2 (x) — 16] [form 0/0, since /(l) = 4] 

x-*\ X-l 

=Iim M£!£M = 2/(1)/ . (1) 

x — >1 1 

= 2 x 4/'(l) = 8/'(l). 

[Note that since /(x) is differentiable,/'(l) exists.] 


DIFFERENTIAL EQUATIONS 


Differential Equations : A differential equation is an 
equation which contain dependent and independent 
variable and different derivatives of the dependent 
variables. 




dy d 2 y 

For example : — = xy + 1 or — y = 2x + 2y + 4 
dx dx 

Order and degree of differential equation : The order 
of the highest derivative appearing in a differential 
equation is called the order of that differential equation. 
The power of the highest order derivative appearing in 
a differential equation is called degree of a differential 
equation. 

ILLUSTRATIONS 


order degree 

1 1 

2 1 

3 2 

General solution of a differential equation : A solution 
of a differential equation means a relation between the 
variables jc,y and z etc. and some constants, which satisfy 
the given differential equation. 

d 2 y 

For example : y = sinx is solution of — y + y = 0 . 

dx 


Differential Equation 


( 2 ) 


( 3 ) 


dy 

ix 

d 2 y 


(1) ™+2xy = x 3 

dx * 


2 + 5^- + 6y = 0 


dx dx 

r d'y 




+ 6y = 0 


The solution of a differential equation which contains a 
number of arbitrary constants equal to the order of the 
differential equation is called the general solution of the 
given differential equation. 

Note that the general solution of a /I th order 
differential equation has n arbitrary constants. 
It must be remembered that the first order differential 
equation has only one arbitrary constant similarly, a 
second order differential equation has two arbitrary 
constants and so on. 

Types of differential equations : 


I. A differential equation of the form 



is said to be of first order and first degree. Its general 
solution will contain only one arbitrary constant. 


II. A differential equation of the form 


= 0 


' dy 

f <fy V 


x , > 
^ dx 

UJ ’ 

idj J 


F(x, y, p, p 2 p") = 0 where p = ^ 

dx 

is of order one and degree n. Its general solution will 
contain only one arbitrary constant. 

III. A differential equation of the form 

dy 

. + a n _ l ^- + a n y = X 


d n y d n ~'y 
dx" 1 dx"'' 


dx 


is called an /2 th order linear differential equation with 
a u a 2 , ... , a n as its constants coefficients. 


IV. A differential equation of the form 
n d n y n -\ d n ~ l y dy __ 

dx - 1 dx n -' n 1 dx 


is called an n lh order homogeneous linear differential 
equation. 

V. A differential equation of the form 
d 2 y dy 

— y + P-y- + Qy = R where P , Q and R are functions 
ct r dx 


of jc alone is called a second order linear differential 
equation. Its general solution will contain two arbitrary 
constants. 

VI. A pair of differential equations 

^j- + a x x + b\y = /(/); ^ + a 2 x + b 2 y = g(t) 
dt dt 

(where a,, a 2 , b x an d b 2 are constants) is called 
simultaneous linear differential equations with constant 
coefficients. 

VII. Another form of simultaneous equations is 
dx _dy _dz 

~P~~Q~~R 

where P, Q and R are functions of jc, y and z. 

VIII. A very special and important class of first order 
differential equations known as total differential 
equations is Pdx + Qdy + Rdz = 0. 

Here P , Q and R are functions of jc, y, z. 

Its general solution consists of only one arbitrary 
constant. 

Methods for solving some particular type of differential 
equation of first order and first degree 

All the differential equations of first order and first 

degree cannot be always solved. Here we will discuss 
some special particular type of the differential equations 
and various methods to solve them. 

I. Equation with separated variables : A differential 
equation of the form f{x)dx + g(y)dy = 0 is said to have 
separated variables. 

Its solution is 

ff(x)dx + jg(y)dy = c where c is the constant of 
integration. 

The following illustrations will make the concept more 
clear. 


The following illustrations will make the concept more 
clear. 

Illustration 1. Solve 3e x tonydx + (1 - e*)sec 2 ydy = 0 

, 3e x , sec 2 y 

Soln * we have dx + dy = 0 

l-e x tany 

Integrating on both sides, we get 

—3 log(l - eO + logtany=logc 

=> log((l - ^)” 3 tan y) = logc 

==> , = c is the required solution. 

0-<) 3 
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Illustration 2 . Solve y-x- y--3 l + * 2 y- 
ax V ax 

Sol „, r -3-,(3, + l)| 

=> f-^-= f — — — 

V-3 J x(3x + 1) 

=> log(y-3) = |^-J^-j- + logc 

=> log(y - 3) = log* - log(3jc + 1) + logc 
=> log(v - 3) + log(3jc + 1) = logc + log* 

=> log [(3a: + l)(y - 3)] = log(xc) 

=> ‘ (3jc + 1)0 - 3) = cjc 

cx = (3jc + 1)0 - 3) is the solution. 

II. Homogeneous Equation : A differential equation of 
the form 

y- = y [ , where f (jc, y) and f 2 (x,y) are homogeneous 

f 2 (x,y) 

functions of x and y of the same degree is called a 
homogeneous equation. 

Working Rule : To solve a homogeneous differential 
equation, we follow the following procedure : 

dv dy 

Step 1 : Put y = vjc so that v + jc — = — 

dx dx 

Step 2 : The equation thus obtained will be of the form 
in which variables v and x are seperable i.e. we get 
f(v)dv +f 2 (x)dx = 0. 

y 

Step 3 : After integrating this, replace v by — . 

x 

The next few illustrations will make the concept more 
clear. 

Illustration 3. So\vc x-^- y = yjx 2 + y 2 
Soln.: The given equation may be written as 


y + Jx 2 +y 2 


...( 1 ) 


dy 

dx 

dy dv 

Put y = vx so that — = v + x— 
dx dx 

Thus equation (1) reduces to 

dv vx + yjx 2 + v 2 x 2 v + Vl + v 2 


V + JC — = - 

dx 
dv 


dx 


dv 


1 

dx 


s/l + V 2 * 

Integrating both sides, we get 

log [v+V l + v 2 ] = logjc+logc => v + yjl + v 2 = 


xc 


Put 


V= z => z + J 1+ 2L = 


= XC 


V 2 2 2 

x +y = x c is the required solution of given 
differential equation. 


Illustration 4. Solve y-xp=x+yp | where P = —, 


( where '"s) 


Soln.: The given equation can be written as 

dy y-x dv v-1 _ 

— = or v + jc — = (By putting y = v.r) 

dx y + x d; c v + 1 


or 


dv _v- 1 _-(l + v) 

dx v + 1 v + 1 

J (iT7)* +, 7 =l08c 

1 2 -1 
— log(l + v ) + tan v+logJc = logc 


log 


< 4 ~\ 


+ v z 


■ = - tan v; 


Put v = - 




n — i _tan - 

Hence yjx +y = -ce x is the required solution. 

III. Non-Homogeneous Equations : Non-homogeneous 
equations of the first degree in jc and y are of the form : 
dy _ ax + by + c 
dx Ax + By + d 

The above equation can be reduced to the homogeneous 
form as follows : 

Put x = X + h, y = Y + /c, where h and k are arbitrary 
constants. 

• —-v i 

dX ’ dY 

=> ^_ = dy_,dY__dX_ = { dY_ x _dY_ 

^ dx~ dY~ dx' dx~ dX X ~ dX 
equation ( 1 ) thus reduced to 
dY _ aX + bY + {ah + bk + c) 
dX ~ AX + BY+(Ah+ Bk-i- d) 
we choose the constants h and k in such a way that 
ah + bk + c = 0 and Ah + Bk + d=0 ...(3) 

From (2) and (3) we finally get 
dY _ aX+bY fa 

dX ~ AX + BY l/l * B) " (4) 

Equation (4) is a homogeneous equation in X and Y, 
which can be solved by substitution Y=VX.> 

e i dy _x-2y + 5 
I (lustration 5. Solve . ^ “ 2 r + ; - 1 

Soln.: Put x = X + h 9 y = Y + k thus the given equation 
reduced to 

dY _ (X + h)-2(Y + k) + 5 
dX ” 2(X + h) + (Y + k)-\ 
dY _ X -2Y + (h-2k + 5) 
dX~ 2X + Y + (2h + k-\) 

Choose h, k so that h-2k+ 5 = 0 and 2h + k - 1 = 0 
-3 11 

Thus h = — ; k = — ...(2) 

5 5 w 

dY X-2Y 

dX~2X + Y - (3) 

is a homogeneous equation. We substitute Y= VX so that 

dY dV 

— = V + X — 
dX dX 
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dV \-2V 

Putting in (3) we get; V + X — = 

dX 2 + V 

„dV \-2V \-4V-V 2 

dX 2 + V 2 + V 

, V + 2 __ t dX . _ 

=> f z dV + f = logC 

V 2 + 4V - 1 J X 

put V 2 + 4V- 1 =/ 

=> ij— + logA r = logC => ^logr + logJf = logC 

=> tX 2 = C 2 => (V 2 + 4V - \)X 2 = C 2 

3 11 

Put* = x + - Y = y 

5 5 

jc 2 -y 1 - 4xy + IOjc + 2y = a (for some constant a) is 
the required solution. 


IV. Linear Differential Equations 


dy 


(1) A differential equation of the form — + Py = Q , 

dx 

where P and Q are functions of x only or constant is 
called a linear differential equation. 

Working rule for solving linear differential eqns : 

dy 

Step 1 : Write the given equation in form — + Py = Q, 

dx 

P and Q are functions of jc only or constant. 

Step 2 : The solution of the differential equation is 
y(I.F.) = \Q-(I.F)dx + C 

The next few illustrations will make the procedure more 

clear. , /; J 

dy y jc + Vl-* 

Illustration 6 : Solve — + 


dx (l-x 2 f 2 


( l -* 2 ) 2 


Soln.rwe see that \Pdx = \ 

Put x = sin0 => dx = cos0 dd 
Thus we get; 

r COS0£/0 f .2 


dx 


(1 -x 2 ?' 2 


\Pdx = \- 


= Jsec 2 dQ = tan0 = 


cos 3 0 

I.F. = J Pdx = 

Thus the solution is given by 


VT7 


ye 


X N 


_ f 0 x!^ . X + >j\ X 


^ 0 (sin 0 + COS 0) cos 0 


dx + C 


=J 


dQ+C 


cos 4 0 

= Je tan6 (sec 2 0tan0 + sec 2 0)t/0 + C 
put tan0 = t 

= J e* (t + \)dt + C (integrating by parts) 
= te' + C = tan0<? ,ane + C 


=> ye 


t xN\-x‘ 


xl 


Jl-x 1 


^ +( 


y-Ce 


-jr/Vl-JT 


/ \-x z 


is the required solution. 


dx 

(2) Linear equation of the form — + Rx = 5 

dy 

where R, S are the functions of y alone or are constants. 
In such type of equations the integrating factor will be 
i p -.J Rdy and hence the solution of the equation is 
given by jc(LF.) = JS(I.F.)</y + C. 

Illustration 7 . Solve (1 + y 2 )dx + (x-e~ ,m ' y )dy = 0 

, dx x-e-™' y n 

Soln.: we have — + — - 2 — = 0 

dy 1 + y 


dx 1 
or — + - 


dy 1 + y 2 


rx = 


I.F. = e 


- y 


i+y 

dy 


...( 1 ) 


Thus the solution is given 

-tan -1 y 

x e *n 'y _ jf ^tan y 


Hence xe 130 ' y = lzn~ l y + C is the required solution. 
(3) Equations Reducible to the linear form: consider the 

differential equation of the form 
dy 


1 + / 


dy + C 


dx 


+ Py = Qy n 


...( 1 ) 


where P and Q are functions of x. We can reduce (T) to 
the linear form as follows. Dividing both sides of (1) by 
y n , we get 
- n dy 


y -r + Py 

dx 


-n+l 


= Q 


Put y 




...( 2 ) 

' _ dz 
dx~~dx 


Substituting in (2), we obtain 

^ + (1 -n)Pz = (1 -n)Q 
dx 

which is now a linear differential equation with z as 
dependent variable. 

Illustration 8. Solve x^- + y 2 x = y 

Soln.: Dividing by jc, we get 

dy__y_- ~ 2 

dx x 


~T~~ ~ ~y“ dividing by ( -y 2 ), we get 


~L* + Li = i 

y dx x y 

_ 1 1 dy dz 

Put - = z => — j— = — 
y y dx dx 

Thus equation (1) reduces to 

dz 1 

— + — • z = 1 
dx x 


...( 1 ) 


...( 2 ) 


J 1 * 

Y 


= e ]ogx = x 


I.F. = e 
Thus the solution of (2) is 

z-x = Jl -xdx + C => — x 2 + C = zx 
jc 1 ^ 

=> — = — x 2 + C is the required solution. 

y 2 


■■ 
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I BEAT THE— 

TIMETRAPS 


Rule - 1 : Binomial theorem for positive integral index: 

If n is a positive integer and x,yeC then 

(x + y) n = "Ctff-y + "C^-'y 1 + ... + a cy-y + ... + 

n c„. l x/-'+"cyy ...(i) 

Here "C 0 , "C lt "C 2 ... "C„ are called binomial coefficients 
If we replace y by -y then 

(x -y) n = "Co*" y° - "C,x"' V + ... + (- 1 )" ...(ii) 

Rule - 2 : Adding (i) and (ii) 

(x + y) n + (x-y) n = 2{x" + "Cy V + ...} 

= 2 {Sum of odd places terms} 

Rule - 3 : Subtracting (ii) from (i) 

(x +y)" - (x-y) n = 2{"C,x"-y + "CjX^V + ...} 

= 2 {Sum of even places terms} 

If we replace x by 1 and y by x in (i) 

Rule - 4 : ( 1 + x)" = "CoX° + "C,x + "CjX 2 + ... + n cy 
or (l + x)"= £"C r x r 

r= 0 

If we replace x by 1 andy by -x in (i) 

Rule - 5 :( 1 - x)" = "Co* 0 - "C,x' + "Cx 2 ... + "C„(-l )V 
or (l-x)"=t(-l) r "C r x r 

r-0 

Rule - 6 : General term 

The term n C r x n ~ r y r is the ( r + 1 ) th term from the beginning 
in the expansion of (x + y) n . It is called the general term 
and is denoted by T r+1 . 
r r+1 = n c r x"-y 

Rule - 7 : /7 th term from the end is equal to the (n - r + 2)* 
term from the beginning, 

i.e. 9 n c n _ r+l jry- r + l 

Rule - 8 : (r + l) th term from the end in the expansion of 
( a + b) n is same as the (r+l)'*' term from the beginning 
in ( b + a) n . 


Rule - 9 : Middle term 

When n is an even : Then total no. of terms in the 
expansion of (x + y) n is n + 1 (odd) 


So there is only one middle term, 
the middle term when n is even 


) , Nth 

(r 1 ) 


term is 


T = n C 

1 n '■"» 


- + 1 


nil 


,x nl2 y nl2 


When n is an odd : Then total no. of terms in the 
expansion of (x + y) w is n + 1 (even). 

( 1 1 + 1 v h ( n + 3 V h 

So there are two middle terms i.e. and 

are two middle terms. v 2 ; 


Binomial Theorem 


They are given by 

(n+l) (n-l) (n-1) («+l) 

” c (n-i) X 2 y 2 and "C (<ttl) x 2 y 2 
2 2 
Rule - 10 : Greatest term 

To find the greatest term (numerically) in the expansion 
of (1 +*)". 

(l) At first, calculate m = - — — 

1*1+1 

(ii) If m is integer, then T m and T m ^ ] are equal and both 
are greatest terms. 

(iii) If m is not integer, then T [m]+ , is the greatest term, 
where [.] denotes the greatest integral part. 

Rule — 11 : Greatest coefficient 

(i) If n is an even, then greatest coefficient = 

(ii) If ii is an odd, then greatest coefficients are 

C(n- 1) an d ^(n+l) 

2 2 

Rule - 12 : Properties of binomial coefficients 

(i) Sum of the binomial coefficients in the expansion of 

(1 +x) n is 2": 

v (1 + x) n = C 0 + C\X + C 2 X 2 + ... + C„x n 
Putting x= 1 

2 n = C 0 + C } + C 2 + ... + C„. 

X C r = 2 n 

r = 0 


Rule - 13 : The sum of the coefficients of the odd terms 
in the expansion of (1 + xY is equal to the sum of the 
coefficients of the even terms and each is equal to 2” 1 : 
Since ( 1 + xY = C 0 + C x x + ... + C n x n 
Putting x = - 1 

0 - C 0 - Cj + C 2 - C 3 + ... + (-1 )"C ;| ...(i) 

and 2” = C 0 + C\ + C 2 + ... + C n ---(ti) 

Adding (i) and (ii) 

V = 2(C 0 + C 2 + C A + ...) 

=> C 0 + C 2 + C 4 + ... = 2 n ~ 1 
Subtracting (i) from (ii) 

Note : C| + C 3 + C 5 + ... = 2" 1 


Rule - 14 : To find sum of coefficients, put x = 1 in 
the given binomial or multinomial term. Multinomial 
theorem (for a positive integral index) 

If n is a positive integer and a,, a 2 , a 3 ..., a n e C then 

» i 


+ a 2 +... + a m ) n = Y< 


n x \n 2 \...n m \ 


n, n 2 „n 
n . 1 n~~ n 
u 2 m 
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The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world for training 
and research in statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of the 
institute, offers comprehensive instruction in the theory, method and application of statistics, in addition to several 
areas of Mathematics and some basic areas of computer science. 

Each candidate applying for admission to this programme has to take a selection test comprising Objective type and 
Short-answer type questions in mathematics at the Higher Secondary level (10 + 2 year s programme). 

The selection tests consist of 

(1) A multiple choice type test having about 30 questions, and 

(2) A short-answer type test having about 10 questions. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A M., G.M., and H.M., 


complex numbers. 

Geometry : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates. 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, 
equations of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration. 
Trigonometry : Measures of angles, trigonometric and inverse trigonometric functions, trigonometric identities 
including addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances. 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods of 
differentiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph of 
functions, methods of integration, definite and indefinite integrals, evaluation of area using integrals. 

Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the first Mock ISI paper, which 
closely simulates the real exam. 


MULTIPLE CHOICE QUESTION TYPE 


I • The number of solutions to the system of equations 

[x] + 3{y} = 3.9 and {x} + 3[y] = 3.4 is 

(a) 1 (b) 2 

(c) 3 (d) None of these 

2. Suppose that .r, y E R for which x + 3x 2 + 4.x + 5 = 0 
and^ 3 - 3 y 2 + Ay - 5 = 0, then ( x +>') 42 = 

(a) 0 (b) 1 

(c) 2 42 (d) None of these 

3. The number of sets (x, y, z) of real numbers for 
which x+y = 2 and xy - z - 1 (is/are) 

(a) 1 (b) 2 

(c) 3 (d) None of these 

4. The number of integers for which 

By 


(4 _ *) 4 ~ x + (5 - x ) s ~ x + 1 0 = 4 X + 5 X (is/are) 

(a) 1 (b) 2 

(c) 3 (d) None of these 

5. The climinant of 0 in, x = cot 0 + tan 0 

y = sec 0 - cos 0 is 

(a) xy A = 1 + xy + 3 xy 2 (b) xy 1 = 1 + xy + 3 xy 

(c) x y =1+3 xy 

/JS 44,22 1.24,42 

(d) xy +xy = 1 +xy +xy 

6. Let a and b be real parameters. One of the roots of 

12 2 

the equation x — abx + a = 0 is greater than 2, then 
(a) |6| > 64 (b) \b\ < 64 

(c) |6| = 64 (d) |6| < 32 


: Er. Tapas Kumar Yogi, Bhubaneshwar 
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7. Let a, b G R for which 60 a = 3 and 60 b = 5, then 

1 -a-b 

1 2 2o^ 5 is 

(a) 2 (b) 3 (c) 6 (d) 12 

For each positive integer n, the expression 

(3 - 2V2)(1 7 + 1 2 sfiy + (3 + 2V2)(17 - 1 2 - 1 / 2 y - 2 is 

(a) square of an integer, when n is odd 

(b) square of an integer, when n is even 

(c) square of an integer, for all positive integer n 

(d) not a square for any n. 


• If 0 < a <6 and J ' + f = 

hen,- V, + “ 


9 

then 
(a) yfab 


- b 3 
b 


(b) 


a + b 


(c) 


ab 


(d) 


a + b 
ab 


2 w 0 + 6 
10. The number of solutions to the equation 

5sinx + x-4 5 = 2 sin 2 x + — ^t~,x g [0,tc] is/are 

zsmx 2 sin x 

(a) 2 (b) 3 (c) 4 (d) 5 


1 1 • The number of solutions to the equation 
tan" lx = 2 tan 2x tan 3x + 1 , x G [0, 2tc] is / are 

(a) 0 (b) 1 (c) 2 (d) 3 

12. Let P(x) be the polynomial 

P(x) = x 15 - 2004* 14 + 2004x 13 - 2004x 2 + 2004* 

then P(2003) 

(a) 2001 (b) 2002 (c) 2003 (d) 2004 

13. Let/: R — > R,f(x) - x 3 is an increasing function, 
then / (x) - x - x 2 is 

(a) always an increasing function 

(b) always a decreasing function 

(c) always a constant function 

(d) increasing or decreasing depending on / (x) 

14 . Let a, b, c be three real numbers for which 

0<c<b<a< \ and let w be a complex root of 
z + az + bz + c = 0, then |w| < 1 , 

(a) true (b) false 

(c) depends on a , b 

(d) nothing can be said even if a and b are given 

15 . Let A and B be two points on a parabola with vertex 
V such that VA is perpendicular to VB and 0 is the angle 
made by chord VA with the axis of the parabola, then 

m ' 

\VB\ 

(a) sin 0 (b) cosec ’0 (c) tan 3 0 (d) cot 3 0 

16 . The interval on which the function 

J[x) = log |/2 (.r' - 2x - 3) is monotonically increasing is 
(a) (-oo,-!) (b) (-00 l) 

(c) (1,~) (d) (3,oo) 


H — 


17. If real numbers x and y satisfy 

(x + 5) 2 + (y - 12) 2 = (14) 2 , then minimum value of 

x 2 +y 2 is 

(a) 2 (b) 1 (c) V2 (d) V3 


1 It is given that complex numbers z x and z 2 satisfy 
[Zj | = 2, |z 2 | = 3 If the included angle of their corresponding 
z -f- z 

vectors is 60°, then — is 

z,-z 2 

Vl33 7 _ 6 Vl30 


(a) 


(b) 


(c) 


7 -Jm 

19. As shown in the diagram, 

points P ,, P 2 , , P 10 are 

either the vertices or the 
midpoints of the edges of 
a tetrahedron respectively. 
Then the number of groups 
of four points ( P v P., P P k ) 

(1 < i < j < k < 10) on the 
same plane are 

(a) 30 (b) 33 (c) 36 


VT3o 


(d) 



(d) 39 


•P, 


20. The minimum number of points required to 

determine a parabola (uniquely) is 

(a) 2 (b) 3 (c) 4 (d) 5 


SHORT ANSWER SUBJECTIVE TYPE 


1» Define the real sequences {a n : n > 1 } and {b n : n > 1 } 
by a x = 1 , a n + x = 5a n + 4 and 5 b n = a n + \ for n > 1 . 

(a) Determine {a n } as a function of n. 

(b) Prove that {b n } is a geometric sequence. 

2. In a tetrahedron ABCD , 

prove that \AB\ • \CD\ + \AC\ • \BD\ 7> \AD\ • \BC\ 


3. Let Zj, z 2 , z 3 , z 4 be distinct complex numbers for 
which |Zj| = |z 2 | = |z 3 | = |z 4 |. Suppose further that there is a 
real number f(*l) for which 

|te, + z 2 + Zj + z 4 1 = 1 z, + tz 2 + z 3 + z 4 | = |z, + z 2 + te 3 + z 4 |. 
Show that in the complex plane z p z 2 , z 3 and z 4 form a 
rectangle. 

4. Suppose that x,yGR Find all real solutions of the 

5. Two real non-negative numbers a and b satisfy the 
inequality ab > « 3 + 6 3 Prove that a + b < 1 


6. In a 8 x 8 matrix, each entry is either +1 or -1 . 

Let ^4^ be the product of all the numbers in the k 01 row 
and B k , the product of all the numbers in the k^ column. 
Prove that the number A } + A 2 + .... ^4 8 + B } + B 2 + ... + P 8 
is a multiple of 4. 




7. A. square is partitioned into non-overlapping 
rectangles. Consider the circumcircles of all the 
rectangles. Prove that, if the sum of the areas of all these 
circles is equal to the area of the circumcircle of the 
square, then all rectangles must be squares, too. 


8. Prove that there does not exist polynomials 
J{x) and g(x) with complex coefficients for which 

= (6>1). 

9. Prove that for any complex numbers z and w. 


(1*1 + M) 


z w 
z| + | w| 


< 2 I 2 + w I 


10. Let x,y,z be positive real numbers. Prove that 
y/x 2 - xy + y 2 + yjy 2 - yz + z 2 > yjx 2 "-Kxz+"z 2 


SOLUTIONS 


Multiple Choice Question Type 


1. (c) : [x] + 3{y} = 3.9, {y} G [0, 1) 

=> [x] = 1, 2, 3. 

Similarly from the second eqn. {x} e [0, 1) 

=> M = 1 

And x = [x] + {x},y = Lv] + {y } 
gives three solutions. 

(7 59\ f 12 49 (17 39 ^ 

{5’ 30 J’ ^ 5 ’ 30 J’ y 5 ’ 30 J* 

2. (a) : Note that both the equations are increasing 
functions. So, they have only one solution, common to 
them. Further notice that if x = u is a real solution then 
y--u is also a solution Hence x +y = 0. 

3. (a) : z 2 = xy - 1 = x(2 - x) - 1 = -(■* - 1 ) 2 
=> z 2 + (x - 1 ) 2 = 0 => z = 0, x = 1 

So, (x,y, z) = (l, 1,0). 

4. (a) : If x < 0, then L.H.S. = integer but R.H.S. is 

positive and less than — 4- - i.e., < 1 . 

Ifx> 5, then L.H.S. < 1/4 while R.H.S. is positive integer. 
So, the only possible solutions are integers between 
x = 0 and x = 5, inclusive. Checking, x = 2 is the only 
solution. 


5. (b) : Put any value of 0 in question and in options. 

6. (a) : Clearly a * 0, b = 


x ,2 + a 2 


If x> 2, then I b I = 


x 12 + a 1 


ax 


ax 

_ x 12 + a 2 ^ 2 | a | x 6 


\a x 


[Using AM. >GM.] 


i.e., |6| ^ 2x 5 = 64. 


7. (a) 

8. (c) : Note that (1 ± 72 ) 2 = 3 ± 2yfl and 
(3±2 n/2) 2 = 17 ±271 

The given expression is ((1 + 72) 2n_1 + (1 - 72 ) 2n_1 J , 

which is clearly the square of an integer, by expanding 
using binomial expansion. 

9. (c) : The given expression is 

yjt 2 -at + a 2 + 7 1 2 -bt + b 2 = yja 2 +ab + b 2 

squaring and simplifying further, / = - — - 

a + b 

10. (b) : Let U = sin x, the given equation reduces to 
(U* 0), 

t/ 4 - 10t/ 3 + 10t/ 2 — SU +1=0 

i.e., U(U- 1X2£/- 1 )[L/ 2 +(t/- l) 2 ] = 0 

or U = 0, 1 , 1/2 =» x = rr/6, n/2, 5rt/6. 


11. (a) : Let tan x = t, then tan 

tan 3x = r 

1 - 3/ 2 . 




1 -t 2 


The given equation simplifies to (t 1 + 1 ) 3 = 0 
=> No real solution. 

12. (c) : Note that x" + 2 - 2004 x* + 1 + 2003 x" 
= x"(x- 1 X* - 2003). 

13. (d) : Consider / (x) = x + x 3 


14. (a) ! Let W = U + IV, tiien w, vv and r be tlie three 
roots of the equation, then a = -2 u -r,b = \w\ 2 + 2ur and 
c = -|w| 2 r 

So, rearranging, |w| 6 - Z>|>v| 4 + ac\w | 2 - c = 0 
So that |m-| 2 is a non-negative root of the cubic equation 
q(t) = t 3 - bt 2 + act - c 2 = 0 i.e.,(t-b +c(at-c) = 0. 
Suppose / > 1 , then t > b and at > c. So, q(t) > 0 

=> |w| < r 

15. (d) 

16. (a) 

17. (b) : Putx + 5 = 14 cos 0 and y- 12 = 14 sin 0. 

18. (a) : Use cosine rule in the two triangles, 

(z,, z 2 , Zj +z 2 ) and (z,, z 2 , z, - z 2 ). 

I Z| + Z 2 I = \[\ 9 , |z,— Z 2 |=vf. 

19. (b) : On each lateral face of the tetrahedron other 
than P x there are 5 points. Take any 3 out of these 5 
and add P x to it ( e.g ., PjP 3 P 4 P 6 ). So, there are in all 
3 x 5 C 3 groups of lateral faces. Apart from these, there 
are 3 points on each edge containing P y When we add 
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a midpoint taking from the edge on the base which is 
not on the same plane with the edge above, we obtain 
another required group, (e.g. P^P^P^P^. There are 3 
groups like this. 

So, total required groups = 3 * 5 C 3 + 3 = 33. 

20. (c) 

Short Answer Subjective Type 

1. a n + 1 + l=5(a n+ l) = 5.5( a „„ 1 + l) = 

= 5”(cj] + 1) = 2 • 5”. 

So, a n = 2 • 5" “ 1 - 1 and b n = 2 5"~ 2 , which is clearly a 
geometric sequence. 


2. Let u, v, w be unit vectors and b, c, d be scalar such 
that AB = bu , AC = cv, AD - dw 
So, | AB | | CD | + \AC\ \BD\ 

= b | dw - cv | + c | dw - bit \ 

= b | dv - cw | + c | du - bw \ 

[Using | pu + qv | = | pv + qu |] 

= | bdv - bcw | + | bcw - cdii | 


> | bdv - bcw + bcw - cdu \ 

> d \bv -cu | = | AD | • | BC | . 


3. Let S = Zj + z 2 + z 3 + z 4 . 

So, the given condition becomes 

\S - (1 - OzJ = \S - (1 - /> 2 | = \S -(1 - 0z 3 |. So, S is 
equidistant from the three distinct points (1 - t)z v 
(1 - t)z (1 - /)z 3 , but these three points lie on a circle 
with centre at O and radius (1 - t)z v So, S= 0. 

Since, z t - (-z 2 ) = z } + z 2 = -z 3 - z 4 = (-z 4 ) - z 3 and 

z 2 - (" Z 3> = Z 2 + Z 3 = ~ Z 4 - Z 1 = (- z 4> - Z 1 ■ 

=» z 1? -z 2 , z 3 and z 4 are the vertices of a parallelogram 
inscribed in a zero centred circle, and hence diagonals 
intersect at O. Therefore -z 2 is opposite to either z j9 z 3 
or -z 4 Since z 2 is unequal to z x and z 3 , we must have 
z 2 = -z 4 . So, Zj = -z 3 . Hence Zj, z^, z 3 , z 4 form a 
rectangle. 


2xy 


, x + y i — , 2x 

4. Let a = -j-, g = yjxy, h = 


and 




—(RMS). So, g 2 = ah and 


ATO, h+r = a +g and r~ = 2 a 2 -g 2 
=* (a+g-h) 2 = 2a 2 -g 2 
Solving, a = h = 


y = y 


5. \-(a + b) = \- — 

a 

_ a 2 - lab + b 2 ie 
a 2 -ab + b 2 


a 3 +b 3 
- ab + b 2 


> 1 - 


ab 


a 2 - ab + b 


\-(a + b)> 


(a-b) 2 
a 2 -ab + b 2 


2 

>0. 


Note that a 2 -ab +b 2 is always positive. 

Hence, a + b < 1 . 

6. Assume that p of the 8 ^'s have the value 1 and the 
rest (8 - p) have value -1 . Similarly, suppose that q of 
the 8 s have the value 1 and the rest (8 - q) have value 
-1 . Then each product is the product of all entries, the 

product A X A 2 A s and B ] B 2 2? 8 are equal. 

So, (-1 f~ p = (-1 ) 8 _ 9 

=> p and q both are odd or both are even. 

So, A j + A 2 + ..... +d 8 + B^ +# 2 + .... + 5 8 

= p4-(8-/7X-l) + g + (8-^X-l) = 2(p + ^)-16 
Since, p + q is even, both R.H.S. terms are divisible by 4. 


7. Let x be the side length of the square and (a., b j ) be 

the dimensions of the 7 th rectangle. 

Then x 2 = X oA 

11 2 

Area of circumcircle of square = -y 

Area of circumcircle of 7 th rectangle = ^ (a 2 + b 2 ) 

Now, according to the question, 

v ^ / 2 , 1 2 \ ft* 2 ft ^ , 

+ *>/ ) = — = 2-I^A 

=> l(a 2 +b 2 ) = 2 y £a i b i i.e.,AM = GM => a, = 6, 
So, the rectangles are all squares. 

Assume that the given equation is possible. Then, 
for any positive integer n , we must have, 

— = log ft x n = n log/, x = — ; t 

g(x n ) h g(x) 

••• f(x")g(x) = nf (x) g (x"). 

By comparing the leading coefficients, we see that this 
is not possible. 


9. (M + M) 

I 

< | Z + W | + 

= I z + w\ + 


z 

w 

_i_ 


l z l 

I w| 



\ z\w \w\z 
z + w + + 

M l z l 


Z||VV 

z II w 


w 


I | zzw + wzw | 
j | z + iv | = 2 | z + w | 


10. Let ABC be a triangle with AB = x, AC = z and 
ZB AC - 120°. Let AD be the bisector of ZBAC and 
AD=y. 

Then, applying cosine rule to A's, ABC , ABD and ACD, 
we have 

BC = Vx 2 +xz + z 2 , BD = yjx 2 -xy + y 2 , 

CD = yfy* - yz + z 2 

Since, BD + CD > BC , we have the required result. 

■■ 
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12. Let the in-circle of the A .ABC touches its sides BC , 
CA and AB at A h B ] and C } respectively. If r h r 2 and 
are the circumradh of the triangles B\IC\, C l IA ] and 


A\IB\ respectively, then find the value of 


Rr 

r \ r 2 r 3 


(where 


R is circumradius and r is the inradius of the A ABC). 

13. The sides of a triangle ABC. inscribed in a hyperbola 
xy = c 2 . makes angles a, (3, y with an asymptote. If the 
normals at A, B, C will meet in a point, then find the 
value of cot 2a + cot 2(3 + cot 2y. 


SECTION - III 


Matrix-Match type 

The section consists of 3 questions has two columns with 


4 entries in each 
matched with 
I may have moj 
question came 
indicated. 

14. 


:olumn. £ptries of colun 
ies ojj^niiimn IlM)ne entf 
than tie matching in colua 
+6 marakif alMcorrect i 


Column 1 

Column II 

(A) 

The area of the region 
bounded by the curves 
y = x 2 ,y= |2 — jc 2 ) and 
y = 2 which lies to the 
right of the line x = 1 is 

(p) 

4 

3 

(B) 

The area bounded by the 
curves x 2 - y, x 2 = -y and 
y 2 + 3 = Ax is 

(Q) 

9 

8 

(C) 

The area bounded by the 
curve x 2 = Ay and straight 
line jc = 4v - 2 is 

(R) 

i(20-12V2) 

(D) 

A curve passes through 
(2, 0) and the slope of tan- 
gent at point P(x,y) equals 

(x + 1) 2 +^-3 The arga 
x -f 1 

enclosed by the curve and 
the jc-axis in the fourth 
quadrant is 

(S) 

1 

3 


15. 


Column I 

1 : 

Column II 

(A) 

The value of tan -1 ([ti]) + 
tan -1 ([— 7t] 4- 1) = where {.] is 
the greatest integer. 

(P) 

2 

(B) 

The number of solutions of 
the equation tan jc + sec x = 2 
cos x in the interval [0, 2n] is 

(Q) 

3 


(C) 

The number of roots of the 
equation .v + 2 tan x = k/2 in 
the interval [0, 27i] is 

(R) 

0 

(D) 

The number of solutions of 
the equation x 3 + x 2 + Ax + 

| 2siruc = 0in0<jc<27ris 

(S) 

1 


16. 



Column I 

Column II 

(A) 

A directed line makes angle 60° 
and 45° with the axes of x and y 
respectively. The angle it make 
with the axis of z is 

(P) 

371 

4 

(B) 

The angle (0) of line of inter- 
»|ion of the planes 

7y+2y+3/:) = 0 and 

V.(3/+3y+/r) = 0 with j, 
then cos0 is 

(Q) 

K 

3 

(C) 

The acute angle between the 
lines whose direction cosines 
are given by the relations / + m 
+ n = 0 and / 2 + m 2 - n 2 = 0 is 

(R) 

fi 

(D) 

A A 

Unit vectors a and b are _L r to 
each other and the unit vector 

A A A A A 

c- m(a +b) + n(axb) is inc- 
lined at an angle 0 to both 

(S) 

2n 

3 


A A 

a and b , then maximum value 
of 0 is 




SOLUTIONS 


Paper - 1 

1 . 


(a) 2. (d) 3. (b) 4. (b) 5. (a) 6. (c ) 7. ( b ) 

8. (a) 9. (d) 10. (a) 11.(c) 12. (d) 13. (a, b) 14. (a, b) 

15. (b) 16. ( C ) 17. (a, d) 18. (a,b,d) 19- (a,b) 

20. ( C ,d) 21. (a, b) 22. (b,d) 23. ( a ,b) 

24. (a, b) 

Paper -II 


(d) 3. (b ) 4. ( C ) 
(b, c) 10. (a) 

12. (0002) 


5. (b) 6. (a) 7. (d ) 


1 (d) 2. 

8. (c) 9. 

11 . ( 0000 ) 

13 . ( 0000 ) 

14 - (A) (R); (B) (S); (C) -> (Q); (D) (P) 

15- (A) -> (R); (B) -a (P); (C) -a (Q); (D) -a (S) 

16. (A) (Q, S); (B) -a (R); (C) -a (Q); (D) (P). 
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The Indian Statistical Institute (ISI). Kolkata, is considered as one of the foremost centres in the world for training 
and research in statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of the 
institute, offers comprehensive instruction in the theory, method and application of statistics, in addition to several 
areas of Mathematics and some basic areas of computer science. 





selection test co: 
‘el (10 year s' 



ijective type and 

)• 


Each candidate applying for admission to thisj 
Short-answer type questions in mathematics \ 

The selection tests consist of 

(1) A multiple choice type test having about 3ltauestfl 

(2) A short-answer type test having about 10 queshrms. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory’ of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A.M., G.M., and H.M., 
complex numbers. 

Geometry’ : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates. 
Concept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, 
equations of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration. 
Trigonometry’ : Measures of angles, trigonometric and inverse trigonometric functions, trigonometric identities 
including addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances. 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods of 
differentiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph of 
functions, methods of integration, definite and indefinite integrals, evaluation of area using integrals. 

Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the first Mock ISI paper, which 
closely simulates the real exam. 


MULTIPLE CHOICE QUESTION TYPE 


(a) 55 (b) 45 (c) 47 (d) 38 


1. The fourth and fifth terms of a sequence are 4 and 5 
and the /7 lil term is given as t n = 2l n _ x - t n _ 2 , n> 3 then, the 
sum to 2009 terms is 

(a) 2013021 (b) 2017036 

(c) 2019045 (d) 2018040 

2. The number of ordered pairs (///, n ) of integers that 

2 2 
satisfy n = 1 + w + m is 

(a) exactly two (b) exactly three 

(c) exactly four (d) exactly eight 

3. 8 points are lying in a plane with no three of them 
collinear. Let m and M denote respectively the minimum 
and maximum possible number of distinct circles that 
can be determined using these points, thenM-w equals 


4. Two circle with radii 3 cm and 8 cm touch each other 
externally. Three common tangents intersecting each 
other at three points, are drawn to these two circles. The 
area of triangle formed by joining these three intersection 
points is (in sq cm) 

(a) 48^ (b) 96^ (c)- 32^ (d) 24^ 

5. Let a function /be defined on the set of positive 
integers as 

/<„).{ ( " _3) - for " >9,> 

l/(/(” + 5)), for w < 1 00 

Then /( 14) equals 


By : Alok Kumar, Rao IIT Academy, Kota (4 th Rank, INMO’91 winner) 
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(a) 99 (b) 97 (c) 100 (d) 98 


6. If abc * 0 and they satisfy 
1 1 1 n 

a b a + x 


a c a + y 

1 1 1 „ 

a x y 

then a + b + c equals 

(a) -1 (b) 0 

(c) 1 (d) cannot be determined 

7. The number .48375 is divisible by 88. The sum 
{A + B) equals 

(a) 12 (b) 14 (c) 13 (d) 15 


8. Let ABCD be a cyclic quadrilateral. Denote AB a , 
BC =b, CD =c and Z.45C = 120°, ZABD = 30° Then 
which of the following statement is true? 

(a) |^c + a - yjc 4- b\ = yjc - a - b and c<a + b 

(b) | Jo + a - y/c + b\> Jo - a - b and c = a + b 

(c) | Jc + a - yfcTb | = Jc-a-b and c^a + b 

(d) | Jc + a - y]c + b\<y]c-a-b and c = a + b 

9. The number of positive integer n such that n is not 

the square of any integer and [yfn ) divides n\ is (Here 
(x) denote the integer that is less than or equal to x) 

(a) 4 (b) 3 

(c) 6 (d) none of these 


10. Suppose P is an interior point of a triangle IBC and 
let AP, BP and CP cut the opposite sides BC, CA, AB 
in D,E and F respectively. Then which of the following 
statements is true? 


(a) 

(c) 


AF AE AP 
FB + EC > PD 
AF AE AP 
FB + EC < PD 


AF AE AP 

( b ) FB + EC ~ PD 

(d) None of these 


11. The cubic polynomial p(x) satisfies the condition 
that (x - 1 ) 2 is a factor of p(x) + 2 and (x 4- 1 ) 2 is a factor 
of p(x) -2. Then p (3) equals 
(a) 27 (b) 18 (c) 12 (d) 6 


1 2. The last three digits of 7 * m are (in that order) 

(a) 523 (b) 143 (c) 343 (d) 263 

13. Each number from 1 through 100 i.e. 1,2 100 

(decimal system) is written in base 6 and their product is 
also written in base 6. Then the number of zeroes at the 
end of this product is 


(a) 24 (b) 18 (c) 48 (d) 97 

14. Given any n real numbers, there always exist two of 
them, say a and b such that 0 < a b < 1 4- ab. The least 
value of n for which this assertion is true, is 

(a) 4 (b) 5 (c) 6 (d) 7 

15. The remainder when 1 9 9 “ is divided by 92. is 

(a) 41 (b) 49 (c) 32 (d) 44 

16. Let / be a real valued function such that for any 
realx 

/( 1 5 + x) =/( 1 5 - x) and/(30 + x) = -/( 30 - x) 

Then which of the following statements is true? 

(a) / is odd and periodic (b) / is odd but not periodic 

(c) / is even and periodic 

(d) /is even but not periodic. 

17. The in-radius and circumradius of a right angled 
triangle are 7 cm and 32.5 cm. The area of the triangle is 
(in sq cm) 

(a) 168 (b) 126 (c) 504 (d) 252 

18. In the triangle POR, PO = 9 cm, PR = 15 cm and 
OR = 18cm. The radius of the semicircle inscribed in 
the triangle POR whose diameter lies on OR and that is 
tangent to PO and PR is 

(a) 3 yjTJl (b) 3 -Jl (c) 2 ^ ( d ) 

19. The greatest common divisor of 

<333 , <334 . 

3 3 4- land 3 4- 1 is 

(a) 28 (b) 2 (c) 3 3 ’” + 1 (d) 82 


PASSAGE COMPREHENSION 


Passage question 20-21 

A 'pure' divisor of a positive integer n is a divisor of n 
having exactly one prime divisor. Let S n be the set of all 
the pure divisors of n that are coprime with all other pure 
divisors of n. 

20. How many elements does S ^ have? 

(a) one (b) two 

(c) three (d) None of these 

21. Suppose S„ = {2,3 } for some positive integer n. The 
number of different values of n between 1 and 1000, 
inclusive, is 

(a) 4 (b) 5 (c) 6 (d) 7 

22. Consider the set of points 

S = {(x, y) : |x 4-^| = 1 and |x| = 1 , x, y G R} 

Then which of the following statements is true? 

(a) S determines a parallelogram whose area is 4 

(b) S determines a square whose area is 4 

(c) S determines a parallelogram whose area is 2. 

(d) S determines a square whose area is 2. 
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23. T is a set of triangles no two elements of which are 
similar. The degree measure of angle of any triangle in T 
are integers. The number of triangles in T is 

(a) 15931 (b) 2611 (c) 2700 (d) 16471 

24. Let S = {1, 2, 3, ...., 1000}. Let A be a subset of S 
such that any two elements in A are coprime to each other 
and no element of A is prime. The maximum possible 
number of elements in A is 

(a) 31 (b) 11 (c) 12 (d) 30 

25. The number of right angled triangles with all their 
vertices belonging to the 3 x 3 array of points as given 
below, 

• • • 

• • • 


S„=«(j) +b,n> 


Suppose the sum to infinity be 1. then which of the 
follow ing is the sum to first 3 33 term. 


(a) 


(b) 


1 - 


1 


1 -- 


1 ^ 


1 +- 


33 


l 1+ ^ 


(d) 


1 +- 


1 ' 


1 +- 


1 -- 


1 


( 1 


1 '7 7 + 


3 ; 

3 3 ' 2 

x D ) 

( 1 


• • • 


is (The points are evenly spaced) 
(a) 36 (b) 40 * (c) 44 


(d) 52 


26. The number of polynomials p(x) satisfy 
pix 2 ) + 2x 2 + 10x = 2 xp (.V + 1 ) + 3. is 


(a) 0 


2? - f 


(b) 1 


(c) 2 


(d) infinite 


,! 

K) 

6 

1 - 

('+) 

I- 2 

i 

K) 

3 3 1 

+ x J + - 

X 

r 


dx 


equals (k being a constant of integration) 

x 3 


(a) In 

(b) 


x + - | +| x’ + 


*1 


R) 


+ hH2| x J + -L 


+ k 

+ 31 x + 




+ k 


(c) x 3 + 4r + In 
x 


JC + 




+ k 


(d) 3 


^x 2 


+ In I X I +A- 


2 g. Let /be a function defined on pair of non negative 
integers by 

/(»/,«) ■«= ^ 1 — j | 1 - - - ” - j J + f (m - 1 ,«) for n > m > I 
/( 0, «) = L«> 1 

The value of/(2009, 2010) equals 

. . (1 2009 ) 2 , ' ( I2010) 2 

(a) l - 

(c) 


(2009) 2008 -(201 1) 2009 (2010) 2 o ° 8 -(2011) 2 ' 

(I2009) 2 (I20I0) 2 

(20 10) 2008 -(201 1) 2009 ( (20 lO) 2008 (2011) 


2008 


29. The sum to first n terms of a geometric sequence is 
given by 


30. Let /be a real valued function of a real variable 
Define g (x) =f(x) - (f(x)) 2 + /(x )) 3 - (f(x)f + (f(x )) 5 
h (x) =/(x) - (Ax )) 2 + if (x)) - (/-(x )) 4 
Then which of the following statement is false? 

(a) If /is increasing then so is g. 

(b) If /is decreasing then so is g. 

(c) h is neither increasing nor decreasing 

(d) If/is increasing then the so is h. 


SHORT ANSWER QUESTIONS 


31. Given a line segment AB and a straight line / not 
containing it, find the point D on / at which .AB subtends the 
greatest angle 

32. Which integers in the set S= { 1 , 2, 3, ..., 100 } can be 
written as ditference of two squares? Find their number. 

2 

33 . Evaluate J max { log ((1 + x 2 ), 1 } dx * 

o 

34 . Let /: ( 0 , oo) — > R be a function such that 

(a) /(x) is strictly increasing 

(b) / (x) - ~ for all x > 0 


(C) /(*)/j/(x) + ij=l 
Determine/ w ith proof 


for all x >0 


35 . If a, b, c , are positive real numbers such that abc = 1 
prove that 

ab be ca 

\ — 7 + — : + — <1 

a + b + ab b + c + be c 5 + a + ca 

36 . Consider the quadratic equation /(x) = 90x 2 + 20x + 1 . 
Find the sum of the digits of the number / ( 1 1 1 1 1 1 1 ), 
w hen written in decimal notation. 

37 . Let n points be given on the periphery of a circle 
such that, when all the connecting chords are drawn, 
no these are concurrent. Let p(x) denote the number of 
pieces into which the circle is cut by these chords, find 
an expression for p(x). 
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38. In a triangle ABC , prove that 

24 Rr-\2r 2 <a +b 2 +c 2 

Where R and r are the circumradius and inradius 
respectively and a , b, c the sides of the triangle. 


39. Let a, b be two positive numbers, and let 

/ : (a, b) — » R be a continuous function differentiable 
on (a, b). Prove that there exists c E (a, b ) such that 

(a m - b /(a)) = /(c) - c /(c) 

40. The sequence { a „}, n > 1 is defined by ^ = 1, a 2 = 2, 

a„- 3 


a 3 = 24 and for w > 4, a n = 
Show that n divides a n for all n e N. 


SOLUTIONS 


Multiple Choice Question Type 

1. (c) : We have t n = 2t n _ x - t n _ 2 , , n > 3 

^ ^r» — (n - 1 — - 1 — 2 

Thus where a n = t n - t n ^\,n^3 
Thus } is a constant sequence, we have 


_ 1 

Now fl 6 = / 5 - / 4 = 1 


4-/ 3 =l 
s. 3 - / 2 = 1 


/ 2 - /, = 1 =* 2 - /, = 1 


/ = 3 

r 2 - 2 

'. = i 


Again a 5 = 1 =» f 4 - f 3 = 1 = 

Similarly a 4 = 1 => t 3 - 1 2 = 1 
Again a 3 = 1 
We get = 1,«>3 
Also /, = 1, t 2 = 2 

So, {/„} is an A.P starting with f, = 1 and common 
difference being 1 

E = * + 2 + .. + 2009 = 2(H)9 ^ 2 -— = 2009 x 1005 

=2019045 

2 i . ,2 

2. (c) : w = 1 + m + w 

If m > 0, then w 2 < 1 + m + #w 2 < 1 -1- 2m + w 2 
i.e. m < 1 + m + m 2 < (1 + mf. That is the number 
1-1 - w + w 2 lies between two consecutive square, and 
hence can't be a square. 

If m = 0 then n 2 = 1 => n = 1 , - 1 . Thus the ordered pair 
are (0, 1), (0, -1). 

Considering /// < -1 , we have m > m + m + 1 > m + 2m 

+ 1 and then there are no solution 

For m = - 1 , we have 

n= 1 - 1 + 1 = 1 =* n= 1,-1 

The ordered pair solutions are (-1. 1 ), (-1 , -1 ) 

We summarize that the equation has exactly four integral 
ordered pair solution viz (0, 1), (0, -1), (-1, 1) and 

(-i, i). 

3. (a) : & points in a plane, no three of them being collinear. 

8 • 7 • 6 

determine 8 C 3 = — - — = 56 triangles. Assuming that all 


the 56 circumcircles corresponding to the triangles are 
different, we have the maximum possible number of 
circles as M = 56. 

Again if these 8 points are themselves on a circle, then 
just one circle can be made to pass through them. This is 
the minimum possible number of circles. Thus /// = 1 . we 
then have M - m = 56 - 1 = 55. 


4. (b) : Let C x and C 2 be the centre of the circle with 

radii 3 and 8 respectively. 

Let the two circles touch each other externally at A and 
the three common tangents to these two circles intersect 
each other at P t Q and R as shown in the diagram. 



PC C V 3 3 

Jc = c7 r = 3/8 W 1 = S PC 2 ^ ; |(PC I +01» 


c 2 t 

8 PC X - 3 PC, = 33 
33 


PC, = 33/5 


PA = PC l +AC l = — + 3 = 48/5 
PS 2 =PC 2 - C,S 2 = (33 / 5) 2 - 3 2 = 


PS = 


12 & 


33- -15 2 
5 2 


48x1* 

25 


Also APSC { ~ AR4R (by A A similarity) 

\2sfl 

PS PA ~J~ 48/5 

=> = => = 

SC, AR 

12 V6 48 

^ “5.4/? 


15 


3 .iR 

= .AR = 2yf6 => .4R = 2sf6 


1 


area of A POR = 2x area of A P.4R = - x 2 PA-.AR 

48 , rz 9&J6 2 

= — x 2 v6 = — - — cm 


5. (b) : Let us use f k ( w ) to denote the composition 

/ applied k times. 

/(1 4) =/(/X19)) =/ 3 (24) = . . . ,/ 17 (94) =/ 18 (99) 
Note that 99 = 14 +(18 - l)-5. Again 
/ l9 (99) =/ 2 ° (104) 

Now let's unwind/ 1 '( 1 04) 

/' 9 ( 104) =/' V(104)) =/ 18 (101) =/' 7 (98) 

/ l7 (98) =/ l8 (103) 

/ 18 (103) =/' 7 (100) = /'°( 97) = / n (102) = / ,6 ( 99) 

Now / 18 (98) =/ 16 (99) =/ 14 (99) 

=/ 2 ( 99) =//( 98)) =/(103) =/ ( 1 00) = 97 
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6. (b) : From — + ]- + — ! — =0 we have 

a b a + x 

1 a + b ab 

a + x ab a + b 

ab ab a(a + 2b) 

=» a + x = r => x = - a r = - — - 

a + b a + b a + b 

Similarly from — + — + — ! — = 0 we have 
a c a + y 

a (a + 2c) 

^ a + c 

Substituting these values in 

1 1 1 A 

— I I — = 0, we have 

a x y 

1 a + b a + c 

a a(a + 2b) a{a + 2c) 

=> {a + 2b) (a + 2c) -(a +b)(a + 2c) -(a+c){a + 2b) = 0 

=> - a (a +b +c) = 0 

As a * 0, we have a+b +c = 0 

7. (a) : 88 = 1 1 x 8 and since 8 and 1 1 are relatively 
prime. For the number ,48375 to be divisible by 88 it 
is necessary and sufficient that the number be divisible 
by both 8 and 1 1 . Divisibility by 8 implies that 375 is a 
multiple of 8 (which in term means that 5 5 is divisible 
by 8. Here 5 = 6). Again divisibility by 1 1 implies that ^4 
+ 3 + B are 8 + 7 differ by a multiple of 1 1 , that is, 9 + A 
and is differ by a multiple of 1 1 or is zero. This mean 

9 +A -15 = 0=^i4 = 6 

Thus A and B are both 6. The sum A + B equals 12. 



We have from cosine rule in the triangle ABC , 

AC 2 = a 2 + b 2 - 2 ab cos 1 20° => a 2 + ab + b^ 

Also Z DAC = Z DBC = 90°, we have 

c 1 = AC 2 sec 2 30° = | (a 2 + ab + b 2 ) 

Again c 2 - (a + b) 2 

= j (a 2 + ab + b 2 ) - (< a 2 + 2 ab + b 2 ) = — ■ — ^ > 0 

Thus c>a+b 
Consider the product 

/? = (a + p + y) (a - P - y) (a + P~ Y)(«"P+ Y) 

when (X = yjc + a, P = yjc + b, y = yjc - a -b 
Expanding the product 

p = (c +a) 2 +(c +bf+(c-a- b) 2 -2 (c + a) (c +b) 
-2 (c + a) (c - a- b) -2 (c +b)(c — a-b) 
Which on simplification reduce to 


p~ — 3 c 2 + 4 a 2 + 4 b 2 + 4 ab = 0 

(Recall that c 2 = ^ ( a 2 + ab +b 2 )) 

Thus at least one of the factors must be equal to zero. 

Since a + P + y and a + p - y are both positive, the 

product of remaining two factors is zero implying, 

yjc + a - yjc + b = yjc-a-b 

or yjc + b - yjc + a = yjc-a-b 

Combining we have \yjc + a - yjc + b\ - yjc-a-b 

9. (a) : Let {yfn ) = k, then k 2 <n<(k + l) 2 . 

As k * divides n , we have k 2 divides n and hence k divide n. 
The only possibilities for n are n = k 2 + k and n = k 2 + 2k. 

LASE.1 

Let n = k~ + k , then 

k? | n => A: 3 1 (k 2 + k) 2 = A’ 4 + 2\c + k 2 

=> k 3 \k 2 => k = 1 , Thus n-2 

CASlli 

Let n = k 2 + 2k, then 
A' 3 1 n 2 => A: 3 1 (k 2 + 2k) 1 = k A + 4A: 3 + 4A' 2 
which implies that k 3 |4 k 2 or 4 
Then k = 1 , 2 or 4 
Correspondingly n = 3, 8, 24 

Hence n = 2, 3, 8, 24 are all positive integers satisfying 
the hypothesis of the problem. 


10. (b) : 1 st Solution : 



Let [x] denote the area of the figure x. 

now ycn.&.um 

[BCF] FB [BPF] 

AF _ [ACF]-[APF] [ACP] 
FB [BCF]- [BPF] [BCP] 



AE _ [APE] 
EC ~ [CPE] 


AE _ [ABE] - [APE] _ [ABP] 
EC ~ [CBE] - [CPE] ~ [CBP] 


From (*) and (**) by addition 
AF .AE _ [ACP] + [ABP] 
FB + EC [CBP] 

We now have 
AP _ [ABP] _ [CAP] 

PD [DBP] ~ [DCP] 


[.ABP] + [CAP] _ [ABP] + [CAP] 
[DBP] + [DCP] ~ [CBP] 


:.(*) 


(**) 


• - 0 ) 


...( 2 ) 
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from (1) and (2) 

AF AE _ AP 
FB + EC PD 
2 nd Solution 

Applying Ceva's theorem to the cevians AD, BE and CF 
which are concurrent at P, we have 


AF BD CE 


FB 
we have 


= 1 


DC EA 

AE _AF BD 
EC " FB' DC 


_ AF AE AF n BD AF BC 
Hence FB + AC FB ( + dF FB ' DC } 


Applying Menelau's theorem to triangle ABD , whose 
side are cut by the transversal FPC, we have 


AF BC DP 

FB‘ DC PA ~ 

0 . AF BC 

So we have r = 


AP 

PD 


...( 2 ) 


from (1) and (2), the result follows, viz 


AF AE AP 
FB + EC ~ PD 

11. (b) : Let/>(x) = ox 3 + bx~ + cx +d 

As (x - 1) divides p (x) + 2 we have p (1) + 2 = 0 

=> a+b+c+d + 2 — 0 

giving d -- a-b - c - 2 

Again p (x) + 2 = a (x 3 - 1 ) + b (x“ - 1 ) + c (x - 1 ) 

= (x-l) {a(x 2 +x + l) + />(* + l) + c} 

Since (x - l) 2 divides p (x) + 2, we find that 

(jc — 1 ) divides a (.v 2 +x + l) + ft(x+l) + c 

Thus implies 3a + 2b + c = 0 

Similarly (x + l) 2 divides p{x) - 2, we get two more 
equations 

-a +b — c +d - 2 = 0 and 3a -2b + c = 0 


Solving the system of equation obtained we have 
b = d = 0 and a = 1, c = — 3. 

Hence the requested polynomial is p (x) = x 3 - 3x, giving 
p(3) = 27 - 9 = 18 

12. (b) : Using modulo arithmetic, we have the last three 
digits of the number T are given by finding 7” modulo 
1000 . 

Now 7 4 s 2401 = 40 (modulo 1000) 

7 8 s 801 (modulo 1000) 

7 12 = 201 (mod 1000) 

7 16 = 601 (mod 1000) 
and 7 20 3 001 (mod 1000) 

This mean l m = 1 (mod 1000) 

Let 7 9999 = x (mod 1 000) 

Thus 7 10000 3 ( 7 20 ) 500 = 7x (modulo 1000) 
mean lx = 1 (modulo 1000) 


=> 143-7x3 143 (mod 1000) 

=> 1001 X 3 143 (mod 1000) 

=» x 3 143 (mod 1000) 

9999 

Thus the last three digits of 7 are 1 43. 

13. (c) : The problem amounts to finding m such that 
when 1 1 00 is divided by 6 m , the quotient is not divisible 
by 6. In other words this is equivalent to finding the 

greatest m such that is not divisible by 3. 

3m 

The exponent of 3 in |1QQ is 

rioo i riooi flOOl [100" 

L 3 5 J L 27 J + L 81 . 

= 33 + 11 + 3 + 1 = 48 

Hence the number of zero's at the end of |100 of decimal 
system expressed in base 6 will be 48. 

14. (b) : Given any real number t, one can always 
find a real number x G (- te/2, k/2) such that tan x = /. 
(Recall that the tangent function is strictly increasing on 
(-7t/2, k/2) and has range R) 

We claim that the least value of n for which the assertion 
is true, is n = 5. 

Corresponding to given t h b = 1 , 2, 5 we can find 
tan x k = t h b = 1,2,5 where x k e (-7C/2, k/2). 

Divide the open interval (-7t/2, k/2) into four intervals 
(-71/2, — tc/4), (-ti/4, 0), (0, 71/4), (ti/4, k/2) 

By pigeon hole principle, at least two of the number x k 
must lie in the same interval. Suppose x, and Xj lie in the 
same interval with x, > Xj, thus 
0 < X, — Xj < 71/4 => 0 < tan ( x, - xj) < tan 7t/4 

tan x, - tan x, 

= 0 < \ — T~ T -<1 

1 + tan x, tan x^ 

Identifying tan x, and tan Xj with a and b respectively we 
have 

0 < — — <1 => 0<a-b < 1 + ab. 

1 + ab 

15. (b) : Let (|) be the Euler- totient function, 

♦ (92) = <K23 • 2 2 ) = 23 • 2 2 (l - 1 - = 44 

from Euler's theorem 
19 44 = (1 mod 92) 

Thus 1 9 44 3 ] + 92k 

Now 1 9 92 = 1 9 4 - 1 9 88 = 1 9 4 (1 + 92 kf 

Also 19 4 3 361 2 = (-7) 2 (mod 92) 3 49 (mod 92) 

.-. 19 92 3 49 (mod 92) 

92 

Thus the remainder when 1 9 is divided by 92 is 49. 

16. (a):/(15+x)=/(15-x) 

Changing x to 1 5 - x, we have 
/(30-x)=/(x) 
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from the equation / (30 + *) = -/ (30 - x) we have on 
substitution 

/(*>“-/(30+x) ...(*) 

changing x to x + 30 we have 
/(* + 30) = -/(* + 60) ...(**) 

Thus (*) and (**) yield 

/(*)=/(* + 60) 

Hence the function is periodic. 

Again/(30 - x) =/(. x) implies/(30 + y) = /(- x) ...(1) 

(1 ) and (*) on comparison yield J\-x) = -/ (x) 

Thus /is odd. 

Hence /is odd and periodic. 

17. (c) : We have r = 7 
and/? = 32.5 => 2R = 65 

Let a , />. c, be the side of the right angled triangle with 
a 2 + b~ = c 2 . 

Now A = 4 ab 
2 


a + 6 + c a + b + c 

T _ 


and c = 2R 

ab _ 

The system is Q + ^ + r • ••(*) 

a 2 + 6 2 = 4P 2 

we have (a + />) 2 - 2 ab = 4P 2 

a + b = yj4R 2 + lab ...(**) 

from (*) and (**) we have 

ab I — 

”7=7= = r =» cj/? = 2Rr + r J4R 2 + 2 ab 

/4/? 2 + 2ab + 2 R 

=> ab = 2rR + r yj^R 2 + 2ab 
=> (ab - 2rR) 2 = r (4R 2 4- 2ab) 

=> (cL/r - 4r/?aZ? + 4r~R 2 = 4 r“R 2 + 2 abr 2 
=> ab - 4rR — 2 / “ => ab = 2r (r + 2 R) 

y ab = r (/* + 2/?) 

Then area = 7 (7 + 65) = 7 x 72 = 504 cm 2 



Let C be the centre of the semicircle. 

We have 

^xrxPP =[CPP] and ^xrxPC» = [CPO] 
where f.v] denote the area of figure jc. 


Now adding we have 

X -r{PO + PR) = [POR ] ...(1) 

[POR\ = yjs {s -a) (s -b)(s -c) 

= ^/2 1 • ] 2 • 6 • 3 =V3-7-3-4-3-2-3=9x2^4 

= 18 Vl4 

we have from (1) 

•jXr (15 + 9) = 18 Vl4 => 12r = 187T4 
••• r = — VT4 = ^ Vi4 = 3 ViTTi = 3>/7T2 

19. (c) : Observe that 3^' + 1 = 3 3 ” 3 +l 

= (3 3 ) +1 = w 3 +1 , where n = 3 3 
Now « 3 + 1 = (« + 1 ) (tf 2 - /7 + 1 ) 

Thus 3 33 %l = (3 33 %l).* 

where k is a positive integer. Thus the g.c.d of 

^ 3 333 . . ~ 3 334 . • ->333 

3 +1 and 3 -hi is 3* +1. 

20. (a) : n = 720 = 2 4 -3 2 -5 

The pure divisor of n are 2, 2 2 , 2 3 , 2 4 , 3, 3 2 , 5. 

In the prime decomposition form of n 

Only 5 occurs as a single power. Thus '5' is coprime with 

all the other pure divisors. 

Thus \ = S 720 = {5} 

21. (b): Given 5; ={2,3} 

Suppose n = /?, ai p“ 2 . . . p k * k 

where p v p 2 , .... ,p k are distinct prime anda p a 2 , ..., a A .are 
non-negative integers. 

S„ = {2, 3 } if and only if the prime factorisation of n has the 
exponent of 2 and 3 as unity only and ever} 2 other prime 
except 2 and 3 must have an exponent greater than 1 
Thus n can take the values (between 1 and 1 000) 

2 ' 3 1 (= 6), 2 1 -3 1 -5 2 (= 1 50), 2 1 3 1 5 3 (= 750), 2 1 3 V (=294), 
2*3 1 1 1 2 (=726). 

Here n can assume 5 different values. 

22. (a) : Points is S determine a parallelogram 



\x +y | = 1 is a set of parallel lines given by v + v = 1 and 
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x +y = -1 

\x\ = 1 is a set of parallel lines given by x = 1 and x = - \ 
Together these two pair of parallel line determine a 
parallelogram. 

As the angle between adjacent side is not 90°, this is not 
a square. 

The area of parallelogram = [PORS] = 2-[POS\ 

= 2- ^x2-2 = 4sq. units 

23. (c) : Let x p x 2 , x 3 be the angle of a triangle in T. 

We havexj + x 2 + x 3 = 180° ...(1) 

x,,x 2 ,x 3 > 1 

Also x's are integer, (i = 1, 2, 3). 

The number of unordered triplets (x p x 2 , x 3 ) gives the 
number of elements in T. 

The number of integral solutions, ordered of (1) is 
177 + 3-1^ — 179 C _.^9d78 


c = 1 

^ 3-1 


=15931 


' 2 2 

Let's count the number of unordered triplets {x p x 2 , x 3 } 
There are three types of solution 

1 . No two of x's are equal 

2. Exactly two of x's are equal, say x, = x 2 

3. All three of x's are equal i.e. x { = x 2 = x 3 


Type of 
solutions 

r "■ L - 

The number of 
solutions 

The number of 
ordered solution 

(x p x 2 , X 3 ) 

n 

6n 

(x,,x,,x 3 ) 

(1,1,178) 

(2,2,176) 

"(89,89,1) 

■88 

3 x 88 

(Xj.Xj.X,) 

(60.60,60) 1 

1 

6n + 265 


Note that (60, 60, 60) is not counted in (x p x p x 3 ). 

Now 6n + 265= 15931 
15931 - 265 . 

=> n = t . . 77 = 2611 

6 

This is also the number of scalene triangles. 

The total number of triangle = 2611 + 88 + 1 = 2700. 
Note that of these 88 triangles are isosceles and 1 is 
equilateral. Thus there are 2700 triangles in T. 

24. (c) : In problems of this type we try to construct the 
subset according to the given prescription. 

Since no element of A can be prime and every possible 
pair of elements are coprime, we choose an elements of 
A, p 2 where p is prime. Note that 3 1 2 = 96 1 < 1000 and 
37 2 = 1369 > 1000. As 1 is coprime to any number,to get 
the largest subset 1 can be appended. Hence the desired 
subset A is 

A = {i 2 ? 2 2 , 3 2 , 5 2 , , 31 2 } which has 12 elements. 


25. (c) : 


+ 

An 


A* 


.<> 

4* 


The number of rectangle formed by the points belonging 
3 3 

to the array is given by C 2 * C 2 = 9. 

Each such rectangles given rise to 4 right triangle i.e. 


\2 


3 

l\ 


\ 


Thus the right triangle get from this type = 4 * 9 = 36 
Again four more right triangle can be get from 



Further four more triangles are possible, viz Ayi\A 3 , 
A$A y4q, Ayif^A-], AyilA\ = 4 



In total we have 36 + 4 + 4 = 44 right triangles. 

26. (b) : p{x) satisfies 

p(x 2 ) + 2x 2 + 1 Ox = 2x p(x + 1 ) + 3 

Let p(x) be of degree n. As left side has degree 2 n w hile 

right side has degree (w + 1). we have from the equality 

of polynomials 2n n + 1 n = 1 

Set p(x) = Ax + [X to obtain 

Ax 2 + \x + Zv 2 + lOx = lx {A (x + 1 ) + ,u} + 3 

=* (X + 2)x 2 + 1 Ox + p = 2hc 2 + 2 (X + p) x + 3 

Comparing the coelT. of x 2 , x, x° we obtain A = 2, 

1*1 = 3. Thus p(x) is the polynomial 2x + 3 and is of first 

degree. Hence there is unique polynomial satisfying the 

condition of the problem. 

27. (d) : The integrand simplifies 


hi) 

6 

1 - 

h + H 

1 

hi) 

X 


(hi)’ 

r- 

KI 

hi) 

H 
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.♦y , 4v-tfuu±u«- + . 1 


x + -\ + 
X 


* + 7 


■ 3 H) 

Thus the integral evaluates to 


L 

v 3 h 

l ^ 

J 

A 1 



3 | x + ij<fa = 3j(x + i)^ = 3(y+jn|*| 


+ k 


28. (c): 

_(n — m)(n - m + 1) 


->=H) 


1- 


m 

^+7 


/(m-l, n) 


f(m- 1, n) 


n(n + 1) 

_ (n - m) (n - m + 1) (n -m + \)(n-m + 2) 


w(w + l) 


n(n + \) 


n) 


_ (n-m)(n-m + \) (n - m + \)(n - m + 2) 
n (n + 1) n(n + 1) 

(n - m + 2) (« - m + 3) 
n (n + 1) 


-f(m - 3, n) 


_ (n-m) (n-m + 1) p7 - w + 1) Q? - m + 2) 
w (« + 1) n (n + 1) 

(n - m + 2) (n - m + 3) («-*!)« 


Thus T 2 = -~ 

9 t 1 

Again common ratio = — — = - n > 3 

■Si-1 ’ 

As {T„} w ^ j is a geometric sequence we have 
7 ’ 2 =} 7 ’. => ~Y = \ (S ' ) (Recall^, =7;) 


2a 


2(3 (3 . 

"T-3 + ‘ 


— ^ — a / 2> = b => — a = b b = — a 


The sum to infinity 


a 

first term _3 +b 


1 - common ratio 


‘-5 

a . 2 a 

=* 3 +6 = 3 =* 3 _0 = 2/3 


= 1 (given) 


la „ 

=> - T = 2/3 
which gives 6 = 1 


a = -l 


5„=i 


! "^ =1 




, i ( i 

1 H 57 + — r. 

3 332 ^ 


/(0,w) 


« (w + 1) /7 (>2 + 1) 

_ (n - yw) {p7 - m + 1) (m — m + 2) . . . Q? - 1)} 2 n 
n m (n + l) m 

Setting w = « - 1 we have 

/0.-1. M)= ki F k^=-i±i T 

( I2009 ) 2 


( 20 10) 2008 -( 201 1) 21 


Hence/ (2009, 2010) = 

29. (b) : i S *. Solution 

We have 

last term = « th term = S n - S n _ u n> 2 

\»-i 



-ter-®" 1 


J / l 
2 nd Solution . 

Recall that the formula for sum to n term of a GP 
_ a(\-r n ) 

1 -r ,W_1 

can be extended to include n = 0 as well, for then S 0 = 0 
which can be interpreted as the sum to zero term, i.e. no 
term, is zero. 

So the given expression 

S " =a (i) +b ’ n - 1 

can be extended to 

5 " =a (l) +b ’ n -° 

with the understanding that S Q = 0 
we have S 0 = a + b = 0 
giving b — — a 

Again the sum to infinity = b only 
Thus b = 1 which yields a = - 1 . 

Then the solution can be completed as in the first solution. 

30. (d) : Let pit) = t - r 2 + / 3 - t A + t 5 
then p\t) = 1 - It + It 2 - 4 ? + 5 1 4 
= (1 - tf + It 1 + it 2 it 2 - it + l) + 3t 4 -2t 2 
= (1 - tf + 2t 2 (f 2 - 2/ + 1 ) + 3t 4 
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= (1 - t) 2 + 2 t 2 (1 - tf + 3 1 4 
= (1 + It 2 ) (1 - tf + 3/ 4 > 0 V t eR. 

This implies that p(t) is strictly increasing for all t and 
therefore g(x) = p(f(x )) is increasing or decreasing 
according as f(x) is increasing or decreasing. 

Observe that if we take / (x) = x. Then 
h(x)=x-x 2 +x*-x A 
given h(0)= l=/i(l). 

So a counter-example shows that h is a neither increasing 
nor decreasing. 

3 1 . Let AB (or AB produced) meet / at M. 



For the moment, we assume that .AB and / are not parallel 
Let P be any point on / as shown. PN the foot of 
perpendicular from P on .AB. 

LciMA = a and MB = b , where a and b are known. 

Let MP =x. 



MN = x cos a AN = MN - AM — x cosa - a 
Similarly NB =MB — MN = b — x cosa 
Again NP = x sina 

tan 0 = tan (0j + 0 2 ) where 0j = Z.APN and 0 2 = ZBPN 
x cos a - a 


f 0 an 

tanQ ' = NP 


lanQ 2 = N p 


xsm a 
NB b-x cosa 


xsm a 

xcosa -a b-x cosa 
+ - 


tan0 = - 


xsina 


xsina 


1- 


(x cosa -a) (b-x cosa) 
x sin a x sin a 
(b - a) x sin a 


x 2 sin : a-{-x 2 cos 2 a + (a + b) x cosa - ab} 
(b - a)xsin a -(a-b) sina 


x" - (a + b) x cos a + ab 
-(a-b ) sin a 


x-(a + b) cosa + 


ab 


tan0 = 


x + ^-J-(a + 6)cosa 


for tan0 to be greatest, the denominator should be minimum 
which occurs when x + — is a minimum, which by 


ab I — 

AM-GM inequality happen at x = — => x-\jab. 

The point P at which the segment AB subtends the 
greatest angle can be identified geometrically at the point 
T, the point of contact of / with the circle passing through 
A, B and touching /. 

Note that this geometric interpretation still holds when 
the line segment AB is parallel to /, although the analysis 
w'ould be different and can be simply done in the same 
fashion as outlined here. 

32. Suppose that n can be written as a difference of two 
squares. Let n =a“ -b 2 = (a- b)(a + b). 

Notice that (a - b) + (a + b) - 2a = even, so a-b and 
(a + b) have the same parity i.e., they are either both odd 
or both even. 

Hence either n is odd or if n is even, it must be a multiple 
of 4. 

These conditions are sufficient as well. 

Write n as a product of cd , where c and d are both odd or 

both even and c > d. 

c+d c-d 

Let a = — - — , b = — r — 

2 2 2 2 

We then have/7 = a 2 -b 2 ~ (~~ 2 ~~) ~ C< ^ 

Forexample32 = 2xl6 = ^^^- :: j = 9 2 -7 2 

The number of multiples of 4 in the set S = )= 25 

The number odd number in the set S = 50 

Hence there are 75 elements in S that can be written as a 

difference of two squares. The expression is not always 

umque. 

33. Let/ (x) = max {log ((1 +x 2 ), 1)} 

[ 1, 0 S x < Je ^ T 

Thus /(*) = | . 

[log (1 + x 2 ), yje - 1 < x < 2 

2 

Now | max {log((l + x 2 ), 1)} dx 

o 

2 

= J max {log ((1 + x 2 ), 1)} dx 

o 

JTT 2 

J 1 dx + J log (1 + x 2 ) dx 

o 

2 

= J7^\+[xlog(l + x 2 )] 2 j 7Z] - J_ 


2x 


1+x" 


dx 


2 2 1 

= yJT-- \ + 2 log 5 — Je-T - f 2dx + 2 f — —dx 

v/Ti + 

= yje -1 + 21og 5 - y]e -1 - 2 (2 - yje - 1) + 2 [tan -1 x ] v /— \ 
= 2 log5 -4 + 2 y/e - 1 + 2tan _l 2-2 tan -1 yje - 1 


MATHEMATICS TODAY | APRIL 09 


47 



34. We have f (x)+ ~ > 0 from(b) 

Changing .v to /(•*) + — in the functional equation 


/<*)/</(*) + -) = ! 
We have 


.( 1 ) 


/(/(*) + -) + 


/ 


1 


/(*) 

( 1 


/ 


V 

1 


/i/w+ y + ttt 

JJ fix) + - , 

X / 


= 1 


1 




= 1 using (1) 


/ 


1 


/W /Mli 


- /(*) 


As/is strictly increasing .*. f(a)=f(b) =* a =b 
we thus have 


1 1 
- + 


2/ + r 


/W •**> + ! 

=* 2f + j=xf 2 '+f 

=> x 2 / 2 -x/-l=0 


f(f + ~) 

• x/ 2 -/-I = 0 


, /= n4±i => /w 




As /(x) is increasing, we have, /( x ) = 


\-yj5 1 


2 x 

It is easy to check that the function indeed satisfies the 
hypothesis of the problem 

35 . a + b 5 = (a + b) (a A - ab + a 2 b 2 - + Z> 4 ) 

= (« + 6 ) {a 4 + ab 1 + b A - ab (cC + b 2 )} 

= (a + b) {(a~ + ab + b~) (a~ - ab + b~) — ab (a~ + ab + 

b 1 ) + ab 1 } 

= (a + b) {( a 2 + ab + A 2 ) (a 2 - 2 aA + A 2 ) + ab 2 } 

= (a +b) {( a 2 + a* + A 2 ) (a - A ) 2 + a 2 A 2 } 

£ (a + A)a 2 A 2 [v (a 2 +aA +A 2 )(a-A 2 )>o] 

Thus a 5 + A' > (a + A) a 2 A 2 
and equality holds when a =b. 

ab ^ ab 


Thus 


1 


a 5 + A 5 + ab a 2 b 2 (a + b) + ab ab(a+b) + \ 
1 1 

(7 abc = 1 ) 


ab (a + b) + abc ab (a + b + c) 
abc _ c 

ab (a + b + c) a + b+c 

be f 

Similarly —7 7 < 


' A 5 +c 5 +Ac a + b+c 


,..(i) 

(ii) 


ca 


and . . _ , 

c + a +ca a + b+ c 

Adding (i), (ii) and (iii) we get 

ab be 

a 5 + b s + ab 


(iii) 


ca 


b 5 +c 5 + be 


c* + a 5 + ca 
< a+b +c 


a + b + c 

And the equality holds when a =b = c. But abc = 1 , thus 
equality holds when a = b = c = 1 . 

36. Let = 1111111 is 

7 

Now /? 7 = 1 1 1 1 1 1 1 = i (9999999) = 1 ( 10 7 - 1 ) 

'io’-iY fio 7 -i 

+ 20 


/ (1 1 1 1 1 1 1) = 90 x 




10 (10 7 -l) 2 20 , 

■ 9 ■ + 1 -(10 7 -1) + 1 

10 (10 7 -1) , . , , 

= — ^ {10 7 - 1 + 2} + 1 

= y(10 7 -l)(10 7 +l) + l 

10 / 14 v , 10 15 10 , 10 15 1 

-y(l0 - l) + l“"9 9 + l“~9 9 

10 15 -1 


+ 1 


-(4*) 


9 ; = nn_i = «,5 

15 VS 

111.1 


where R m = . 

n digits 

The sum of digits of the number /(1 1 1 1 1 1 1 ) = 15 

37. At the start, when no chord have been drawn, there 
is just one region (the whole circle). At any intermediate 
stage, let us draw a new chord, and suppose it to be cut 
into k pieces by the chord already drawn. The number of 
new region created is k + 1 . 

That is the number is 1 + number of intersections the 
chord has with the chords drawn earlier. Continuing in 
this manner, we establish that in the end the number of 
regions is one more than the sum of the number of chord 
and the number of points of intersection. The number of 
pieces, then is 
1 +"c 2 + "c 4 

n(n- 1) w(*i-1)(w-2)(*i-3) 

2 24 

_24 + 12w (*7 “ * 1) + *7 (*7 1) (n — 2) (*7 3) 

24 

_ 24 + 1 2*7 2 - 12*7 + n 4 - 6*7 3 + 1 1*7 2 - 6*7 
24 

_ *7 4 - 6*7 3 + 23*7 2 - 1 8*7 + 24 
" 24 
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38. If a, b, c are the sides of a triangle, there exists positive 

real x, y z such that a =y + z, b =z +x, c =x +y 

(a + b + c) . v 

we have s - - = (x + y + z J 

A = yjs ( s - a) (s - b) ( s - c) = yjxyz (x + y + z) 


s 


A _ yjxyi 


(x + y + z) _ I xyz 
+y+z yx+y+ 


R = 


x + y + z y x + y + z 
abc (a: + y) (y + z) (z + x) 


4A 4 Jxyz {x + y + z) 
ti 24 Rr- 12 r 2 

■ + y)(y + z)(z + x) I xyz 12 a 

4 Jxyz(x + y + z) \x + y + z x + 


We form 24Rr- 12r 

(x 


y + z 


= 24 

_ 6 (x + y) (y + z) (z + x) - 1 2 xyz 

x + y + z 

_ 6 (x + y) + yz (y + z) + zx (z + x)} 

(x + y + z) 

Again 

(x +y +z) (a 2 + Z> 2 + c 2 ) = (x +y +z) {(x +y) 2 + (y +z) 2 
+ (z +x) 2 } = 2 (x +y +z) (x 2 +y 2 +z 2 +xy +yz +zx) 

= 2 (x 3 +y 3 + z 3 + 3Ayz) + 4 {*y (x +y) +yz (y + z) + zx 
(z+x)} 

>2 {Ay (x +y) +yz (y +z) + zx(z +x)} +4 {*y(x +y) 
+yz (y + z) + zx (z + x)} 

= 6 {xy (x +y) +yz (y + z) + zx (z + x)} 

TU,,o 2 ■ A 2 . „2 ^ 6 {*V (* + >0 + O + *) + ZX (z + *)} 

1 hus a + b + c > 


a~ + b 2 + c 2 > 24 Rr - 1 2r 2 


x + y + z 


=> 24Rr - 1 2r“ ^ a + o + c 

39. From Cauchy's mean value theorem between F(x) and 
G(x) we have 
F (a)- F (b) _ F\c) 

G (a)-G(b) G\c ) 

Applying Cauchy's MPT to — and — we have a 
c€ (a, b ) * * 

such that 

j /(Z>) _ /(a) J g /(g) -/(g) 


1 


Z> a c 2 

X 


•0) 


Note that 


w 7 hen rearranged (1), we get 


af(b)-bf(a) cf'(c)-f(c) 
1 


Thus 


a-b 

a f (b) - bf (a) 


=m-cf(c) 


a-b 

40. Rewrite the given relation as 
6a„_, Sa n _ l a n _ 2 

We have = 

°n - 1 a n-2 a n - 3 

Setting Z> rt = we have b 2 = 2, Z> 3 = 1 2 

Also 6„ = 6Z>„_ 2 

It can be shown that 

& =i-4"-i-2" = 2"~' ( 2” _l - l), for /» > 4 
"42 v 7 

Thus — ^-...-^-=b 2 b ) ...b il 
a, <3 2 a - 


"'/I- 1 


n - 1 


=* a„=2' -2 2 2"' 1 f] (2* - 1) 

*-l 

(»-D n- 1 

= 2” ^ f](2*-l) 

*=»1 

If n = 2 //M , where m is odd, then l<n< *- — — and there 

exists <(> (///) = k < m - 1 such that m divides 2* - 1 . This 
establishes that n divides a... 
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r SECTION - 1 


This section contains 80 multiple choice questions numbered 1 to 80. Each question has four choices of which one is correct. 
Each question carries +1 mark for correct answer and ~ mark for wrong answer. 


1* If the roots of the equation Sx 2 - lx + k = 0 are 
reciprocal to each other, then the value of k is 


(a) 1 


(b) 5 


(c) 5 


1 


2 . 


3. 


4. 


(d) — 

The number of words that can be formed from the 
letters of the word ARTICLE so that the vowels 
occupy even places is 

(a) 360 (b) 574 (c) 300 (d) 144 

Let T= {1,2, 3, 4,5},^ = {1,2},^= {3, 4, 5} and <|) 
be the null set. If .4 x B denotes cartesian product of 
the sets A and B , then ( Y xA)n(YxB) is equal to 


(a) Y 

±+ 1 + 2 + 

3! 5! 7! ' 


(b) 4> 


(c) A 


-l 


(a) 


5. If F(a) = 


is equal to 


(b) e 

cos a -sin a 0 
sin a cos a 0 

0 0 1 


(O j 


(d) B 


(d) § 


, ae R, then [F(a)] 1 


(a) F(- a) 
(c) F (2a) 

6 . If 0<x<l, 


(b) F(or') 

(d) none of these. 


then 


VTT 5 


|.vcos|cot 1 ,v| + sin 1 (cot 1 xjj -1 


“il/2 


is equal to 


(a) 


(c) 


ViT 

x\f\ 


(b) x 


+ x 


(d) Vl 


+ x~ 


7. 


-i 5 


-i 12 n 


If sin — + sin — = — , then the value of x is 
(a) 13 (b) ±13 (c) ±11 (d) i 2 


8 . 


9. 


Iftana = (l +2 *)~ l andtanP = (l + 2 X+1 ) l , then the 
value of (a + (3) is 


/ \ 71 
(a) g 


(b) f 


(c> 5 


(d) \ 


If a, b,c are the sides of the triangle ABC such that 
a 4 + b 4 4- c 4 = 2c 2 ( a 2 + b 2 ), then the angle opposite 
to the side c is 

(a) 45° or 135° (b) 30° or 120° 

(c) 60° or 150° (d) none of these. 

10. The period of 2sin| 37D: + ^ j + 3 |cos5joc|is 

(a) 1 (b) 2 (c) 3 (d) 5 

1L If term of an A P. is q and q ^ term is p , then 10 th 
term is 

(a) p-# + 10 (b) p + q + \\ 

(c) P + q-9 (d) p + q-\0 

1 2. Out of 8 sailors on a boat, 3 can work on one side 
and 2 only on the other side. The number of ways the 
sailors can be arranged on the boat is 

(a) 1700 (b) 1720 

(c) 1728 (d) 1736 

13. If one root of the equation x 2 + px + 12 = 0 is 4, 
while the equation x 2 + px + q = 0 has equal roots, 
then q = 


(a) 49/4 (b) 4 


(c) 3 


14. 


If tan0 + tan|^0 + y | + tan| 

K is equal to 
(a) 1 
1 


(-?)- 


(d) 12 
= K tan 30, then 


(b) 3 

(d) none of these. 


(0 3 

15. Let R = {(I, 3), (2, 4), (4, 2), (2, 3), (3, 1)} be a 
relation on the set A = { 1 , 2 , 3, 4} . Then the relation 
R on A is 
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(b) 


(d) 


3 n+1 + 3-2” 


3" _1 - 3 + 2" 


32. The eccentric angle of a point on the ellipse 

2 2 

£_ + >L = i whose distance from the centre of the 
6 2 

ellipse is 2, is 

In 


/ \ 71 
(3) 4 


(b) f 


, , 5k 

(c) T 


(d) T 


33. Two teams are to play a series of 5 matches between 


them. A mate] 
A number o 
and no two 
of matches, 
one person 


or draw for 
fesult of each mal 
Precast for the s^Ies 
of people in _ 
all the matches, will 


ends in^^ft or 
ieopl|^rorecast the 
>ple sami 

’he smalleygrou 
ecasts directly f< 
contain people, where V is 
(a) 81 (b) 243 

(c) 486 (d) none of these 

34. Odds 8 to 5 against a person who is 40 years old 
living till he is 70 and 4 to 3 against another person who 
is 50 years old will be living till he is 80. Probability that 
one of them will be alive next 30 years is 

(a) 59/91 (b) 44/91 

(c) 51/91 (d) 32/91 

dy 1 + jy^ 

35. Solution to the differential equation — = — — 

1 4 - x 

where 

(a) £^- = K (b) xy = K 

K J l + xy 

(c) X 2 - y 1 = K (d) none of these 

36. If z is a non-real root of If-l , then z 86 + z 1 ° + r- 89 is 
equal to 

(a) 0 (b) -1 (c) 3 (d) 1 

37. The number of ways in which 6 different balls can be 
put in two boxes of different sizes so that no box remains 
empty is 

(a) 62 (b) 64 

36 (d) none of these 

38. The number of even proper divisors of 1008 is 

(a) 23 (b) 24 

22 (d) none of these 

39. The solution of the differential equation 

2* + — - v = 3; given y( 0) = -1 represents 
dx 


(a) straight line 
(c) parabola 


(b) circle 
(d) ellipse 


40. If the three consecutive coefficients in the expansion 

of (l+x) n are 28, 56 and 70, then V equals 

(a) 6 (b) 4 (c) 8 (d) 10 

= A /sinx + -\/smx + Vsinx + ....» , then ^ = 
cosx 


4i. y 
2t~1 

cos* 
2x-l 


(a) 

(c) 


(b) 

(d) 


2y-\ 

COSJ2 


cosy 2y 1 

42. The equation of the hyperbola referred to its axis as 
axis of co-ordinate and whose distance between the foci 

is 16 and eccentricity is VI , is 

(b) x 2 -y 2 = 32 
(d) x 2 -y 2 = -16 

[the coefficients of any four 
expansion of (1+ x)", then 


*2 




a 2 + a 3 


44. -^[tan Vlog^x^ 

1 


[l + (log 10 x)f xlog e 10 

1 

1 + 0°gio x ) 2 

1 


(a) 

(b) 

(c) ri 

[1 H- (logio ^) 2 ] • ^l°gl0 ^ 

(d) none of these 

45. If e, e be the eccentricities of two conics S = 0 and 
S ' = 0 and if e 2 + e' 2 = 3 then both S and S' are 
(a) hyperbolas (b) ellipses 

(c) parabolas (d) none of these 


SOLUTIONS 


I. (d) 
6. (d) 

II. (a) 
16. (b) 
21. (b) 
26. (c) 
31. (a) 
36. (b) 
41. (b) 


2. (d) 

3. 

(b) 

4. 

(C) 

5. (c) 

7. (b) 

8. 

(b) 

9. 

(b) 

10. (a) 

12. (b) 

13. 

(d) 

14. 

(a) 

15. (c) 

17. (b) 

18. 

(a) 

19. 

(a) 

20. (b) 

22. (b) 

23. 

(a) 

24. 

(a) 

25. (b) 

27. (a) 

28. 

(b) 

29. 

(a) 

30. (c) 

32. (a) 

33. 

(b) 

34. 

(b) 

35. (a) 

37. (a) 

38. 

(a) 

39. 

(a) 

40. (c) 

42. (b) 

43. 

(c) 

44. 

(a) 

45. (a) 
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MOCK TEST PAPER 




Exam on 


| 10th May 


V 


2009 


Indian Statistical Institute 


- *Alok Kumar, BTech, IIT KANPUR 


The Indian Statistical Institute (ISI), Kolkata, is considered as one of the foremost centres in the world for training 
and research m statistics and the related sciences. The B.Stat (Hons) degree program, the flagship programme of the 
institute offers comprehensive instruction in the theory, method and application of statistics, in addition to several 
areas or Mathematics and some basic areas of computer science. 


I|ake a selectioi 
condary level (10 



test cOT^Irairig Obj|ctive type and 
2 year’s projifammd 


Each candidate applying for 
Short-answer type questions 
The selection tests consist of 

(1) A multiple choice type test 'laying about 30 question: 

(2) A short-answer type test havin|iabout 10 questions. 

Questions will be set on the following and related topics. 

Algebra : Sets, operations on sets, prime numbers, factorization of integers and divisibility, rational and irrational 
numbers, permutations and combinations, binomial theorem, logarithms, theory of quadratic equations, polynomial 
and remainder theorem, arithmetic and geometric progressions, inequalities involving A M., G M and H M com- 
plex numbers. *’ ’ 111 

Geometry : Plane geometry of class X level. Geometry of 2 dimensions with cartesian and polar co-ordinates Con- 
cept of a locus, equation of a line, angle between two lines, distance from a point to a line. Areas of a triangle, equa- 
tions of a circle, parabola, ellipse and hyperbola and equations of their tangents and normals, mensuration 
Trlzonomety : Measures of angles, trigonometric and mverse trigonometric functions, trigonometric identities 
me uding addition formulae, solutions of trigonometric equations. Properties of triangles, heights and distances 
Calculus : Functions, one-one functions, onto functions, limits and continuity, derivatives and methods of differen- 
tiation, slope and curve, tangents and normals, maxima and minima, use of calculus in sketching graph of functions 
methods of integration, definite and indefinite integrals, evaluation of area using integrals. 

Logical Reasoning : Consistency of statements. 

In response to growing demand from students preparing for the ISI, we bring to you the second Mock ISI paper 
which closely simulates the real exam. F F ’ 


Multiple Choice Type Questions 


48 52 - 46 52 

Let R = — 77 — . Then R satisfies 


96 26 + 92 26 


(a) R< 1 (b) 23 26 <R< 24 26 

(c) 1 <R< 23 26 (d) R > 24 26 

2- The number of positive integers n < 99 such that 
1 + x 100 + x 200 + ... +x 100 " is divisible by 

1 + x+V + ... + x" is 

(a) 38 (b) 40 (c) 39 (d) 41 

3 - The number of pairs of integers (m, ri) satisfying 


m 1 + mn + « 2 = 1 is 


(a) 8 (b) 6 (c) 4 (d) 2 

4- From a group of 20 persons, belonging to an 



* The author is a winner of Indian National Mathematics 
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association, a president, a secretary and three members 
are to be elected for the executive committee. The 
number of ways this can be done, is 
(a) 310080 (b) 155040 

(c) 620160 (d) 77520 

5- The side of a triangle ABC satisfy a 2 = b(b + c). 
Also the degree measure of an angle B is 75°. The degree 
measure of an angle ZBAC is 

(a) 90° (b) 120° (c) 150° (d) 100° 

6 - The sum of digits of the number 1 00 13 - 26, written 
in decimal notation is 

(a) 227 (b) 218 (c) 228 (d) 219 

7 - Let S = {(*1, x 2 , * 3 )|0 <Xj<9 and x, + x 2 + x 3 is 


Olympiad. He trains IIT aspirants at RAO IIT Academy, Kota. 









divisible by 3}. Then the number of elements in S is 

(a) 334 (b) 333 (c) 327 (d) 336 

8. A 3-digit number in base 9, when expressed in base 
1 1 has its digits reversed. The number of such numbers 
is 

(a) 0 (b) 2 (c) 3 (d) 5 

9. From a point P on the circle B 
shown with centre O, the chord 
PA = 8 cm is drawn. The radius 
of the circle is 24 cm. Let PB be 
drawn parallel to OA. Suppose BO 
extended meet PA extended at M. 

The length of MA equals (in cm) 

(a) 16 (b) 8 (c) 10 (d).9 

10. Let x andy be positive reals with x<y. 

Also 0 < b < a < 1 . Define E = log a ^ j + log fe j 

Then E can't take the value 

(a) -2 (b) -1 

(c) -s/2 (d) 2 

11. Let S = {(*, >')|0 C _ l) 2 +(y + 2) 2 < 25 andx.j' e Z}. 
The number of elements in S is 

(a) 81 (b) 80 (c) 85 (d) 102 

2 22 

12. The greatest common divisor ( gcd) of 2 +1 and 

0 222 

2 + 1 is 

(a) 1 

(c) 2 2 " -1 (d) 2 2 " -1 

13 . A function /*is said to be odd if/*(— : x) = —f(x) for all 
x. Which of the following is not odd ? 

(a) A function / such that/(x+x)=/(*) +/0) for a11 y 


*22 

(b) 2 2 + 1 

*21 


xe 


x/2 


\ + e x 


ri * derivative of x equals 

(a) 4 (b) -3 (c) 3 


(b) /(*) = 

(c) f(x) = x - [x] 9 where [x] denotes the greatest integer 
which is less than or equal to x. 

(d) /(x) = x 2 sinx+x 3 cosx 

.. cosx-secx . 

14. The lim — r is 

x — >0 x\\ + x ) 

(a) -1 (b) 1 

( c ) o (d) doesn't exist 

15- Let S be the set of all 3-digit numbers such that 

(i) the digits in each number are all from the set 

{1,2, 3, ....,9} 

(ii) exactly one digit in each number is even 

The sum of all numbers in S is 

(a) 96100 (b) 133200 

(c) 66600 (d) 99800 

16. Let y = — ■ Then /( 1 ), where y"(x) denotes the 

x 2 +1 


(d) -4 


17 . The number of real roots of the equation 

2 3 ^7 

i+£ + £_ + :L-+ + — = 0 (without factorial) 

12 3 7 

is 

(a) 7 (b) 5 (c) 3 (d) 1 

18 . Let /(m, ri) = 36 m - 5”, with m and n being positive 
integers. The smallest value of |/(/w, w)| is 

(a) 1 (b) 11 (c) 5 (d) 9 

19 . Which of the following is false ? 

(a) The square of any integer when divided by 3 leaves 
no remainder or a remainder of 1 

(b) t The square of any integer, when divided by 5 leaves 
no remainder or a remainder of 1 or a remainder of 4 

(c) The square of an odd integer, when divided by 8 leaves 
a remainder of 1 

(d) p and p 2 + 8 are primes for infinitely many primes p. 

20. Let z be a complex number satisfying z - 1/z = / 

2009 1 

Then a possible value of z + is 


• z 

(a) / (b) -yfl (c) 2V3 (d) -i 

21. OA is a radius of a circle with centre at O R is a point 
on OA through which a chord CD perpendicular to OA is 
drawn. Let a chord through A meet the chord CD at M and 
the circle at B Also S is the perpendicular from O on chord 
AB. The radius of circle is 1 8 cm .R is the midpoint of AO 
and .AMIMB = 1/2. The length of OS (in cm) is 
(a) 12V3 (b) 9 (c) 9V3 (d) 12 

0°g,ooo 100 X lo 83( lo g27 3 )) 

,, (log,, log, (729)) 

Let a- log 3 9 + log 9 3 

Then a equals to 

(a) -2/15 (b) 2/15 

(c) 4/15 (d) -4/15 

23. The number of ways in which a player can be dealt a 
hand of 1 3 cards, if all four suits are to be represented in 
the deal is 

(a) 52 C ,3 - 3- 39 Cu +4- 26 Ci3 - 3 


(b) 

I 

a, b,c. 

jX)( 


a + b 

+ c +d — 13 

(c) 

52 r 
^ 13 

-4- 39 C,3+6 


10 1 

1 -a 13 -a-l 

(d) 

I 

I I 


24- Let R n = 11111 Then the remainder when Rg !3 is 


divided by 29 is 
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(a) 24 (b) ll ( C ) l (d) 9 

25. Let x,y, z be different from 1 satisfying 
x +y + z = 2007, xy +yz + zx = 40 1 1 . 


Then the value of — ! — + — ! — + — ! — 
1 -x 1 - y 1-2 


is 


(a) 0 

(c) 2008 


(b) 1 


(d) 


2008 


26. The number a73896, a, b are digits, is divisible by 
72, then a + b equals 

(a) 10 (b) 9 (c) 11 (d) 12 

27. Let O be the centre of the circle and ABC be an 
inscribe triangle ( ZBAC = 60°). Which of the following 
is necessarily true about the ZABO ? 



(a) 60° < Z.ABO < 90° (b) 0 < ZABO < 60° 

(c) ZABO = 30° (d) 0 < ZABO < 30° 

28. Let QPR be a right angle triangle, right angled at P. 

Let — = — p <2 = 6 cm, PR = 8 cm. If the ratio of 

area ot'APZY and A POR is 2 5, then the area of rectangle 
ZMNY is (see in the figure) 

P 



29. In a special version of chess, a rook moves either 
horizontally or vertically on the chessboard. The number 
of ways to place 8 rooks of different colours on a 8 x 8 
chessboard such that no rook lies on the path of the other 
rook at the start of the game is 
(a) 8 x [8 (b) 18 x [8 

(c) 2 8 x [8 


(b) 

(c) 

(d) 


(d) 2 8 x 64 C, 


30. The co-efficient of x 100 in the expansion of 
(1 +xXl -2xXl +3xXl -4x) (1 + lOlx) is 

(a) ll0l{fi + I + ,.. + -l-]-('i + I + I + . + J_]1 

l\2 4 100,/ l 3 5 101/J 
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^H4 + + is)l 

{(' 4 * 

Irr + i4)-( ,+ r + 4)} 


Short Answer Type Questions 


31. Find all function/defined on the set of positive real 
numbers which take positive real values and satisfy the 
conditions : 

(0 A x f(y )) = yf(x ) for all positive x, y ; 

(ii) /(x ) 0 as x -» oo. 

32. In a triangle ABC , prove that 

a(s - a) + b(s - b) + c{s — c)< 9 Rr. 
where a, b, c are the sides of the triangle, s the semi- 
perimeter and R, r respectively the circum-radius and 
in-radius. 

33. Define Af=2”(2 n + , -l),/,eAYsuch that 2 n + 1 -l is 

a prime number. Prove that 

(i) the sum of the divisors of N is IN 

(ii) the sum of the reciprocals of the divisors of ,V is 2 

34. Find all real numbers satisfy ing 
6 * + 2 2 * - 36" + 24* - 16*= 1 

35. (i) Do there exist function f : R R and g : R R 
such that/(g(x)) = x 2 and #(/(x)) = x 3 for all x e R ? 

(ii) Do there exist functions/: R R and g : R R 
such that/(g(x)) = x 2 and g(f(x)) = x 4 for all x e R ? 

36. Let P n be the number of permutation of n symbols 
(1> 2, 3, ...., n — 1 , ri) in which no element occupies a 
place that is its own. Such a permutation is known as a 
'Derangement'. Let us agree to set P 0 = 1 . Prove that 
\n=”c 0 -p n + "C, •/>„_, + ... + n c„_ x p n + ”C„ • P 0 

37. Two boxes contain between them 6 balls of several 
different sizes. Each ball is white, black, red or yellow. If 
you take any five balls of the same colour, at least two of 
them will always be of the same size (radius). Prove that 
there are at least three balls which lie in the same box, 
have the same colour and are of the same size. 

38. The diagonals AC and CE of a regular hexagon 
ABCDEF are divided by the inner points M and N, 

AM CN 

respectively, so that = = k 

AC CE 

Determine k if B, M, N are collinear. 

39. Find all continuous function/: (0, oo) 

that/(l)= 1 and ^J(/( 0 ) 2 * = -[//(*>* 

o. 0 

40. Prove that a triangle has maximum area given the 
length of a side and the angle opposite it, when it is 
isosceles. 


( 0 , oo) such 
\2 


74 




SOLUTIONS 


MULTIPLE CHOICE TYPE 


1. (b) : R = 


48 52 - 46 52 


96 26 + 92 
(2 ■ 24) 52 

When R = 


,26 


-(2-23) 


.52 



-,52 


(4-24) 26 + (4-23) 26 

,26 \2 


2 ;2 (24 ?2 — 23 S2 ) 

' 4 26 (24 26 + 23 26 ) 


2 W ( 24 26 ) 2 -(23~ 6 )' 

24 26 +23 25 
(24 2li +23 26 X24 26 -23 26 ) _ .,^26 
= 24 26 +23 26 


■23 


>26 


As7?- 24 26 - 23 26 <24 


><26 


z.26 


rt<24 
24 

- 0'i26 


Also = 24 26 - 23 26 = (1 + 23) 26 - 23 26 

i25 .26>- 


... 0 ) 


- 23 26 + 26 C, • 23“ + "C 2 • 23‘’ 4 + 
= 26 2 3 25 + 26 C2 ■ 23 24 - ... + 1 
> 26-23 25 > 23-23 25 = 23 26 
thus R > 23 26 

combining (1) and (2) we get 
23 26 <R< 24 26 
( C ) : We have 
100 . „200 


..+ 1-23 


26 


.( 2 ) 


/ lOOyi+1 _ i 

300 , . J00;» _ \ x \ 

“ +•••+■* - 100 , 


Also l + *+* 2 +...+*" = : 

l + ^ 00 +^ 00 +..■ + ^ 00,, _ 

l + .r + ^ 2 + ...+x n 

^I00(n+1) _ J T _ 1 


w+1 


(x m ) n *' ■ 


1 x-\ 


100 


-1 


y ,+1 - 1 


100 


• (A) 


are (0, 4) and (1,1) 

We then have 
m 2 = 0. and // = 1 
v 2 = 4 and v~ 1 

i.e. i/ - 0, v = 2 ; « = 0»v = -2; «=1, v = 1; 

„ = 1 )V = -1; »--l,v = 1 and u = -1. v 1 

giving 6 ordered pair solutions (m, n) viz 
(1,-1), (-1, 1). (1,0), (0, 1), (0,-1), (-1,0) 

4 (a) . 1st solution : The president can be elected in 20 C, 

ways, following which the secretaiy can be elected in ' C,, and 
then the three members in IS C 3 ways. 

The number of ways 20 C, • l9 C| • ls C 3 = 20 ■ 19 - 

= 20- 19-3-17-16 
310080 

2nd solution : The number of ways of dividing 20 persons into 
three groups, two groups consisting of 1 person each, one group 
consisting of 3 persons and vet another 1 group consisting of 
15 persons is 

[20 J_ 

"lllMlS *12 

Now the 3-member group can serve as the three member, 5 to 
be elected for the executive committee of the two 1 -member 
group, one can serve as president and the other as secretaiy. 
Then the number of ways 
[20 


*--1 y ,+1 -i 

The key ideas is to apply a result regarding the roots of unity 
If A' and / are relatively prime (positive integers) then .v - 1 and 
y - 1 has exactly one common, viz x - 1 

Thus from (A) the given quotient to be polynomial, it's necessary 
that n + 1 and lOO^should be relatively prime. This condition is 
sufficient as well. „ . 100 < 

Note that y 00 - 1 if* 100 )”' 1 1 and also *" - W ) “ \ . 

Hence the number of positive integers n < 99, such that n + 1 is 
relatively prime to 100 is the answer to our problem. 

As 100 = 2 2 • 5 2 

0(1 00) = 1 00 [l - ^ )[l - - ) = 1 00 - - • ~ = 40 

Of thpse 40 values 'I' is a value which can’t be taken by n + 1. 
Thus (n + 1) can take 39 values and since corresponding to every 
value of n + 1 there is a value of n and vice-versa a bijection. n 
can take 39 distinct values. 

3. (b) : n? + mn + /i 2 = 1 

As the equation is symmetric in m and n , we make the 
substitution u = m + n and v = m n 
so that t/ 2 + v 2 = 2(m 2 + n 2 ) and t t 2 - v 2 4 mn 
Multiplying the given equation by 4 
4 nr + 4 mn + 4a 2 = 4 

=» 4(m 2 + n 2 ) + 4mn = 4 => 2(w* +✓) + «*-* -4 

=* 3i/ 2 + a’ 2 = 4 

Set w 2 r, v 2 = s with r. s 5 0, we have 3r + s - 4 

The ordered pairs (r, s ) satisfy ing the above equation in integers 


5. 


Ill 111? 115 

[20 

"111113115 ' 

(c): 


■i 


12 



Produce CA to D such that AD - AB 
Z.ABD = Z.iDB 
ZBAC = ZL4BD + /Li DB = 20 
from A ACB and txBCD (as. a 2 = b(b + c)) 
a _b ^ £B_ = AC 

TTc' a ^ CD BC 

and AC is common 
So the triangles dre similar. 

ACB A = ACDB = AB Also AIDB = A.4BD 
ZBAC = A.4DB + A4BD (Exterior angle) 
ABAC = 2A.4DB = 2 ACDB 
= 2AB 

given AB - 75° ABAC =150 

6. (a) : 100 13 - 26 10 26 - 

= 99999 9 74 

24 9’s 

The sum of digits = 24 9 + 7 +4 

- 2 16 + 11 = 227 


26 


: 1 000000 -26 
26 zeroes 


. 00 : With each (atj, at 2 , x 3 ) identify a three digit code, where 

reading zeroes are allowed. We have a bijection between S and 
the set of all non-negative integers less than or equal to 999 
divisible by 3. 

The number of numbers between 1 and 999, inclusive, divisible 




333 


Also 'O' is divisible by 3. 

Hence the number of element in S = 333 + 1 = 334 

8. (a) : Let abc be the number in base 9 we have 
(abc) 9 = (cba) n 

=* 81a + 96 + c = 121c + 116 + a 

=> 120c + 26 - 80a = 0 => 60c + b-40a = 0 

=> 40a- 60c = b => 20(2a-3c) = b 

But 0 < b < 9 

So b~ 0, implying 2a - 3c = 0 

Again 0 < a, c < 9 yield the solution 
a = 3, a - 6 
c = 2, c = 4 

The two possible solutions are (302) 9 and (609),. 

9. (d) : 1st Solution 



Let PA — X r, 0 < X < 1 
Let N be the foot of perpendicular from P on AO. 
Suppose AN = x, then ON= r-x 
In right triangle PNO and PNA 

PN 2 = S- (r-^AV-* 2 


Irx-x 1 - 
2 


Irx = X 1 r 2 


x = - 

OA |j BP, 

MA _ AO 
MP ~ PB 
<4P _ PB 
MA ~ AO 
.4P 


MA AO 
MA + AP ~ PB 


1 +- 


MA = 


AP _ PB 
MA~ AO 
Xr 


-1 


PB 2 (r-x) 
AO r 


hr 


Xr 


Xr 

2 X 2 r~\~)J 
r 2 r 

Now ,• = 24 cm, ,-LP = 8 cm. we have 

3 

MA = — — — = - • 24 = 9 cm 
1-1 8 
9 



2nd solution 

From the cosine rule in triangle AOP 


Xr = 2rsin — 

2 

Again from A POB 




= 2r<l-2sin 


f}= 


2ril — 2~ 


■44)= 


r(2-\ 2 ) 


Again asPB\{OA , we have 
MP PB 
MA ~ OA 

MA MP MP-MA 


PA 


OA PB PB-OA PB-OA 
OA 


MA = • 


PB-OA 
Xr 1 


■PA = 


r(2- X 2 )-r 


Xr 


(1-X 2 >- i-X 2 

Remarks : When A = 1. j.e. when PA = r. we have OAPB as a 
parallelogram and hence PA and BO extended don't meet. 



The formula for X = 1 yields -> < 

Also when ). = 0, i.e. when A and P become coincident BO 
extended meet PA at A itself. The formula for A - 0 yields 
MA = 0 



A(P) 
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10. (d) : E 


=i° g „(j)+i°g»^) = 1 ° 8 «(i) +log *fe) 


log — log ~ 

. y i y - * * 

~ 0gn x ° 8a .t log (l log b 


= Iog fz)JJ Ll =log (z]jJ 

w Lx/} log a log&J \ x / j ( 


log/? — log <7 

}(logrtXlog/>) 

_ H Io8 («) lo f- v ) l08 ^ 

l0g Lr J(logaXlog^) ° g UJ (logflXlog/>) 


Now 0 < a< \.0 <b < \ .*. log a and log b arc both -ve. 

Thus log ^ j and log are both 


v , a 

Also — > 1 and - > 1 


x b 

positive. Finally E turns out to be a' negative quantity. Thus E 
can't take the value '2' 

1 1. (a) : The number of elements in 

S = {(: x . y) | (* - l) 2 (v + 2) 2 < 25 and x, y>e z} is same as the 
number of lattice points, the pints having both its co-ordinates 
integers satisfying x -yr <25 

Let r = {(x.y),* 2 +/ < 25, *,y € z} Then we have T = (S) 
we must do some systematic counting. 

In general if (*,y) is a solution of* 2 +y 2 ^ 25, then so are 
(*. y), (*. y), (--v, ~y\ (v. x). (y. -x\ (-y. x) and (-y, -*)• 
So any solution, in this way can generate a maximum ot 8 
solutions. Considering the change of sign and an interchange 
of* and y. 

Let's count our solutions 
With a. b > 0 (a < b) 

anv solution ( a . b ) indeed realizes all possible eight solution, 
viz , (< a . -6). C-fl, <-* (*>• «)* (*• ^ “«)• 

(1.2) 

(1.3) 

(1.4) 

(2. 3) 

(2.4) 

(3.4) . , , , 

With a. b > 0, a = b: any solution (a. a) gives rise to (fl, a), 
(a. a), (~ (U a), ( a 9 -d) 4 solutions 

( 1 , 1 ) ) 

(2. 2) >->3412 solutions 

(3, 3) ) 

With b> 0 any solution (0, b) gives rise to (0, - b ). (6, 0) and 
(-&, 0), i.e in all 4 solutions 
(0.1) 

(°, 2) 

(0, 3) } — > 5 4 ^ 20 solutions 

(o! 4) 

(0, 5) 

Also (0, 0) doesn't produce any other solution 
(0, 0)} — > 1 solution 

The number of solutions - 48 + 12 + 20 ^ l 81 
12. (a) : Let F„ = 2 2 " + 1. with m n 
F-2 


= (2 2 , 2 + 1X2 2 M " 2 ” 1X2 2 ” -1) 

= (2 r +1X2 2 ” -l)--.(2 2 " ' -1) = XF m 
Now F„ 2 

let d\F n and dF,„ then dl. Then d= 1 or 2. But 
F m and F„ are both odd. Hence gcd= 1 
13. (d) : J{x + y) =/ (.r) +/(v) for all .v. y 
Let * = v 0 

=> /(0 + 0)=/(0)+/(0) => /(0) =/(0) +/(0) 
/(0) = 0 

Again replacing y with -*, we have 
/(* - *) =/(*) +/(-*) 

=> /(0) = /C*) +/(-■*) 

=> f(x)+f(-x) = 0 

/(-*) - -/ (*). Thus/is odd 
xe x 1 , 

Again for /(*) = . we h ave 

/(-*) = 


l + g x 

(-*)(g~ y 2 ) (-*Xg~ T 2 ) gT 

\+e~ x 

.jf/2 

= “/(*) 


l+g* 


xe 


► 6 8 = 48 solutions 


l + g v 

establishing that /is odd 
for / (*) -V 2 sin* + .t 3 cos* 

/( -*) - ( *) 2 sin(-*) + (-*) 3 cos(-*) 

-* 2 siar - x 3 cos* = -/(*)» implying that/is odd 
But /(*) * - [*] is not odd. To prove it we take a counter- 

example. 

/(-2.3) “ -2.3 - [-2.3] 

~ -2.3 - (-3) = 3 - 2.3 = 0.7 
/(2.3) = 2.3 - [2.3] 2.3-2 = 0.3 

/(-2.3)^-/(2.3) 
thus/is not odd. 

14. (a): i 


cos* 

cos* -sec* . cos* 

lim — n hm 


= lim - 


cos 2 * - 1 


nm — inn ^ -» ,. 

“_>o .v 2 (* + l) .x 2 (* + 1) t-»o C os* * (* + l) 


: 2~ — 

.x— >0 COS*’ (* X A ‘ + 1) 

—1-1-1 = 1 


.x— >0 COS * V * / *+l 


: 2 2 " + 1-2 


5" 

= 2 2 


- 1 = ( 2 2 ""' ) 2 -1 = ( 2 2 


+ 1X2 2 -1) 


15. (b) : 1st solution 
Let abc be a number in S. 

Then ail possible arrangments of.v.y and r will also be numbers 
in S. 

Sum of all possible arrangements of a . b and c is 

(fl*c),o + (acb)io + (bca)\o + (bac) l0 + (cnh) 10 + {cbd) , 0 
200 (a + b + c) + 20(a - b <■ c) 1 2(a + b + c) 

= 222(<i + b + c) 

All the digits in S contain exactly 1 even digit. It can be one of 
2, 4. 6 or 5, 

The sum of the other two digits can be 

1 +3-4, 1+5 = 6, 1+7 = 8. 1 +9 10 

3 + 5 -8.3 + 7 - 10.3+9=12 
5 + 7 = 12, 5 +9 14, 7 +9 = 16 

Let 'a' denote the even digit, the sum of all elements of S for a 
given value of a is 
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222 (a - 4) + 222(<j + 6) + 222(a "-8)- 222(a + 10) 

+ 222(a + 8) - 222(a + 10) + 222(a + 12) + 222(a + 12) 
+ 222(a + 14) + 222(a + 16) 
= 222(1 Oo + 100) = 2220(o + 10) 

Now the sum ol‘ all number in S = £2220(a+10) 

a 

~ 2220{(2 + 4 + 6 - 1 - 8) + 10-4} 
2220(60} = 133200 

2nd solution 

The sum of digits in unit place of all the numbers in S will be 
same as the sum in tens or hundreds place. 

The only even digit can have any of the three positions, i.e. 
3 C,. ways. 

And the digit itself has 4 choices (2. 4. 6 or 8). The other two 
digits can be filled in 5*4 = 20 wavs. 

Then the number of numbers in S = 240 

Number of numbers containing the even dieit in units place = 

4*5 4 = 80 

So the other 160 numbers have digits 1, 3. 5. 7 or 9 in units 
place, with each digit appearing = 32 times 

Sum in units place = 32(1 +3 5 + 7 + 9) + 20(2 +4 + 6 + 8) 

, 4-5 

= 32*5 2 +20-2 — — 

2 

= 32-25 - 20*20 = 1200 
The sum of all numbers = 1200(1 + 10 + 10 2 ) 

= 1200* 111 - 133200 

16. (b) : Simply differentiating would be tedious. We take 
advantage of 7* the square root of '-T 


X 

y = 2 

=-{—+—] 


A 2 *f 1 

2 [x — i x+i J 


A if 

14 , 14 ] 


dx A 2 1 

(x-i) 5 (* + /)M 


d n r 

Note that — 
dx" 1 

i i_ c-iris 

x + al (x + a)"*' 

So. _v‘ , (jr) = ^| 

1 1 , 1 

l 

[(.r-,) 5 (.r + 0 5 
r i 

F 

y\ i) = i2 

j 1 , ' 1 

' _ 12 J 

Id -o 5 (1+0 5 J 


= 12' 

flzi+liil-,. 

( 1 1 'l 

l 8/ — 8/ J 

1 

00 | 
1 

OO 1 

II 

1 


17. (d) : First we will prove a lemma 

X X 2 jf"' y y " y 

the polynomial f{x) = 1 + - + — + — + — + — + — 
real zeroes. 12 3 4 5 6 

Let/has a minimum at * = x 0i thcn/'(*o) = 0 
=> 1 4 *0 + *o 2 + *o +Jr 0 4 4 *0 = 0 

(^o-ix-^+i) 


has no 


.t 0 -1 


= 0 =* ' x/ =o 

(^-D 

=> (■*<?+ *1 i lXV -^ 0 + 1 X ^ 0 + 0 = 0 

which has a real root x 0 = -- 1 
But /(-1)=1-1 + 


(HMHK >0 


Then/(jf) > 0 and hence /has no real zeroes 

v y 2 * 3 y 7 

Let g(x) = 1 + - + — + — + ...+ — 

12 3 7 

An odd degree polynomial has at least one real root If our 
polynomial g has more than one zero say and .y 2 then by 
Rolle's theorem in (*,, .y 2 ) we have a '.y 3 ' such that 
g'(x 3 ) = 0 

=> 1 + * 3 +A 3 2 + ... + * 3 6 = 0 

But this has no real zeroes. 

Y Y 2 Y 3 Y 7 

Hence the given polynomial 1 + — + — +'—+ + __ has 

12 3 7 

exactly one real zero. 

18. (b) : The unit digit of 5” is 5 for all positive integers n and 
the unit digit of 36'" is 6. 

I lie unit digit of /(m. w)| is 1 or 9 depending upon which of 5" 
and 36"' is greater. 

The least possible value of |/(w, / 7 )| can be 1 
Note that /(m. ri ) i =1 => 36”' - 5" = ± 1 

Modulo ’5' the above congruence reads 

1 ± 1 (mod 5) i.e. 2^0 (mod 5) [impossible] 

The next possible value can be 9. 

36'" - 5" = ± 9 => 36'" x 9 = 5” 
which reads modulo *3’ [impossible] 

0 5(-l) n (mod 3) 

Continuing in this fashion, the next possible value of 36"' - 5" 
would be 1 1 We show that 1 1 is realized also so it is indeed the 
least value that /(m, 77 ) can take |/( 1. 2)| = 36 - 25 = 11. 

1 9. (d) : We will prove the result in the language of congruence . 
Any integer with respect to modulo 3 has three form 

x = 3m + 1, x = 3///, x 3 /// - 1 
In all cases x 2 = l(mod 3) or x 2 = 0 (mod 3) 

Again an integer .y with respect to modulo 5 has 5 form 
x 5m. .Y - 5m + 1, a - 5m + 2, x = 5m - 2, a* - 5m - 1 
x 2 =-1,0. 1 (mod 5) 

Lastly an odd integer is of the form 2k + 1 

we have (2k + l) 2 = 4/t 2 + 4A- + 1 = . 8 +* + l) + , 

.. . A-(A-+1) . 

Note that — - — is an integer for all k e Z. 

Statement (4) is false. 5- + p * 3, then 3 +p and p 2 = l(mod 3) 
thus 3 ip“ + 8. Hence p ~ 3 is the onlv prime. 

20. (b): r - — = / => r 2 - /r - 1 = 0 

=> 1=0 
=> (iz) 2 + (/r) + 1=0 

Identifying this with the relation 1 + co + co 2 0. co being a non- 
real cube roots of unity, we have 

iz - (o. o) 2 

Taking r to be '-/co' - /co, - /or 

2009 1 .,.,2009 1 

.200, <■ m + ( _. ffl)J009 

= (-/) 2009 co 2009 +- 1 1 


= l(mod8) 


(-i) 2008+l (c o) 2007+2 + I 


(-/) 2009 (co ) 2009 

i 


, 2008+1 / / v .\ 2007+2 


(-/T W8+1 (co)' 
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= (-;)(co 2 ) + 7^- ~ = -to 2 + /co 

(-«) ciT 


= /((O- co 2 j = /(/V?) = S 

Similarly taking r = -;o) 2 , we have 

-<»)=£ 

21. (b): 



The idea is the spot similar triangles in this mess of a diagram. 
A 
\R 




AB 

3 


.-. .W = -AB 
3 

Also M = 9 cm, AO = 1 8 cm 
We have .ift-.lO = .1MAS 

=> 9.18 = -.4B-.4B 

3 2 

=> ylfi 2 = 3-2-918 

Now .4S - 7 AB = 9-73 

We have 05 2 = AO 2 - .IS 2 = 18 2 -(9^) 2 

- 18 2 9 : -3 = 9 2 {2 2 -3} 9 2 

OS - 9 cm 


A 8 = 18>/3 


22. (a): a 


(log.nnn 100)(log,(logi? 3)Xlog,6(log,(729))) 

log, 9 + logo 3 
(log 10 , 10 2 Xlog30og v 1 3)yiog3 6 (log,3 6 )) 


log, 3‘ + log 3 ; 3 


\ ' l' 08 ’ \ ) (l ° 836 6) '3 (- 1 )log 6 : 6 


2 + - 


2 


The triangles .1 RM and .ISO are similar triangles. Thus 

^ = — =» M AO = AM-.iS 

AO AS 

The above result follows rather beautifully if one realizes that 
ORMS is a cyclic quadrilateral. 

We have the following figure and then AM-AS AR AO 
follows 

A 


_ 2 2 

-JTC-Oj- 15 

23. (d) : This is an application of principle of inclusion and 
exclusion (PIE). 

Let A = set of all cards having no Clubs 

B ^ » " " Spades 

C = " " " Hearts 

£) ^ •• " " Diamonds 

We have 

n(A) = n(B) = n(C) = rt{D) - 39 C 13 
ii(AnB) = n(AnC) = n(AnD) n(BnC ) = 

= H(CrO) = 26 C„ 

n(.lnflnC) - n(ArSnD) n(AnCnD) = «(flnCnD) 

= 1 

«(.dnBnCr\£>) - 0 
Applying PIE we have 
w(.4uBuCuO) 

= - In(.lnB) + hi(ArSrC) - u(Ar\BnC n£>) 

•13 ' 

’n- 


= 4- 39 C„ 
= ^ 39/ 


6- 26 C„+4-0 


= 4.- , 9 C 1 ,-6. 26 C„ + 4 


We want n(A'nB'r\C'nD') = n(5) M.dufiuCoD) 

-52 Ci3 _ 4 .39^ j £ 26/" - 


39 C 1 , + 6- 26 C„-4 


Another way to look at the problem is to consider this. Let a, 6 , 
c, d be the number of cards of the suits clubs, spades, hearts and 
diamonds respectively. The number ol deals then is 


mm 


Also we must have a . b,c, d€ N and 1 < a. b, c. d< 13. 
a-b-rc + d 13 as a, b, c, d are all positive integer, we must 
have a < 10, a + b < 11 and a -r b + c < 12. Suppose we fix 'a\ 
then b can be no more than 11 - a. Suppose we fix b with 
1 < b < 1 + a. Then c can be no more than 12 a-b. Suppose 
we fix c, with 1 5 : c ^ 12 — a — b. then d gets fixed, 
d= Yb-a-b-c. 

So the expression is 

10 11 -al2-a-b( 13 V 13 V 13 V 13 

UTL-.-*- 

24. (c) : We first prove a result, if p > 7 is a prime, then 
R x = 1111.-1 is divisible by p. 

lO^-l 

we have R p _ { = 

As p and 10 are coprime to each other, Fermat’s little 
theorem applies p is a divisor ot 10 7 1 

_ P a 

| we have R p -\ - ” ~ 
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where pa = KF 7-1 - 1 

As 9 divides 1 0 ^ 1 - 1. so 9 pa But 9 and p are coprime, hence 
9/a. 

Thus R p _ x = kp 

Thus we have proved that p(>z . a prime, divides R p _ { ). 
Thus /?28 is divisible by 29. As 813 = 28 29 + 1, the remainder. 
When /?gj 3 is divided by 29, the remainder is 1 . 

25. (a): 

— 1 - (i->-Xi~«)+q-xXi-j)+(i-.YXi-^) 
(■ 1-* ) O-J') 0--) (l-A:Xl-yXl--) 

_ Zl ~(y + z)+yz _ 3-2(Ar + ,v-f + + + sc) 

(1 - *X1 - yXl ~ -) (1 - a-X 1 - vXl - s) 

_ 3 - 2 • 2007 + 2011 

~ CI-jcXI- vXl--)"° 

26. (b) : 72 8 * 9, and 8 and 9 arc coprime. As the number 

«73896 is divisible by 72. it is divisible by both 9 and 8 . For 
divisibility by 8 , the last three digits must be divisible by 8 , i.e. 
800 -80+10 + 6 should be divisible by 8 , so b + 2 should be 
divisible by 8 => b = 6 only. 

For divisibility by 9, the sum of digits, a + 7 + 3+ 8+ 9 + 6 
should be divisible by 9 i.e. a + 7 + 3 + 8 + 6 2 0 (mod 9) 

=❖ a + 6 = 0 (mod 9) => a 2 - 6 (mod 9) 

=> a = 3 (mod 9) a 3 only 
Flence a + b equals 9. 

.27. (b): 

Let /ABO - 9, now 

/BOC - 2 60°= 120°. 

Then <LOBC /LOCB - 30° 

In triangle ABC, we have 
=* (30 + 0)° + 30° + /ABO - 1 20° 

=> 0 t /.ABO = 60° 

=> 0 < 0 < 60° 

28. (b): 


Given PQ = 6. PR 8. 
We have 


ar(APZY) 


ar(APOR) 5 

K- 2 - , 

O/? 2 5 V 5 

Also 02? = ^6 2 +8 2 = 10 (■. ZQPR = n 2) 

rr -x6x8 | /rl 

••• Area of rectangle ZMNY = ^4 lojl— 




— x5 



29. (b) : The first rook can be placed in any row in 8 ways and 

in any column in 8 ways. So it has 8 : ways. to be disposed off. 
Since no other rook can be placed in the path of the first rook, 
a second rook can be placed in 7' ways for there now remains 
only 7 rows and 7 column. Counting in this manner the number 
of ways = 8 2 -7 2 -6 2 1 2 = ([8) 2 

30. (b) : (1 +.vXl -2*X1 +3*X1 -4x) ...(1 + IOIjc) 

..-234 .,0,(„ + .,[i— .XHHH iH) 


(*4)(*+{)(.x-i). 

ix — ly.+_ly 

V 2 A 3 A 4) 

0 

0 

0 



M N 

In triangle PZY and PQR, we have 

PZ PY , ^ . 

— = — and /QPR is common 
br 

I lence tsPZY ~ APOR (Also ZY OR) 
ar(APZY) (ZY) 1 
ar(APQR) ~ (QR ) 2 

As ZY || QR and ZZMN = 90° ZYMN, ZMNY is a rectangle. 

7Y 

The ratio of heights of A PZY and A PQR is — = A(say) 

Area of rectangle ZMNY = (Zi')(YN) 

= (kQR)(h ,-AjX 

h, - height PQR. h , = height of PZY 
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(the number of even numbers in {1. 2. 3, . ... 101} is 50 
1 he coefficient of a: 100 is 

l]0lf 1 -| + {-- + ...+ — ) 

V 2 3 4 101 ) 

=110i{fi+-+-+...+— +-L 

lv 3 5 101 J U 4 100 


SOLUTIONS TO SI IORT ANSWER TYPE 
QUESTIONS 


31. Note that 1 is in the range of /. For an arbitrary * 0 > 0, let 

>'0=77— 

/(*o) 

The given equation then reads/(.Y 0 /(> 0 )) =.Vd/(*o) 

^ /(*o/Oo) = 1 

I hus 1 is in the range of/. The same argument can be extended 
to show that any positive real number is in the range of /. 

Now 3 y such that f{y) = 1 . 

Setting x = 1 ,/(y) = 1 is our equation 

/0 - !)=/(!) =3/(1) 

since/(l) > 0 we have y = 1, and so/(l) : 1 . T 

But y - .r in the equation to obtain 
fix fix)) = x/(x) for all .y > 0 

Hence x/(x) is a fixed point of/ Let * and b fixed points of f 
then /(a) = a.f{b) b 
setting * = a, y b gives 
fiab) = ab 

which mean that ab is also a fixed point of/ Thus the set of 
fixed points of J is closed under multiplication. 




In particular, if a is a fixed point, all non-negative integral j 
powers d x of a are fixed points. 

As/ (*) -* 0 when x -+ °° there can be any fixed point > 1 
Also x/(x) is a fixed point, it follows that x/(x) < 1 

=> /«<- .(A) 

.V 

Let a tf(t), so /(a) = a 

1 

set x = - , y = a in our equation 

a ' . 

(;H“ 


or / 


This shows that —7— is also a fixed point of/ for all .x > 0 


xf{*) 

therefore / (*) > - 
.r 

(A) and (B) together imply 


•(B) 


/(*) = - 
x 

The function given above is the only solution satisfying the 
given conditions of the problem. 

32. Le\a=y + z,b=z + x,c = x+y\vheTe 
x ,y and r are positive reals 

a + b + c y 4- z 4- z 4- ,v + x + y 

*= ~ 2 = 2 


= x+ v + z 


R = 


abc _ (x + y)(y + z)(z + x) 
4A A yjxyz(x+y + z) 


A Jxyz(x+y+z ) _ 

1 * 

s x+y+z \ 

] x+y + z 

we have 


9(AT + >’X>'+-X-+Jt) 

1 .ry.- 


= -(x+yXy+ z y<=+ x ) 

=> 8(.v + y + z){xy + yz + zx)< 9(x + yXy + z\z + *) 

Thus the inequality (i) is proved. 

33. (i) Let p = 2”" 1 - 1 , p being prime 
Now TV = 2 n p. 

The divisors of A are 1, 2, 2 2 , 2 '',/?, 2/?, 27?, ... 2 n p 

The sum of the divisors of N ‘\s 

o ( N ) = (1 + 2 + 2 2 + ... + 2 ") +/?(1 + 2 + 2 2 + ... + 2 ") 
= (1 +/>X1 + 2 + 2 2 + ... + 2") 


= (1 + /?) 


2”* 1 -! 
2-1 


j x+y + z 

_ 9(x + yXy + z X z + x ) 

4(* +>>+*) 

a(s - a) + b(s - b) -r c(s - c) = (y + z)x +y{z + x) + z(x +y) 
= 2(jt y+yz + zx) 

The inequality to be proved below 

9 (x+yXy + z X z + *) 

2(xy + y: + :x) < 4( v + >i + r) 

i.e. S(x+y + z)(xy + yz + zx)<9(x +yXy + zXz +*) (0 

Now (x + y + z\xy +yz + zx) 

= .rv<x +y) +yz(y + z) + zx(z .+ x) + 3 xyz 
{xy(x + v ) + yz(y + z) + zx(z+x) + 2xyz} + *>- 
= (*+tX> > + -X-+*) + -TV- -(A) 

Now ,t + y ^ 2yfxy 
y + z>2y]yz 
z + x>2yfzx 

On multiplying we get (x + yXy + -X- + *) ^ (B) 

using (B) in (A) 

(x + y + z)(xy + y: + zx) 

<(x+yXy+sXz+x) + ^( x +yXy +z y- z+x ') 


= (1 + pX 2” Tl - 1) = (1 + 2 nM - 1X2" +1 - 1) 
= 2" +l (2' ,+1 - 1) = 2-2"(2 ,,+l -\) = 2N 
The above can also be done by using the formula for 

1) (ffr* 1 -!) 

Pn ~ ^ 


o(N) 


(A ,+ 1 - 1 ) (P 2 


Pl-1 P2~ l 
whose N = pf 1 , p* 2 ■p k „" is the prime decompsition of A. 
We have N = 2"p 


(2" +l - 1) p 


1 = (2 ,,+1 - lX/> + 1) as before 


S ° ° W= 2-1 p-1 

(ii) The sum of reciprocals of the divisors of N 

■( W + " + ? HN *? + --* r ) 

in. 2{2 " + ‘r 1} ( 


4 

*»W+1 


(v) 


2" +l - 1 fl+p) 2” +I - 1 
2" l p ) r 


2" Tl - 1 


- = 2 


34. 1st solution 
Rewrite the given relation as 
6* + 4* - 36* + 24* - 16* = 1 
Let 6* = a y 4 X = b, we have 

a + b- d 2 +ab-b 2 = 1 


a 2 - ab + b 2 


-b + 1=0 


...( 1 ) 


Rearranging as a quadratic in a 
a 2 - a(b + 1) + £> 2 — + 1 = 0 

The discriminant must be non-negative, which gives 
(b + l) 2 - 4 {b 2 - b + 1) > 0 - 

=> b 2 +26+ 1 -4b 2 +46-4 >0 => -3b 2 + 6b-3>0 
=> b 2 - 2b + \ <0 => (£-l ) 2 <0 

which gives (6 - l) 2 = 0, => 6 = 1 

As the equation (1) is symmetric in a and b, we have a 1 
So the equation (1) is satisfies only for n = 1, b = 1 
=> 6 T = 1 and 4* = 1, giving * = 0 only 

2nd solution 

Equation (1) when multiplied by 2 becomes 
2c? - 2ab + 2b 2 -2a -2b + 2 = 0 

=* (c?-2ab + b 2 ) + (.c?-2a+ l) + (.b 2 -2b+ 1) = 0 

=» (a-b?+(a - lf + (b- l ) 2 = 0 

which holds only when a = b, a ~ 1 and b - 1 . All ol these are 
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satisfies at.v = 0. 

35. (i)Z(x 3 ) =f(gf(x)) = {fix)} 1 
Now € {-1, 0} => .t 3 « * => /(*) = {fix)} 2 
=> /(*)€ {0, 1} 

Hence there exist different a,b G {-1, 0, 1} such that fid) =/(£) 
But then a 3 = gifia)) gffib)) = A 3 , a contradiction. 

Thus the lunction/and g satisfying the given conditions don't 
exist. 

(ii) we give a conductive proof. 

Define 

| ,n| ' r ifl.r >1 


£(*) = 


.i-lnW 


if 0 <| *1 < 1 
if x - 0 


g is even and a -- \b whenever g(a) — gib). So we can define f 
as an even function such that 

fix) = y 2 , where y satisfies g(±v) = .t 

figix)) = x 1 is clearly verified by the definition of/. 

. y*' 

(y-b.,). 0<)1<| 

are = 0 ify = 0 

thus gifix)) = g0' 2 ) = (g(y)) 4 = * 4 . 

36. Let’s classify the n permutation in terms of how many fixed 
points they have. A fixed point is any element that occupies its 
right place. For example, for// = 5, the permutation (2, 3,1,4. 5) 
has two fixed points, viz 4 and 5. 

Suppose the number of fixed points is i. Since there are n 

elements, i fixed points may be picked in n C 2 ways. The 

remaining ( n - 2) elements must form an arrangement, as the 
permutation has EXACTLY V fixed point. This mean that they 
can be arranged in D„ ,, ways. So the number of permutation 
units exactly V fixed points is 


As / can take values from 0 to //, the total number of permutation 

i|s ‘sU £> ~ 

••• Is = " c o D „ + "C, D n _ , + ...+ n C, l _ l D l + "C,A 

37. We will make repeated use of pigon-hole-pnnciple (PHP)). 
As there are 65 balls and 2 boxes, one of the boxes must contain 

at least j^— j + l = 33 balls. Consider that box, now we have 

four colours (white, black, red, yellow) and hence there must be 

at least j+l = 9 balls of the same colour. 

There can be at most 4 different sizes available for these 9 balls 
of the same colour. For if there were 5(or more) different sizes, 
then collection ot 5 balls, all of different sizes, would not satisfy' 
the given property. 

Thus of these 9 balls (of the same colour and in the same box) 
there must be at least 3 balls of the same size. 

38. 1st solution 

Let each side of hexagon have length T 
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let A' denote the intersection of AC and BE. Now N is on C£, B 
on EX and M on XC , we apply Menelaus theorem to triangle, 
CN EB XM 

NE BX MC 

CE is the side opposite to the 120° angle in a isosceles triangle 
with two sides of lengths T 

we have CE = >/3 , CW = fir, EB = 2, BX = -- 

2 

MC = AC -AM = fi( 1 - r) 

m=Y- MC= Y~^ +r ^ = ^[ r ~j) 

Substituting into the obtained result 

44) 


Sr 

S(l~r) — 1/2 V3(l -r) 

K) 


= -l 


4 r 

~l-r) Z 

3r 2 =1 


- = 1 => 4/«2 2r 1 2r 


1 


'S' 


2nd solution 

This is without using Menelaus theorem 




Since . !C - EC. we have from = — that AM = CN 

AC CE 

And so CM = EN. Also A BMC = ADNE 
ZXBC - ZEDN 
Also ZBND = ZBNC + Z.CND 

(90 c - ZNBC) + ZCED + ZNDE 
90° - ZNBC + 30° + ZNBC 120° 

Then BD subtends an angle of 120° from N and also from the 
centre O of the circumcircle of the hexagon. It is now clear that 
A' lies on a circle with centre C and redius CD = CB = CN. 
From right triangle BCE. ZEBC = 60° giving 

~av = ce_j_ 

CE CE~ 


39. Define F(x) = \ f(t)di and G( x) = j (J (0) 2 dt 
o 0 

since/: (0, ~) -4 (0. °°) we have F(x) > 0 for all * > 0 

Also -Gf*) = -{F(*)} 2 ; from the given condition 
2 x 

on differentiation vve have 

- G\x ) = i-2F(.t)'F'W-4(^W) 2 

2 • x x 

This mean that 

UF(x)f=-F(x)FXx)--j-±: 


x\F(x)Y 


or 


1 f xF'i 
2{ F(. 


'(x) 
F(x) 


= 2^-1 
F(x) 


xF\x) , 

Solving this equation as a quadratic in - we nave 
A ^ r ' — = 2 ± \/2 = A(say) 

/X*) 

on integration, we obtain 

1 F(.) -< 

=> lnF(;c) = /rlnj: + lnX 
/. F{x) = Xx k 

Hence F(v) = A Am:* 

Given F(l)= 1 we have A.A= 1. thus /( at) = / = * 1+ 2 or/ 

40 Let in A.-LBC, BC = o, ZR4C = 0. be given 

A 



let BN be the altitude through B. let A B - x, AC y. 


Then AN=x cos0, BN = *sin0, CN = -Ja 1 -x 1 sin 2 0 

y = AN+CN = .XCOS0 + s/a 2 - x 2 sin 2 0 

area of A.4BC = A = ^ACBN 

= — • vsin0(jtcos0 + , v/n‘ —x~ sin" 0) 

2 

= -sin0{x 2 cos0+ W<i 2 ~x~ sin 2 9) 

2 

As '9' is fixed, so we have to maximize 
i/(0) = x 2 cosG+Wa 2 --v 2 sin 2 0 

=> (« - x 2 cos0) 2 = x\a 2 - x 2 sin 2 0) 

_ (a 2 + 2i/cos9)* 2 + 1 ? = 0 


( j 2wcos0 + a‘ ^ 

( 2m cos 0 + a 2 ^ 

r " 2 J - 

l 2 i 


j + ,/ 2 =l 


2 f 2MCOS0+M 2 ^ f 2 2 * 

^ M “l 2 J 1 

so u is maximum when the second ter 
gives 

2 f 2mcos0+m‘ ^ 

" =1 2 J 

2mcos0 + 

: ^ u ~ 2 

2« = 2mcos0 + a 2 => 2m(1 

• ^9 2 

! => 4MSin‘ — = a 

' 2 M 2 

CO 

fCOS0 + M 2 j 

m on R.H.S. is zero. This 

- cos0) = a 2 

s0+fl 2 

2 2sin 2 - 
? 2mcos0 + m 2 

! Also x - 2 2 

tf 2 ^cos0 + 2sin 2 ^ j fl 2 

4sin 2 ^ 4 sin 2 

2 

This mean that the median from .4 
A BC is an isosceles triangle with .AB 

0 

2 

is the altitude froift A. So 

= AC. 
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Exam on 



m. 


Si 


If the quadratic equation Jc 2 + oxr + 6 + l= 0has non- 
zero integer solutions, then 

(a) a 2 +b 2 is a prime number 

(b) ab is a prime number 

(c) both (a) and (b) (d) neither (a) nor (b). 

. Let u = (■ S - 2) l/3 - ( -Js + 2) l/3 and 

v = (VTi? - 8) ,/3 - (VT§9 + 8) I/3 , then for each positive 
integer n, if + v" + 1 = 

(a) -1 (b) 0 ( c ) 1 (d) 2. 

I he number ol real values of x satisfying the equation 

x-2 1 ' h — 2 V = 4 is/are 
x 

(a) one (b) two (c) three (d) four. 

\f a + b + c = “i, a 2 + b 2 + c 2 = 1 and a 3 + 6 3 + c 3 = 3 , 

then abc = 

( a ) 1 (b) 2 ( C ) 3 (d ) 4 

Let a, b, c be real numbers satisfying the equations, 
ab - a = b + 1 1 9, be - b = c + 59 and ca - c = a + 71 , then 
the number of possible values of a + b + c is/are 
(a) 2 (b) 4 ^ ( C ) 8 (d) 16 

The number of distinct real roots of the equation 
+ 8x 2 +16 = 4.V 2 - 1 2x + 9 is 
(a) one (b) two (c) three (d) four. 

Let/(.v) andg(x) be functions, which take integers as 
arguments. Let /(x +y)=/(x) +g(y) + i for all integers 
x and y. Let/(x) = x for all negative numbers x and let 
g(8) = 1 7, then /(0) = 

(a) 8 (b) 9 ( C ) 17 (d) 72. 

“2007 -2006 -2004 -2003 


Let x = 


— x (2005) 4 


where [x] 


denotes greatest integer less than or equal to x. Then 
((x 2 + l)-x 2 ) + l . 

(x 2 +l) 18 

(a) 80 (b) 80.2 


(c) 80.5 


(d) 81. 


A graph is defined in polar co-ordinates by 
K9) = cos0 + - 

The smallest x-co-ordinate of any point on this graph is 
(a) 1/16 (b) -1/16 (c) 1/8 (d) -1/8 

A monic polynomial is one in which the coefficient of 
the highest order term is 1 The monic polynomial P(x) 
(with integer coefficient) of least degree that satisfies 
p(-j2+s[5) = Ois 

(a)x 4 -x 3 - 14 x 2 + 9 = 0 (b)x 4 - 14x 2 + 9 = 0 
(c)x 4 +x 3 - 14 x 2 + 9 = 0 (d) x 4 + 1 4x 2 -9 = 0. 


X, a weak math student, sees the expression—^—. 

She mistakenly cancels the "log" to get the exprisfion 

— But, when she puts in values of A and B, she gets 

the correct answer. Assuming A * B, find all possible 
ordered pairs (A, B). 

I V S 1 f( v \ _ VM %/W , 

ei x £ *’ J(x) where [•] denotes 

G.I.F. and { } denotes fractional part. Determine the 
smallest number k such that/(x) S k for each x > 1 . 

Solve the equation (^2 + V2)*+(-/2- J2) x = 2 X . 

Let A, B, C be three pairwise orthogonal faces of 
a tetrahedron meeting at one of its vertices and having 
respective areas a, b, c. Let the face D opposite this 
vertex have area d Prove that a 2 + b 2 + c 2 = d 2 . 

Lst f(x) be a polynomial with real coefficient for 
which the equation /(x) = x has no real solution Prove 
that the equation/(/(x)) = x,has no real solution, either 
Let a e [0, 4], Prove that the area bounded by the 
curves y = 1 - |x- 1| andy = |2x - a\ cannot exceed 1/3. 

Determine a value of the parameter 0 so that 
/(x) = cos-x + cos 2 (x + 0) - cosx cos(x + 0) is a constant 
function of x. 


By : Er. Tapas Kr. Yogi, Director, Pillar IIT Academy, Bhubaneshwar 


Is it true that any pair of triangles sharing a common 
angle, inradius and circumradius must be congruent ? 


SOLUTIONS 


OBJECTIVE TYPE 


1. (d) : a + p = -a, oc(3 = b + 1 

so, a 2 + fc 2 = (a + P) 2 + (ap - l) 2 = (a 2 + 1XP 2 + 1) 

2. (1>) : n 3 = (J5 — 2)—(j5 +2) 

-3-(>/5-2) 1/3 (V5+2) 1/3 -(m) 

i.e. « 3 =-4-3n=>(n-lX« 2 -“ +4 ) = 0 
u 2 _ u + 4 is always +ve. So, u = 1 
Similarly v 3 + 15v + 16 = 0 
= (v+ l)(v 2 -v + 16) => v = -l 

So, for each n, if + v" + 1 = 0. 

If x < 0, LHS = -ve but RHS = +ve 
If x = 0, LHS = not defined 
If x > 0, applying AM > GM 


X . 2 V * + --2 


> 2\2* + ' > 2-V? = 4 

X 

=> x-2 Vx = — •2* So, x = l. 

X 

4. (cl) : Use a 3 + i> 3 + c 3 - 3abc 

= {a + b+ c\a 2 + b 1 + c 2 - ab - be - ca) 

5. (a : ab-a-b = 119 =>(.a-\yb- 1)= 120 etc. 

6 . (a ■ : (x 2 + 4) 2 = (2x - 3) 2 => x 2 + 4 = ± (2x - 3) 

7. (c) Put x = -8, y = 8 in the given functional 
equation. 

_ r 2007 2006 2004 

* ~ L 3 2005 2005 2005 

{' + i^5 )( l + ^5 )(* " ^05 )(* ' " dh)] 

3 (' (2005) 2 )( 1 (2005) 2 ) 

2 1 

x = rcosG = cos" 0 H — cos0 
7 2 
( if i 

l 4 J 16 

1 0. ( 1) ; Let x = J2 + J5. 

Squaring, x 2 = 7 + 2VI0. 

=> x 2 - 7 = 2-M 
squaring again x 4 - 14x 2 + 9 = 0. 


> x = 2. 


log A A 
logB B 

jB _ 


SUBJECTIVE TYPE 


Blog^4 = /41ogB 


Let x = a + b where a - [x], b = {x} 

,, , 

/(*) = — 7 ==r 

sla + b 


t/(*)r = 


2 _ a + b + 2-Jab , . 2-Jab 


a + b 


- = 1 + - 


a + 6 

/(x) < n/ 2. 


using (AM GM) <1 + 1 

V2 Jt . 

3. Note that 1 + — = 1 + cos- = 2cos - 

=> x = 2. 

Let the three planes be the three co-ordinate planes 

and the 4 th plane be — + 7 + - = 1, where a, P, y are 
a p y 

+ve. 

The vertices of the tetrahedron are (0, 0, 0), (a, 0, 0), 

(0, P, 0) and (0, 0, y). Then volume of the tetrahedron is 

V = X -aa. = iftp = Ly = l -dk 

where k = distance of the plane from ongm 

0 + 0 + 0-11 _ 1 _ J_ 

.2 


V 


1 


1 1 


a 2 + p 2 + y 2 


A: 2 


a 


J__ _1_ 

P 2 V 


z.e.d 2 = tf 2 + & 2 + c 2 - 

5. Suppose, if possible that f(f(a)) = a , let b =J{a) then 
f(b ) = <3. By hypothesis b * a. Assume that a < b then 

/(a) - a > 0 and f(b) - 6 < 0. So, by Intermediate value 
theorem fix) - x = 0 should have a root between (a, 6). 
But this contradicts our assumption. Hence, /(/(*)) can 
have no real solution. 

6. When a e [0, 1], the area is a triangle formed by 
(0, 0), (1/2, 0) and (1, 1) with area equals 1/4. When 
a e [1,3], the area is a quadrilateral with vertices at 

(!• !)■ (!• 4( £ r- ¥)- <'• '> * - 


or A b = B =» A = 2 or 4 


net area is 


1 (*- 2) 2 


which also does not exceed 1/3. 


3 6 

When a 6 [3, 4], area is same as when a e [0, 1]. 

7 . /(x) = sin 2 0 + (2cos0 - 1 Xcos 2 x cos0 - sin 2 x sin0). 
The function /(x) is constant when 2cos9 - 1 = 0 i.e. at 
0 = jc/ 3 and the constant value is 3/4. 

8. Let angle A, inradius r and circumradius R are fixed. 
Then a = 2R sial = fixed 

b + c - a = 2(s - a) = r cot(.4/2) 

=*b+c = a + r cot(.4/2) = fixed 

and be = = fixed 

sin A 

so, b and c are also fixed i.e. triangles are congruent. ■ 


Series - 7 


Self Assessment Test 



This assessment series is based on the full syllabus of IIT-JEE. It's very helpful for different 
Engineering Entrance Examinations. Students can assess themselves by solving the problems 
given in assessment series. 

Give yourself 1 mark for each correct answer. Assess your performance as per the table given 
here. 


OBJECTIVE TYPE 


If a- log 2 3 ,b = log 3 5, c = log 7 2, then log 140 63 in 
terms of a , b, c is 

lac + 1 „ N lac + 1 


(a) 

(c) 


la + abc + 1 
lac + \ 


^ 2b + abc + 1 
(d) none of these. 


1c + abc + 1 

The mean square deviation of n observations x l9 x 2 , 
•••, x n , about -2 and 2 are 18 and 10 respectively. Then, 
S.D. of the given set is 

(a) 1 (b) 2 (c) 3 (d) 4 

The image of the point ( 1 , 2, - 1 ) in the plane 
r -(3z-5 y+4/r) = 5, is 


(a) 

(c) 


(_ 73 6 39 ^ 
{ 25’ 5’ 25 J 

(73 6 -39 ^ 
^ 25 ’ 5 ’ 25 J 


(b) 


(11 zl 11) 
^25’ 5 ’25 J 


(a) 


(b) 


(d) none of these. 

A unit vector in the xy-plane that makes an angle of 
45° with the vector i+j and an angle of 60° with the 
vector 3 / -4y, is 

A A 

LtL 
1 

(c) (d) none of these. 

A letter is taken out at random from ‘ASSISTANT’ 
and another taken out from ‘STATISTICS’. The prob- 
ability that they are the same letters, is 
(a) 1/45 (b) 13/90 

(c) 19/90 (d) none of these. 

The slope of tangent at (x, y) to a curve passing 
through 
of curve is 


W Vi UI y ) IV/ U V. Ui V V. O O U IK, 

is given by Z_ C0S 2 Z > then equation 


41-50 

Genius 

31-40 

Very Good 

21-30 

Good 

11-20 

Satisfactory 

less than 10 

Average 


_-i 


(a) y = tan |log^ jj (b) y = xt<m 

(c) y = * tan ‘^log^-jj (d) none of these 
Area of the region bounded by the curve 




y = 


x<0 


x x>0 
(a) 10/3 
(c) 40/3 


and the linej> = 4, is 


(b) 20/3 

(d) none of these. 

8. If/ g , h are continuous functions on [0, a] such that 
/(*) -f(a - x), g(x) = -gfa - x) and 4 h (x) - 3 h(a -x) = 7, 

(■) 0 (b) 1 

(c) 5/4 (d) none of these. 

'• If J/(x)dx = (£ir 2 -a 2 ) 5 +C, then f(x ) is 

(a) 5 (or -a 2 ) 4 (b) lax (ax 2 - a 2 ) 4 

(c) 5 (ax 2 - a 2 ) 4 , lax (d) 5 (ax 2 - a 2 ) 4 ( lax - la). 


i)“ 


All the points on the curve y 2 = 4a^x + asm 

which the tangents are parallel to the axis of x, lie on a 
(a) circle (b) parabola 

(c) line (d) none of these. 

• The set of all values of ‘a’ for which 

f(x) = ( a 2 -3a + l) 


)(cos 2 f-sin 2 f j 


+ (a-l)x + sinl 


does not possess critical points is 
(a) [1,°°) (b) (-2,4) 

(c) (l,3)u(3,5) (d) (0,1) u (1,4). 

If / (x) = (cosx t- I sin x) (cos3x + / sin 3jc) 

(cos (In - l)x + / sin (2n - l)x), then f"(x) is 

(a) n 2 f(x) (b) -n A f(x) 


86 





8. is it true that any pair of triangles sharing a common 
angle, inradius and circumradius must be congruent? 


SOLUTIONS 


OBJECTIVE TYPE 


2. Let x = a + b where a = [x], b = {x} 

4a + fb 

fix) = 


1 . (d) : a + (3 = -a, oc(3 = b + 1 

so, a * 1 2 + b 2 = (a + P) 2 + (aP - l) 2 = (a 2 + 1)(P 2 + 1) 

2. (Ii) : u 3 = (>/3-2)-(>/5+2) 

-3-(yf5-2) v \s[5+2) m -(u) 

i.e. u 2 = -4 - 3m => (u - 1X“ 2 - u + 4) = 0 
u 2 - u + 4 is always +ve. So, u = 1 
Similarly v 3 + 15v+16 = 0 
= (v+ lXv 2 -v+ 16) => v = - 1 

So, for each n, u" + v" + 1 = 0. 

3. (a ) : If x < 0, LHS = -ve but RHS = +ve 
If x = 0, LHS = not defined 

If x > 0, applying AM > GM 

x-2 1/x + — -2 X > 2^2* > 2-V? = 4 

X 

=> x- 2 1/x = — • 2 X . So, x = l. 

X 

4. (d) : Use a 3 + b 3 + c 3 - 3abc 

= (a + b + c)(a 2 + b 2 + c 2 - ab - be - ca ) 

5. (a) : ab - a - b = 1 1 9 => (a - 1 ){b - 1 ) = 1 20 etc. 

6. (a) : (x 2 + 4) 2 = (2x - 3) 2 => x 2 + 4 = ± (2x - 3) 

p ut x = _8, y = 8 in the given functional 

equation. 

2007 2006 2004 2003 


2005 2005 2005 2005 


: x = [ 3 

3 ' ( ! + loolX 1 + 2005 )(' “ 2005 )(’ " 2005 ). 
(- 


(2005) 2 )\ ^ (2005 ) : 


=> x = 2. 


2 1 

9. (b) x = rcosO = cos~0 + -cos0 

( if 1 
= ( C0SQ + - A ) - 16 

10, (!• Let x = V2 + V5. 

Squaring, x 2 = 7 + 2%/To . 

=> x 2 - 7 = 2>/i0 
squaring again x 4 - 14x 2 + 9 = 0. 


SUBJECTIVE TYPE 


1. = — B\ogA = AlogB 

log B B 

or A b = B a =>A=2ox4 


(/W) 2 = 


y/a + b 

2 a + b + 2yl ab 


a + b 


= 1 + 


2 yfab 
a + b 

=> fix) < 42. 


using (AM > GM) <1 + 1 

r/2 Jt . 2 n 

Note that 1 + — = 1 + cos- = 2cos - 

-HM*!) 

X = 2. 

Let the three planes be the three co-ordinate planes 

and the 4 th plane be — + £ + - = 1, where a, P, Y are 
a p y 

+ve. r 

The vertices of the tetrahedron are (0, 0, 0), (a, 0, 0), 

(0, P, 0) and (0, 0, y). Then volume of the tetrahedron is 

V = - aa = if>p = -cy = \dk 
3 3 3 3 

where k = distance of the plane from origin 

0 + 0 + 0-l| _ 1 

.2 


V 


111 k 

^ — 7 “* — 7 
•2 p 2 y 2 


J_ J_ J_ 
a 2 P 2 Y 2 


a 

i.e. d 2 — + b 2 +c 2 . 

5. Suppose, if possible that fifio)) = o, let b =fia) then 
fib) = a. By hypothesis b * a. Assume that a < b then 
fid) -a> 0 and fib) -b< 0. So, by Intermediate value 
theorem fix) - x = 0 should have a root between (a, 6). 
But this contradicts our assumption. Hence, f(fix)) can 
have no real solution. 

6. When a e [0, 1], the area is a triangle formed by 
(0, 0), (1/2, 0) and (1, 1) with area equals 1/4. When 
a e [1, 3], the area is a quadrilateral with vertices at 

1 (a-2) 2 

net area is 

3 


which also does not exceed 1/3. 


When a e [3,4], area is same as when a e [0,1]. 

7 . /(x) = sin 2 0 + (2cos0 - lXcos 2 x cos0 - sin2x sin0). 
The function /(x) is constant when 2cos0 -1=0 i.e. at 
0 = 7i/3 and the constant value is 3/4. 

8. Let angle A, inradius r and circumradius R are fixed. 
Then a = 2R sul 4 = fixed 

b + c - a = 2(s - a) = r cot(rl/2) 

=*b+c = a + r cotC4/2) = fixed 


and be = 


2A 
sin A 


= fixed 


so, b and c are also fixed i.e. triangles are congruent. 
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SECTION - IV 


Matrix-Match Type 

This section contains 3 questions numbered 20 to 22. Each question contains 
statements given in two columns which have to be matched. Statements 
(A, B, C, D) in Column I have to be matched with statements (p, q, r, s) 
in Column II. 

The answers to these questions have to be 
appropriately bubbled as illustrated in the following 
example. If the correct fetches are A-p, A-s, B-q, 

B-r, C-p, C-q and D-s, then the correctly bubbled B 
4x4 matrix should be as follows : [For each c 
correct answer 6 marks no negative marking D 
other cases 0 mark]. 

20. Match the following, if a, b, c are in H.P., then 


P q r s 

®@©® 

®@ 0 © 

®@ 0 © 

®® 0 © 


Column I 

Column II 

) 

(A) 

a 

b _^ c _ 

t 

H.P f 

b+c 1 

L? ' c + n + b - c 

— 

(B) 

A 

bS 

1 

“ i 

f 

(C) 

bm b 

a 2' 2 /C 2 

ft 

A.P. 




(D) 

— 

a 

b + c ' 

b c 

c+a a+b 

(S) 

none of these 


21. Match the statements of Column I with the value 
in Column - II. 


Column I 

Column 11 

(A) 

Point A( 0, 0), B(2, 0), C(2, 1) and 
D( 0, 1) are given. The minimum 
possible value of PA + PB + PC + 
PD for all positions of P is 

(p) 

-1 

(B) 

The two tangents from P(39, 
52) meet the circle defined by 
x^ + y 1 - 625 at Q and R. The length 
QR is 

(q) 

4 

(C) 

Let P denote the perimeter of a 
right angled triangle and Q the 
sum of the squares of its three 
sides. If the area of the triangle is 

expressed as, xP 2 + i/PyfQ + zQ 2 , 
then the value oix + y + zis 

(r) 

1 

(D) 

A rhombus of side length x has 
the property that there is a point 
on its longer diagonal such that 
the distance from that point to 
the vertices are 1, 1, 1 and x. The 
value of x is 

I 

(S) 

46 

L 


22 . 


Column I 

Column II 

(A) 

71 / 4 

J ln{e‘ I Vl + sin2A}.dA: 

-71/4 

(p) 

J(2«-ln2) 

(B) 

JVa 2 -* 2 cos -1 1 .dx 

[o ^ 

(q) 

— a 2 (n 2 +6) 

48 

— 

(C) 

I 2 * 

J gsm 2 " tan axdx(a e 1) 

! o 

(r) 

an 3 In 2 

192 

— 

(D) 

71/4 

J (mx - 4<?r ) ln(l + tan x)dx 

j o 

(s) 

none of these 

SOLUTIONS 


Paper I 



(b) 

(c) 


Paper 11 

3. (d) 

8. (c) 

11. (a) 12. (d) 13. (c) 

15. (b) 16. (b) 17. (b) 

20. (A) -> (p), (B) -> (r), (C) -> (q), (D) -> (p) 

21. (A) (q), (B) -> (s), (C) -» (r), (D) (r) 

22. (A) -> (p), (B) -> (q), (C) (s), (D) (r) 

for des led sol ul on , it sti ivwzv. vi dyalutkar. org 


2. (d) 

7. (d) 

12. (d) 
16. (b) 


4 

( b) 

a 

(d) 

9. 

(b, c) 



13. 

(a) 

14. 

(a) 

18. 

(c) 

19. 

(b) 

23. 

(d) 



4. 

(a) 

5. 

(b) 

9. 

(d) 

10. 

(a) 

14. 

(c) 



18. 

(b) 

19. 

(d) 
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MOCK TEST PAPER 


ISI 2010 


Indian Statistical Institute 


SUBJECTIVE TYPE 


1. Let / be a continuous function on the interval 
[0, 1 ] — > R such that /( 0) =/( 1). Prove that there exists 

a point c in [0, 1/2] such that /(c) = /|c + - j 

2. Let/ be a differentiable function on [0, 1]. Suppose 


i 111 

J f(x)dx = 1 + - + - + ... + -. Prove that there is a real 



1 -x n 

number a*o G(0, 1) such that f(x 0 ) = -. 

l-x 0 

R be a continuous function such that 
e are numbers 


10. Let f :[a,b] 

b 

x)dx * 0. Prove that tl 



/(0) = /(l) = 0 and / 

are three distinct el 
f'(Ci) + f\c 2 ) + f'(c 3 ) J 

3. Let f : [a, b] R be a continuous function on 
[a, b ] and differentiable on (a, b). Suppose that 
f(a) = a and f(b) = b. Show that there is an element c e (a, b) 
such that/'(c) = 1. Further show that there are distinct 
C], c 2 e(a, b) such that f\c{) + f'(c 2 ) = 2. 

4. Let / be a continuous real valued function on the 
interval [a, b] and let ri\, n 2 be real numbers such that 

*7i n 2 


a < p < b such 


[ 0 , 1 ] 



and 


ri\ti 2 > 0. Prove that the equation f(x) = 


a- x b-x 


has atleast one solution in the interval ( a , b). 

5. Let a < b be positive real numbers. Prove that the 


( i 

‘-t) 


has atleast one solution in 


equation 
(a, b). 

6. Suppose /is continuous on [a, b\, differentiable on 
(n, b) and satisfies f\a) - f 2 (b) = a 2 - b 1 . Then show 
that the equation f(x)f'(x) = x has atleast one root in 
(a, b). 

7. Let /: [0, 1] —» R be a continuous function. Show 
that there exists Ar 0 e [0, 1 ] such that 


f( x o) — 3 


/ 


(MM!) 


8. Let/be twice differentiable on [0, 2]. Show that if 
/( 0) = 0,/(l) = 2 and /( 2) = 4 then there is some 
ATg e [0, 2] such that /"(* 0 ) = 0. 

9 Let n> 1 be an integer and let f : [0, 1] — » R 
be a continuous function such that 


0 < a < 1 for some a. Supposel/'(A:) I < I 
x e[0, 1]. Show that I/(at) I < 1 for all x G [0, 1], 

12. Let/ and g be continuous on [a, b], differentiable 
on (a, b) and let f(a) =f(b) = 0. Prove that there is a point 
c e(fl, b) such that f'(c)+g\c)f(c) = 0. 

13. Let a > 0 and/: [-a, a] — » R be continuous. Suppose 
f\x) exists and f\x) > 1 for all x e (-a, a). If f(a) = a and 
f(-a) = -a then show that f(x) = x for every x e (-a, a). 

14. Consider the continuous function,/, g : [a, b] — > R. 

x b 

Prove that the equation f(x)jg(t)dt = g(x)jf(t)dt has 

a x 

atleast one solution in the interval (a, b). 

15. Prove that if the differentiable functions/ and g 
satisfy f(x)g{x) = g'(x)f(x) Vac eR, then between any 
two roots of f(x) = 0 there is a root of g(x) = 0. 

16. Suppose that / : [0, 1 ] — > R is differentiable, /(0) = 0 
and f(x) > 0 for x E (0, 1). Prove that there is a number 

2/'(c) f'(l-c) 


c in (0, 1) such that 


/(C) /(1-c) 


1. 


SOLUTIONS 


( 

Consider the function g(x) = /(*)-/ * + — 

, v V 2) 

1 


S(0) = /(0)-/|- 




[ATQ] 


By : Er. Tapas Kr. Yogi, IIT Study Circle, Bhubaneshwar, Ph. 9778158718 
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=> #(0) and g ^ j are of opposite sign. 

Hence, there exists atleast one c e ^0, — ) such that 
g(c) = 0 or =/(c)-/[c + i j=0 => /(c) = /(c+-j 

2. Applying MVT on j^O, gives 


/'(*> = - 


H 1 1 H 


1-0 

4 


0 


1 3 1 

4 4 


=> /'(Ci) = 4 
Applying MVT on 


1 i 

4' 4J 


gives 


«,#) 


4 4 

=> f\c 2 ) = 0 , 

Applying MVT on I— ,lj gi 


gives 


f'(c 3 ) = - 


m 




3 

1_ 4 


= -4 


So, /'(c,) +/'(c 2 ) +/'(c 3 ) = 4 + 0 + (-4) = 0. 

3. Consider the function g-(x) =/(x) - x 

g(a) = 0 = g(b) (ATQ) 

Hence, there exists atleast onec e(<7, b) such that 

g\c) = 0 

(RT), i.e.,f'(c) -1=0 or/'(c) = 1 

Consider a quantity a e (c,, c 2 ) such that/(a) = a. 


^ 1 1 1- 


a Cj a c 2 b 
Applying RT on [a, a] gives /'(C]) = 1 and 
applying RT on [a, b] gives /'(c 2 ) = 1. 

Hence/'(Ci) +/'(c 2 ) = 2 
4 Consider the function 

g(x) = (x- a)(x - b) f(x) + n,(x - b) + n 2 (x - a) 
Now, g is a continuous function and 
g(a)g(b) = -n t n 2 (a-b) 2 <0 (ATQ) 
Hence, there exist a point c €(<?, b) such that 


*0 = 0 /( C )=£ + £. 


5. 


Applying MVT for the function /(») = logu on 
fl + bl 

J S lves 


a + b 


--a 


1 f a + b 'l 

2 J 


(a + b)' b-a 

lo ni7J = t 

Similarly, applying MVT on j^— — , bj gives 
(a + b) 

1 Q 8 fc -iQH . x J,l >ye f^ ) bl 

, a+b y V 2 ) 


...(i) 


b-- 


. ( 2b Y b ~ a 

i.e., on rearranging, log ^ J =— “ — ( n ) 
Hence from equations (i) & (ii), we have 


. f« + bY +y , 


6. Consider the function 

S(*) = ^[(/(*)) 2 -* 2 ] 


£(«) = j l/ 2 («) - a 2 ] and g(b) = ^[/ 2 (b) - b 2 1 


7. 


g(a)=g(b) ( AT Q) 

So, there exists atleast one at 6 (a, b) such that 
#'(x) = 0 (RT) 

i.e., l/2[2/(x)/'(x) - 2x] = 0 or,/(x)/'(x) = x. 
Using IVT, 


/( c i)=2 


MiMa 


H 1 1 1 H 


0 113 1 

4 2 4 


1 1 
— < c, < — 
4 1 2 


/(* o) = 


2 /( c i) + /(5) 


c,<x 0 < -. 


so- /(*o) = 3 


/(i) +/ (i) +/ (!) 


8. Applying MVT on [0, 1] 




0 1 2 

Applying MVT on [1, 2] 

^ / (*i) “/ (*2) 

So, there exists atleast one-x,, €(x,', x 2 ) such that 
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/"(*o) = 0 . (RT) 

9. Consider the function# : [0, 1] -4 R, 
g(x) =/(x) - (1 + a: + x 2 + ... + x"' 1 ) 

Now, g is continuous and 

i l l 

jg(x)dx = lf(x)dx-j(l + x+x 2 + ...+x"~')dx 
0 0 0 

= 0 (ATQ). 

So, from IVT, there exists atleast one x 0 e(0, 1) such 
that 

i.e.,f(x 0 ) = 1 + x 0 + xg + ... + XcT 1 


IZI o' 

1 — x rt 


[sum of n G.P. terms] 


10. Consider the function g : [a, b] —> R 

t b 

g(i) = jf(x)dx-jf(x)dx 

a t 

Now, g is continuous and g(a).g(b) •*= Negative 
So, there exists atleast one as (a, b), such that£(a)=0 


jf(x)dx = jf(x)dx 


- ( 0 


Applying MVT, there is a (3 6 (a, b) such that 

b 

j f(x)dx = (b-a)f($) [Average value] 

a 

a 

Hence, j.f(x)dx = (b - a)/(3). [Using eqn. (i)] 


11. I f\x) I < a 


1 

X, 

1 2 


— I 1 1 h- 

0 1 *i 1 

2 

< a [MVT] 

1 


-- 
1 2 


or 


or 


-l)sM)sa(,, -|)+| 

1 ( 1 ^ 

So, Max. /(*!) = - + 0^ -- I < 1 
and min. = -- j> -1 

ince, ccjx,—) 


Since, «l x. -- |<1 
and l/'(x)l <a 


H h 


x 2 1 1 

2 


1 

— - x; 


<a 


[MVT] 
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Max./(Xj) = I +a ^-x 2 j<i + i=l 

and Min./(x 2 ) = i- a^-x 2 j>-l 
So, in any case (x^ or (x 2 ) 

l/(x)l < 1. 

12. Consider the function h(x) =f(x).e g W 

Now, h(a) = h(b) = 0 (ATQ) 

So, there exists atleast one cG(a, b) such that 
h\c) = 0 (RT) 

ie.,f'(c) +/(c) g'(c) = 0. 

13. Consider the function g(x) =/(x) - x 

Now, g(a) = 0, g(- a) = 0 (ATQ) 

and g\x) =f\x) - 1 > 0 (ATQ) 

/.e., g(x) is an increasing function 
and hence, g(x) = 0 for all x e (-a, a) 

14. Consider the function h : [a, b] R 
h(x) = ]g(t)dtjf(t)dt 

a x 

Now, h is differentiable and h(a) = 0 = h(b) 

So, applying RT on [a, b], there exists atleast one 
c e ( a , b) such that h'(c) = 0 

c b 

ie., m$g(t)dt = g(c) \f(t)dt 

a c 

15. Let 'a' and 'b' be two roots of/(x) = 0, a < b. The 
condition implies that neither 'a' nor 'b' are roots of 
g(x) = 0. Suppose that g has no zeros between ’ a * and 
'b\ Then, by IVT, the sign of g(x) is always same for 

f( X ) 

all x G[a, b]. Now, consider the function h(x) = ■■■ . 

g(x) 

Hence, by RT, h'(c) = 0 for c G(a, b). 


i.e., 


g{c)f'(c)-g\c)f{c) 

g\e) 


= 0, 


but this contradicts the given condition. So, by 
contradiction g(x) must have a root between 'a' and 
'b\ 

16. Consider the function g(x) = / 2 (x)/(l - x) and apply 
RT on [0, 1]. 

Is there a number d in (0, 1) such that 
3 f'(d) f(l-d) : 
m ni-d) 

Abbreviations used 

ATQ -According to question 

RT - Rolle’s Theorem 

MVT - Lagrange’sMean Value Theorem 

IVT - Intermediate Value Theorem ■■ 




Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 


1 . D and £ are points on sides AB and AC of a triangle 
ABC such that DEI I BC, and P is an interior point of 
AADE, PB and PC meet DE at F and G respectively. 
LetOi and 0 2 bethecircumcentres of A PDG and A PFE 
respectively Prove that AP ± 0\0 2 - 

2 . Show that for all natural numbers n > 1 the 

. \«-l 

l+(w + l) 1 


inequality ('^ -) >(^ 7 ) 


n + 2 

3 . Find the exact value of 


is valid. 


cos 


(2k) (in\ (6k) ( 16 k) 

V 17 J C0S l 17 J C0S l 17 J* * cos t 17 J 


4 . Determine the area of a triangle of sides a, b, c and 
semiperimeters if 

(s-fc)(s-c) = £,(s-c)(s-<j) = p (s-fl)(S-b) = y, 


/i ,v " " ,v ' k 
where h, k, l are consistent given constants. 

5 . Two routes lead from Initium to Finum in a 
certain country The Circular Route follows the arc 
of a circle of radius 100 km centred at Centrum and 
passing through Initium and Finum. The Radial Route 
follows the radius from Initium to Centrum and then 
the radius from Centrum to Finum. The arc of the 
circular route measures 120 °, and the speed limit on 
the Circular Route is 105 km/hr while that on the 
Radial Route is 100 km/hr. Which is the quicker route 
to take? 

Finum 



Centrum 

Initium 

6 # A wooden cube 9 cm * 9 cm * 9 cm has three 
square holes drilled through it, each of which forms 
a 3 cm x 3 cm x 9 cm tunnel through the centre of 
opposite faces. What is the total surface area of the 
exposed wood? 



7. 


Prove that for each positive integer n 
(2n 2 + 3n + l)”>6"(n!) 2 . 

8 . Sketch the graphs of lx 1 + y 2 = 3 and xy = 1 
using the same axes for both graphs. Determine the 
co-ordinates of the points of intersection of the two 
curves. 

Let A, B, C be vectors from the circumcentre of a 


9. 


triangle ABC to the respective vertices. Prove that 
(B + QIB-C1 ( (C + A)\C-A\ | (A + B)\A-B\ _ Q 
IB + CI + IC + AI \A + B\ 

10. Prove that 

3(x 2 y + /z + 7 Tx)(xf + yz 2 + zx 2 ) > xyz(x + y + z) 2 , where 
x,y,z> 0 . 


SOLUTIONS 


\ In order to prove that AP _L 0 ^ 2 , it suffices to 
show that AP is the radical axis of the circles (Oi) and 
(O 2 ), because in this case AP would be perpendicular 
to the line of centres Oi0 2 . Suppose AP intersects 
DE at the point M. The power of M with respect to 
(Oi) is MD-MG, and with respect to (0 2 ) is MF-ME. 
Therefore we must show MD-MG = MF-ME, or 



...( 1 ) 


MF MG 

By the Menelaus theorem applied to triangle AME 
with the line CGP, 


CE AP_ MG 
EA PM' GE ~ ' 


...(2) 


and the same theorem applied to triangle AMD with 
the line BFP gives us 
BD AP MF 


DA PM FD 


- = 1 


...(3) 


AE AD 

Moreover, = , and therefore from (2) and (3) 

EC BD 
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. MG MF „ 

we obtain —— = . By a property of proportions, 

GE FU 

... MG MF J/1WM 

this means — — = - — , and (1) follows. 

ME MD 

2. By the power means inequality we have 

J i+oi+i)' 1 * 1 ^ + ir + ... +( ,+ir 

V n + 2 V n + 2 

- „ Jl+("+ 1)"' 1 +-+(«+ 1)" -1 

V n + 2 

If we take away one of the (n + l)" -1 terms in this 
average, the average will obviously decrease, so 

Ji+oi+ir 1 J i+(n+ir i +.„+(n+ir i 

V n+2 V n+1 

. Jl+n-n- 1 =n -iF+Z 

\ n + 1 \ n + 1 

and the proof is complete. 

u, ) • hc " 

'■KSJ-WfWSHSWtt) 
= i sin (f? ) cos (ff ) cos (f? ) cos (^) 

f 1271 ^ Jl4n) fl6n) 
cos cos cos 

V 17 y V 17 7 { 17 J 

_ 1 • f 167 t \ ( 16k \ ( 67 c ^ ( 10k ^ 

8 V 17 7 V 17 J ll 7 ) l 1 7 ) 

-(fMf) 

,sln (fP ) = “S'Kf ) cos (l 7 )“ s (t 7 ) 

(12k) ( 14k } 

cos cos 

-MfMfMfHf) 

1 . 107t 107t 1471 

= — sin cos cos 

64 17 17 17 

= -J-sinfl^lcoste) 

128 A 17 J A 17 J 
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Thus 



1 . ("28tO 1 . (6 ti 1 

= — sin = — sin — 

256 l 17 J 256 {l7 J 


Therefore, I = — — 
256 


4 . h = 


) t = 


1 


(s-b)(s-c) ( s-b ) (s-c)' 

1.1 ,11 
/ * — ’ 


(s-c) (s-a) ( s-a ) (s-b) 

Hence, h, k, l must satisfy the triangle inequality. 
Letting 2s' = h + k + /, it follows by addition that 
1 1 1 


s = - 


and then 


s-a = - 


(s-a) (s-b) (s-c) 


-,s-b = - 


1 


;,S-C = - 


1 


(s'-h) ' ' (s'-*)" " (s'-/) 

Adding the latter three equations, we get 
1 1 1 


s = - 


(S'-/Z) (S'-*) (S'-/) 

Finally, the area of the triangle is given by 

A = {s(s - a)(s - b)(s - c)) vl 

1.1 1 


(S'-h) (s'-k) (s'-/) 


1/2 


(s'-h)(s'-k)(s'-l) 

5. The length of the Radial Route is 100 + 100 
= 200 km, and the top speed there is 100 km/hr, so you 
could drive it in 2 hours. For the Circular Route, since 
120° is one-third of a complete circle, the distance of 
the Circular Route is 

1 „ 200ti 

-x2x 7ixl00 = , 

3 3 

and the top speed there is 105 km/hr, so you could 
drive it in 
200ti 


40rc 4071 


hours. 


3x105 3x21 63 

Now the question is, which is bigger, 

„ Wk\ 

2 or :? 

63 

We could just use a calculator of course, but let's do 
it without. Since 71 = 3.14159 ... is smaller than 3.15, 
4071/63 will be smaller than 40 * 3.15/63 which is 126/63 
which is exactly 2; thus the time required to drive 
the Circular Route is less, so the Circular Route is 
quicker. 

6. The outside of the cube has six faces, each of 
which is a 9 * 9 square with a 3><3 square missing, 
so each will have surface area 9 2 - 3 2 = 72 cm 2 , for 
a total outside surface area of 72 * 6 = 432 cm 2 . 
As well, drilled into each side is a 3 * 3 * 3 hole 
with four sides inside the cube, each side of area 
3*3 = 9 cm 2 , so the "inside" surface area will be 



9 x 4 x 6 = 216 cm 2 . Thus the total exposed surface area 
is 432 + 216 = 648 cm 2 . (Note that the central 3x3x3 
"hole" in the cube has no "sides" to count.) 

7. By the Arithmetic Mean-Geometric Mean 
Inequality we have 

n(n + l)(2« + l) _ l 2 +2 2 + ... + n 2 ^ jjj ,^1/n 


6n 


= («!) 


2 In 


,2Jn 


or (n + l)(2« + l)>6(n!)' 
or (2n 2 + 3n + l)">6"(n!) 2 
with equality if and only if n = 1. 

Next we give Widhagen's version. 

For 1 < fc < n we have k(n + l- k)< (( n + l)/2) 2 , 

/ . \2n 

hence (n!) 2 = []fr(tt + l-fc)^ 


k = 1 


(+J 


Therefore it suffices to show that 


■M" 


(2n + l)"(n + l)" S 6 


or (2n + l)(« + l) S 6| 


or 2 m + 1 > — (m + 1). 

The last inequality holds trivially (and is strict unless 

n = 1). 

8. From y = — wc get Z* 2 +—r = 3 

so 2a: 4 -3at + 1 = 0 
=> (2at - 1)(a^ - 1) = 0 
This gives jc 2 — 1 = 0 . 
or 2 x 2 -1=0 

1 v/” • 

SO X= ±1/ ±-p- 

>/2 

The points of intersection 
are (1,1), (-1,-1), 


x'<- 



V2 , 


— -Vi 

Vi 


9. The lengths of 

B+C , , C+A . . A+B | , 

j r B-C , I 1 C - A / i t A-B 

|b4-c|' 1 |c+a|' |a+b|' 

are IB -Cl =a, 1C- Al = b, IA-BI=c, 

so a triangle with sides equal to these lengths must 

be congruent to triangle ABC. With circumcentre as 


origin the directions of these vectors are perpendicular 
to BC, CA, AB respectively. So the given equation (in 
question) is simply a mapping of the relation 
(B-C) + (C-A) + (A-B) = 0 

under rotation by 90 Q . This is true always provided O 
is internal to triangle ABC. The figure below illustrates 
the situation for O an external point, where evidently 
a sign has to be adjusted appropriately. 



B+C, C+A, A + B 

It can be seen that for ZA obtuse one has 

(C + /l)|C-/l| (A + B)\a-b\ (B + C)|b-C| 

|c + a\ \a + b| | B + c | 

(When ZA = 90°, B + C vanishes and the relation 
degenerates and requires further interpretation). 
When O is internal the situation is satisfactory, as the 
diagrams below show. 



Now realtion (1) holds. 


1 °- ( x 2 y + y 2 z + z 2 x)(zx 2 +xy 2 +yz 2 ) 2 



Hence, it suffices to show that 


J(x 3/2 +y 3/2 +z 3/2 ) 

2 r , 

_ J(*+y+z) 

1 3 J 

M 3 j 


But this follows immediately from the power mean 
inequality. There is equality iff x •= y = z. 
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- MTG Editorial Board 

This column is aimed at Class XI students so that they can prepare for competitive exams such as NT, AIEEE, etc. 
and be also in command of what is being covered in their school as part of NCERT syllabus. The problems here 
are a happy blend of the straight and the twisted, the simple and the difficult, the easy and the challenging. 


O 

l. 


Trigonometric Identities 

(i) Let 0<a<7i / 0<p<7i / and 

3 

cosa + cosp - cos(a + p) = -. 

K 2 

Prove that a = B = — 

H 3 

(ii) Let cos0 + coscp = a, sin0 + sincp - b compute 
cos(0 + (p) and sin(0 + cp). 

(iii) if cos 2 e=- 


, cos <p = ■ 


cosp' Y cosp' tan cp tany' 
then prove that tan 2 ^ j.tan 2 ^ j= tan 2 ^ j. 

, cosa: -cosa sin 2 acosB 

(iv) Prove that if - = — r- ^ 

cosx-cosp sin 2 p cos a 

then one of the value of 

an (f) fe “(i Ml) 

(v) Prove that if cos0 = cosacosp, 

coscp = cosa! cosp, jtan^j= tan|^ j, 

then sin 2 P = ( — 1 

Vcosa ; 


--1 


cosa 


sin(G-a) a cos(0-a) c 

2 . (i) Let — - - — — = T/ — — — = -7 prove that 

sm(0-P) b cos(0 — P) d r 

cos(a - p) = 


sin(0-P) 
ac + bd 
ad + bc 


(ii) Given 


e 2 -1 


_ 1 + 2ecosp + e 2 


(a) 


1 + 2ecosa + e 2 
Prove that 

e 2 - 1 _ e + cosp 

l + 2ecosa + e 2 e + cosa 
_ sinp l + ecosp 


e 2 -1 


1 + ecosa 


(b) ,an(H)tan(e)= ± il 
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(iii) Given that a and P are different solutions 
of the equation acosa + bsin.v = c. Prove that 

cos ^ =_/_ 

V 2 ) a 2 +b 2 

(iv) Show that if = - 

a b 

cos(a + 20) cos(a + 30) , a + c b + d 

= = then — — = 

* c d be 

(v) Let Acos(a + P) + cos(a - P) 

= Acos(p + y) + cos(p - y) 
= Acos(y + a) + cos(y - a). Prove that 
tana _ tanp _ tan y 

tan|(p + y) tan^(a + Y) tan*(a + P) 

3 . (i) Show that the result of elimination of 0 and cp 

from the equations cos0 = -^^, coscp = -^^, 

sin a sin a 

cos(0 - cp) = sinPsiny is tan 2 a = tan 2 p + tan 2 y 

(ii) Eliminate 0 and cp from the equations 
rtsin 2 0 + b cos 2 0 = c7cos 2 cp + b sin 2 cp = 1, 

C7tan0 = btanep. 

(iii) Prove that if cos(0 - a ) = a, sin(0 - P) = b, 
then a 2 - 2abs\n(a — p) + b 2 = cos 2 (a - P). 

(iv) Prove that from the equalities 

acos 0 + ysin0 = Acoscp + i/sincp = 2 a and 

2sin^jsin^y j=l follows y 2 = 4 a(a - a). 

(v) Let cosa = cosPcoscp = cosycos0, 
sin a = 2 sin ^ jsin ^ j. Prove that 

«>=(£)«„= ( 2 ) 

4 . Solve the following equations 

(i) cos3Acos 3 A+sin3Asin 3 A=0. 

(ii) . sin2A + cos2a + sinA + cosa +1 = 0. 
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r . u 2 1-COSX 

(m) tan a: = 

1 - sin x 

(iv) 32cos 6 * - cos6a: = 1 

(v) sin 4 * + cos 4 ;c-2sin2;t + -sin 2 2;c = 0 

4 

5. Solve the following equations : 

(i) sin6A: + sin4* = 0 

(ii) sin* = cos2* 

(iii) sin2A: + cos2* = -1 

(iv) 12c0SAT - 5sinx = -13 

(v) sin3x + cos2a: = 1 

O Trigonometric Equations with a Parameter 

6. (i) Solve and analyze the equation 

sin3* + sin2* = msin*. 

(ii) Solve the equation 

„ ..COSXQOSilX-QL) „ , 

(1 + k) * = l + /c cos 2 a: 

cos(Ar-a) 

(iii) Find cotA: from the equation 
cos 2 (a + x) + cos 2 (a - a :) = a, 

where 0 < a < 2. For what a the problem is 
solvable? 

(iv) For what a the equation 

sin 2 A: - sinArcosA; - 2cos 2 * = a is solvable? 
Find the solutions. 

(v) Determine all the values of a for which the 

equation sin 4 Af - 2 cos 2 a: + a 2 = 0 is solvable. 
Find the solutions. 

(vi) Determine the range of the values of the 
parameter X for which the equation 

sec a: + cosecA: = X, possesses a root x 

satisfying the inequality Octc-^. 

O Miscellaneous 

7. (i) Find the least and greatest values of the 
function /( a:) = sin(cos(sinA:)) on the closed interval 

i'i-4 

(ii) Prove that sina+sinp+siny - sin(a + p + y) 

(iiijSolve the equation sin 2 4A: + cos 2 a: 

= 2sin4A:cos 4 A:. 

(iv)(a) For a + P + y = n prove the identity 
sin2na + sin2rcP + sin2rcy 

= (-l^^^sin^asinMPsinwy 
where n is an integer. 

(b) Prove that if sina = /lsin(a + P), then 

tan(a+P) = — — for all permissible 
cosP — A 

values of a and p. 

(c) Prove that if the angles a and p satisfy the 


relation 


sinp 


1 + 


tanP 


sin(2a+P) m 


= — ( I m I > I m I ), then 


8 . 


tana _ 1 ~ tan tx. tan p 
m + n m-n 

(d) Prove that if cosAT.cosy.cosz * 0, the formula 
cos(a; + y + z) = cosArcosycosz(l - tanArtany 
- tanytanz - tanztaruc) holds true. 

(e) Rewrite as a product the expression 
cot 2 2A: - tan 2 2r - 8cos4A:cot4A:. 

(i) Show that if (x - a) cosG + y sin0 = (at - a)cosQ 1 
+ ysin0! = a and tan^j- tan^j= 27, then 

y 2 = lax - (1 - l 2 )x 2 . 

(ii) Let cos0 = cosacosp. Prove that 

(iii) Eliminate 0 from the equations 

(a - b) sin(0 + (p) = (a + 2?)sin(0 - (p), 




(iv) Prove that if 

sin(0-P)cosa cos(a + 0)sinp _ 

1 0 and 

sin(<p-a)cosP cos((p-p)sina 

tan 0 tan a cos(a-B) ^ , 

_ + ^ = 0 , then 

tan (p tan P cos(a + P) 

tan 0 = i (tan P + cot a), tan (p = i (tan a - cot p). 

(v) Find the greatest and least values of the 


function tan(cosAr) on the interval 


[!•*] 


9. (i) Solve the equation sinA: + cosa: 1- sinZr. 

(ii) (a) Transform into a product the expression 
sin 2 a + sin 2 p + sin^ + 2cosacosPcosPcosy 
- 2 . 

(b) Compute 2sin70° without using 

2 sin 10° 5 

tables. 

(c) Prove that cos [^]“ cos [^"] = ^ 

(d) Compute 

“" 4 ) + sl " 4 (H ) + sin 4 (fl) + sin * (t? J 

without using tables. 

(iiijlf do + d\Cosx + a 2 cos2x + a 3 cos3a: = 0 for all 
x gR, show that a 0 = a r = a 2 = a 3 = 0 
(iv)Find x, y, z gR satisfying 

jyfx 2 + 1 _ 5 yjy 2 + 1 _ 6 Vz 2 + 1 
x ~ y " ~ 

xyz = x + y + z. 


and 


32 
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SOLUTIONS 


1. (i) We have 


2 “( s T i W 2 i e H 2 OT, ( f T £ )‘iH 

ir4cos >(i±£].4co s (^)co 5 (2|S)tl.O 


or 
Hence 


n» 


fa + pl 

cos i 2 y 


4cosf- — -Id 

J, 6 COS ’fc£l 

-16 

t 2 J 

V l 2 J 



Since the radicand is equal to 
-16sin 2 ^ a ^" jand cos (~y^] is real, the 

expression -16sin 2 ^ - » j must be greater than, 
or equal to zero. But this expression cannot 
exceed zero. Therefore, we have sin 


But since 0 < a < n and 0 < p < n, we have 

a = P and consequently, cos a = — and a = P = ^ 

2 3 

( 0 + <p^ ( 0-tp^ 

(ii) By hypothesis 2cos^— Jcosl j=g, 

2sin(*i2)co 5 (t2).». 

’-“"'(f) . 2ta "(f J 

¥4,s m* = 

if) -"(§) 


Hence tan 


But cos* = - 


l + tan^ 


Therefore 

\~ h - - 
a 1 a 2 -b 2 

cos(0 + (p) = 7 j- = ^— -J, 

1 + &1 a 2 +b 

a 2 

2 - 

• /n x a 
sin(0 + <p) = — 77 = 1—71 
. b 2 a z +b 2 
1 + ~ 

a 

(iii)We have 


cos a 


cosy 


Hence 

tan 2 0 _ cosp-cosa cosy 
tan 2 (p cosa cosp-cosy 
On the other hand, it is given that 
tan 2 0 tan 2 a 
tan 2 cp tan 2 y 


Therefore, we have 
cosp - cosa cosy _ tan 2 a 
cosp-cosy cosa tan 2 y 
From this equality, we get 

0 cos 2 a sin 2 y - cos 2 ysin 2 a 

cosp = — 

cosasin y-sm acosy 

sin 2 y- sin 2 a 

cosasin 2 y- sin 2 acosy 

_ 2 P 1-COSp 

2 1 + cosp 

cosasin 2 y- sin 2 acosy - sin 2 y+ sin 2 a 

cosasin 2 y- sin 2 acosy + sin 2 y-sin 2 a 

sin 2 a(l - cosy) - sin 2 y(l - cosa) 

sin 2 y(l + cosa) - sin 2 a(l + cosy) 

o • 2« 2 G • 2 Y o • 2 Y 2 Y 2 a 

8 sin — cos — sin - - 8 sin - cos - sin — 

2 2 2 2 2 2 

0 . 2 Y 2 Y 2 « o 2 2« 2 Y 

8 sin - cos ^ cos — - 8 sin — cos — cos ^ 

sit>s (f ) sini (f )( c ° s; (t )- c ° s2 (f )) 

(fMl) 

since cos 2 j- cos 2 (j j = sin 2 )" si " 2 (f ) 

(iv)Solving the given equation with respect to cos* 
we find 

cos*(sin 2 pcosa - sin 2 acosp) 

= cos 2 asin 2 p - sin 2 acos 2 p = cos 2 a - cos 2 p 

But, 

sin 2 pcosa - sin 2 acosP 

= cosa(l - cos 2 P) - cosP(l - cos 2 a) 
= cosa - cosP + cosacosP(cosa - cosP) 

= (cosa - cosP)(l + cosacosP) 
cosa + cosp 


cos 


= tan 


therefore cos* = - 


1 + cosacosP 
(x)_ 1-cos* 

UJTm 


Further tan' 

■cos* 

1 + cosacosp - cosa - cosp 
1 + cosacosp + cosa + cosp 
_ (l-cosa)(l-cosP) _ t3n2 
(l + cosa)(l + cosP) 
and consequently 


t an(|) f± tan(|)tan(|) 
( V ) Put tan^j=AT < tan^j=y 
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1 — x 2 

Then cos0 = r = cos a cos (5, 


1 + jf 


l-y 

coscp = — 

i+y 


cosa^cosP 

Further, from (1) & (2), we get 
2 _l-cosacosp 2 _ l-cosaj c° s P 
1 + cosacosp ^ l + cosajcosp' 

Now 

t a n 2 f £ )= x 2 y 2 = ( 1 “ cosacos P)( 1 - coscx i C0S P) 

V 2 / (1 + cosacosp)(l + cos^ cosP) 

Adding unity to both members of the equality, 

2 2(1 + cosacosa, cos 2 P) 

we get = 

° l + cosp (l + cosacosP)(l + cosa 1 cosp) 

Assuming cosp * 0, we obtain 
cosa + cosa a = 1 + cosacosa 1 cos 2 p 
cosa + cosa! = 1 + cosacosa 1 (l - sin 2 P), 
cosa cosa] sin 2 p 

= 1 + cosacosaj - cosa - cosaj 
= (1 - cosa)(l - cosaj) 
and consequently, indeed 


sin 2 P = f — l)(— 

Vcosa y^cosa 1 


2. (i) Rewrite the given equalities in the following 

way 

sind (b cosa - acosP) = cose (fr sin a - flsinP) 
sin0(dsina - csinp) = cos0(ccosp - d cosa) 
Eliminating 0, we find 
(b cosa - acosP)(ccosP - d cosa) 

= (b sina - asinfi)(dsina - csinP) 

Hence, 

be cosa cosp - ac cos 2 p - bd cos 2 a + fldcosacosP 
= bd sin 2 a - ad sina sin P - be sina sin P + flcsin 2 p 
or (be + ad)cosacos$ + (be + fld)sinasinP 

= bd + ac 

n , qv bd + ac 
Finally, cos(a~P) = 


(ii) (a) we have 


g 2 -l 


bc + ad 
l + 2gcosp + g 2 


l + 2gcosa + g 


g 2 -1 


_ 2g 2 + 2ccosP _ e + cosp 
2g 2 + 2gcosa c + cosa 

(By the property of proportions, from the equality 

a c . „ a -he a 
(r= j follows T — 7 = t) 
b d b+db 

Similarly, we have 

_ l + 2gcosp + g 2 


e 2 -l 


l + 2gcosa + g 2 


g -1 


_ -2-2ecosP _ 1 + gcosp 

2 + 2gcosa 1 + gcosa 
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Then 


( g + cosp Y _ 
l^g + cosa J 


(1 + ecosP) 2 


(1 + gcosa) 

( c + cosp V _ g 2 + cos 2 P - 1 - e 2 cos 2 p _ sin 2 P 
Vg + cosaJ g 2 + cos 2 a-l-g 2 cos 2 a sin 2 a 


Consequently, 


g 2 -l 


1 + gcosp _ sinp 


1 + 2gcosa + g z 1 + gcosa sina 
(b) From given equality, it follows that 
g + cosp _ 1 + gcosp 

g + cosa 1 + gcosa 
Consequently, 

g + cosp-l-gcosp _ g + cosp + l + gcosp 
g + cosp + 1 + gcosp g + cosp - 1 - gcosp 

(From the equality - = - follows = 

b d b + d 

Further 

(1 - g)(l - cosp) (1 + g)(l + cosP) 

(1 + g)(l + cosa) (1 - g)(l - cosa) 
or 


b-d‘ 


(l-cosP)(l-cosa) = 


a +gr 


(l + cosP)(l + cosa) 


(l-e ) 2 

Finally tan^y jtan|y j=±L^ 

(iii) By hypothesis, we have 

fleosa + frsina = c, acosP + bsinp = c. 

Adding these equalities termwise we find, 

2ncos(^-& )cos(^y£ |+ 2bsin^y-& jcos(^-£ j = 2c 
Hence 

frb c 


cos 


a cos 




*£)- 


Now subtracting the given equalities termwise, 
we obtain 

-2a sin (^y-& jsin )+ 2b sin (^y^ 

Since a and P are different solutions of the 
equation, then sin ^ a ^ ^ j * 0 . Consequently, 

the last equality yields tan^- °" -- j= — . 

Let us return to compute cos 2 | — — - ]. 

TAr u • \ 2 ) 

We have 

2 


0 


cos 


(¥)=■ 




COS' 


-Vll + 4 




+ b 


a 2 +b 2 


34 



(iv) We have 

a + c cos* + cos(* + 20) 


b + d cos(* + 0) + cos(* + 30) 

_ cos(* + 9)cos9 _ b_ 

cos(* + 20)cos0 c 

_ _ a + c b+d 

Hence — - — = 

b c 

(v) We have 


cos(P - y) - cos(g - p) _ cos(y - a) - cos((3 - y) 
cos(a + P) - cos(P + y) cos(p + y) - cos( y + a) 


_ cos(a - P) - cos( y - a) _ ^ 
cos(y + a)-cos(a + P) 
Hence 


sin | 

(T->) 

sin 



. | 

fP + a 1 

sin| 

lV' Y i 

. | 

rp + a ^ 

sin 

IV +Y J 


sin 


Y + P 


-) 


tan p- tan 


(t)_ 


tan y- tan 


P± 

2 


2 ) 


tan P + tan 


tan a - tan 


(=? 

(H 1 ) 


tany+ tan 


(‘r) 


tana-tan^y^ j 

But from the equalities 
a-b a'-.b' a"-b" 

«+7 = «' + &'" a* + fc" 

Therefore, we have 
tan a tan p 


a a a 

follows 7 = 77 = “ 
b b b 


tan y 


tan~(a + P) 


3. 


tan - (P + y) tan|(a + Y) 

(i) From the third equality we obtain 
sin 2 0sin 2 cp = (cosGcoscp - sinpsiny) 2 
Using the first two equalities, we find 

L“i!iY 1 _^!i) = fMjni_ S i n p S inY 

V sin 2 a A sin 2 ay v sura 
After some transformations this equality yields 
tan 2 a = tan 2 y + tan 2 p 
(ii) We have 

flsin 2 0 + frcos 2 0 = 1, «cos 2 cp + b sin 2 cp = 1 
Hence 

ntan 2 0 + b = 1 + tan 2 0, frtan 2 cp + a = 1 + tan 2 cp 
Consequently 

(a - l)tan 2 0 = 1 - b, (b - l)tan 2 cp = 1 - a 


tan 


9_ri-bV 

tan 2 cp vl-fl/ 

On the other hand, 


tan 2 9 
tan 2 cp 


From the last two equalities we get (assuming 
that a is not equal to b) 
a + b - lab = 0. 

(iii) Rewrite the first two equalities in the following 

way cosGcosa + sin0sina = a •••(!) 

sin0cosP - cosGsinP = b ...(2) 

Multiplying (1) by sinP and (2) by cosa, and 
adding them, we find 

sin0cos(a - P) = flsinP + frcosa ...(3) 

Again multiply (1) by cosP and (2) by -sina 
and then adding them, we find 
cos0cos(a - P) = flcosP - bsina ...(4) 

Squaring (3) & (4) and adding them, we get 
cos 2 (a - P) = a 2 - lab sin(a - P) + b 2 . 

(iv) From the first two equalities it is obvious that 
0 and cp are the roots of the equation 

*cosa + ysina - 2a = 0 (unknown a) 

It is clear that 0 and cp are also the roots of the 
equation (la - *cosa) 2 = y 2 sin 2 a 
Transform the last equation in the following 
way 

A^cos 2 a - 4 a* cosa + 4 a 2 - y^l - cos 2 a), 

(x 2 + y 2 )cos 2 a - 4 ax cosa + A a 2 - y 2 = 0 
Therefore the quantities cos0 and coscp are the 
roots of the following equation 
(x 2 + y 2 )z 2 - 4 axz + 4a 2 - y 2 = 0 and therefore 

4 ax 


2 2 

x 2 +y 


(V) 


4a 2 — i/ 2 

COS0COSCP = — r V, COS0 + COSCp = 

x 2 +y 

We then have 

or 1 - (cos0 + coscp) + cos0 coscp = 1. 
Hence, y 2 = 4 a(a - at) 

We have 


sin 


i.e. 


a = 4 sin 2 ^ jsin 2 ^ ) = (1 - coscp)(l - cos0) 

cosa Y^ cosa 
cosp A cosy J 

osp + cosy ^ 
cosp cosy ) 

' ( 


- 1 - 

Hence 
l-cos 2 a = l-cosa 


cos a 


cos 2 a 


= cosa 


cospcosy 
cosp + cosy 
cospcosy 


cosa = - 


4. 


cospcosy 

Assuming that cosa is non-zero, we find 
cosy + cosp 
1 + cosycosP 

Now it is easy to ckeck that 

(i) Since cos3* = cos 3 * - 3sin 2 *cos*, 
sin3* = -sin 3 * + 3 sin* cos 2 * 

Put sin3* & cos3* in given equation 
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(cos 3 * - 3sin 2 *cos*)cos 3 * 

+ (-sin 3 * + 3sin*cos 2 *)sin 3 * = 0 
cos 6 * - 3cos 4 *sin 2 * + 3sin 4 *cos 2 * - sin 6 * = 0 
or (cos 2 * - sin 2 *) 3 = 0, cos2* = 0 
(ii) Since sin2* + 1 = (sin* + cos*) 2 , 
we have 

(sin* + cos*) 2 + (sin* + cos*) + cos 2 * - sin 2 * = 0 
Hence, (sin* + cos*)(l + 2cos*) = 0 
or cos*(l + tan*)(l + 2cos*) = 0 

and so, tan* = -1 and cos* = -— 

2 

are the required solutions of our equation. 

........ sin 2 * 1-cos* _ 

(in) We have — = 0 

cos 2 * 1-sin* 

Hence 

(cos 3 * - sin 3 *) - (cos 2 * - sin 2 *) 
cos 2 *(l-sin *) 
or (1 - tan*)(l - cos*) = 0 
Hence tan* = 1 and cos* = 1. 

(iv) We have 

cos3a = 4cos 3 a - 3cosa 
Therefore cos6* = 4cos 3 2* - 3cos2* 

On the other hand. 

\3 


- = 0 


cos 6 * 


_ p + cos2* j 


The equation takes the following form 
4(1 + cos2*) 3 - (4 cos 3 2* - 3cos2*) = 1 
or 4cos 2 2* + 5cos2* + 1 = 0 
1 

Thus cos2* = -l, cos2* = - 
4 

(v) Since sin 2 * + cos 2 * = 1, we have 
sin 4 * + cos 4 * + 2 sin 2 * cos 2 * = 1 and 

sin 4 * + cos 4 * = 1 - i(sin2*) 2 
2 

The equation takes the following form 

sin 2 2* - 8sin2* + 4 = 0 

Hence 

sin2x = 4±>/l6-4, sin2x = 4±2>/3 
Rejecting one of the solutions, we get finally 

sin2* = 4-2>/3 

5. (i) Applying the formula for the sum of sines, 

we get 

2sin5*cos* = 0 ....(1) 

If * is a solution of (1), then at least one of the 
following equalities is true: 
sin5* = 0 or cos* = 0 ••••(2) 

Conversely, if * is a solution of one of equations 
(2), then, evidently, * is a solution of equation 
(1) as well. Thus, equation (1) is equivalent to 
the collection of equations (2). Equations (2) have 
the solutions 
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nn k 

* = — , x = — + nn, neZ 
5 2 

respectively. 

All these values of * and only these values are 
the solutions of the original equation. 

(ii) Let us transform the equation using the reduction 
formula and the formula for the difference of 
sines : 

sin* - cos2* = 0, sin*-sin^-2* j=0, 

The resulting equation is equivalent to the 
collection of two equations: 


sin ^( 3 * - f) =o and . cos Mf~*) = 

We solve the first equation : 


0 


2nk , _ 

■ + — -‘ ez 


iHHh- 

For the second equation, we have 
l(n Jt , 7t „ , , „ 

2\2~ X J~2 +K ' * = -2 _2jt/ ' /eZ 
It is easy to see that all solutions of the second 
equation are contained in the set of solutions of 
the first equation. Indeed, for k = -1 - 3/, l eZ, 

we have * = - + — - = 2nl, that is, 

6 3 2 

we obtain all solutions of the second equation. 
The solution is 


{r¥)iH 


(iii) Dividing both parts of the equation by ^2, we 

11 1 
obtain - 7 =sin2* + - 7 =cos2* = — 7= 

V2 V2 & 

Taking account of the fact that 

1 . (tO 

•^-cos^— J= sin ^— J, we write the equation 
in the form 

sin2*cos| — ]+cos2*sin(— ) = -i 

Using the formula for the sine of the sum of the 
arguments, we arrive at an equation 

. k\ 1 
sin 2* + — = — = 

1 4 ) V2 

Hence we have x = ((-!)” -1 )- +— ,neZ 

8 2 

These values of * constitute the set of all solutions 
of the original equation. 

(iv) Dividing both sides of the equation by 

Vl2 2 +5 2 = 13, we get 

12 5 . 

-—cos* sin* = -l 

13 13 



12 . 5 

coscp = -, sirup = - 


One of the solutions of the system 

is (p = cos _1 ^j. Taking 

this into account, we write the equation in the 
form cos*coscp - sinxsincp = - 1 and, applying 
the formula for the cosine of the sum of the 
arguments, we get cos(* + cp) = -1, whence we 
have * + cp = n + Inn, x = -cp + n(2n + 1), that 
is, 

-H 


* = -cos 


(V) 


^ j+7t(2n + l), neZ 

This formula yields all the solutions of the 
original equation. 

We make use of the formulas cos2* = 1 - 2sin 2 * 
and sin3* = sin*(3 - 4 sin 2 *). 

It is easy to obtain the second formula by 
transforming the right-hand side of the equality 
sin 3* = sin(* - 2*) by the formula for the sine of 
the sum and then by the formulas for a double 
argument. 

After the substitution, the original equation 

assumes the form 

sin*(3 - 4sin 2 *) + 1 - 2sin 2 * = 1. 

From this we get 4 sin 3 * + 2sin 2 * - 3 sin* = 0. 
Denoting t = sin*, we obtain 4f 3 + 2f 2 - 3f = 0. 
This equation has the roots fj = 0, 

= (.Jtt- J) t _ This means that ^ 

2 4 4 

original equation is equivalent to the collection 
of the equations v . , 

„ . . M-i 

sin* = 0, sin* = l — - — J, sin* = -^ — - — 

We consecutively find the solutions for the 
equations obtained : 

* = nn, n eZ; * = (-1)” 


are sin 


in^ 


>/l3 — 1 


+ nn,neZ-, 


6 . 


the third equation has no solutions since 

- (Vl3 -f 21 < -i < j^ e values of * we have obtained 
4 

and only these values are solutions of the original 
equation. 

(i) We have 

sin2*cos* + cos2*sin* + sin2* - msin* = 0 
Hence 

sin*[2cos 2 * + cos2* + 2cos* - m] = 0 
sin*[4cos 2 * + 2cos* - (m + 1)] = 0 
And so, one solution is sin* = 0. 

The other is obtained by the formula 


cos* = - 


-l±V4m + 5 


Hence, first of all, it follows that there must be 
4m + 5 > 0 

Further, for one of the roots to exist it is required 
that I -1 + V4m + 5 I < 4, i.e. 


-4 < -1 + >/4m + 5 < + 4 or - 3 < >/4 m + 5 < 5, 

i.e., m < 5. For the other root to exist it is necessary 

that 

l-l->/4m + 5 I <4,-4 <-l-V4m + 5 <4, m< 1 

Thus if m< — , then cos* has no real values; 
4 

at m = — it has one real value 
4 




for — <m< 1 cos* has two real 
4 


values 


(■ 


cos* = — 


+l±v4m + 5 


and for 1 < m < 5 


cos* again has one real value 

^cos* = + + - j and at m > 5 

it has no real values . 

(ii) Rewrite the equation as 

1 -{(1 + k) cos*cos(2* - a)} 


- (1 + /ccos2*)cos(* - a)} = 0 


cos(* - a) 


But i i 

cos*cos(2* - a) = — cos(3* - a) + -cos(* - a) 

cos 2* cos(* - a) = ^ cos(3* - a) + ^ cos(* + a) 

Therefore 
1 

cos(*-a) 1 

-2cos(* - a) - /c[cos(3* - a) + cos(* + a)] = 0 
1 {cos(3* - a) - cos(* - a)} 


{(1 + fc)[cos(3* - a) + cos(* - a)]} 


or 


cos(* - a) 


+ /c[cos(* - a) - cos(* + a)] = 0 


2 sin* 


■{k sin a - sin(2* - a)} = 0 


cos(* - a) 

Hence, 

sin* = 0 and sin(2* - a) = /csina 

,...v , , , . 2 l + cos2<p 

(m) Applying the formula cos cp = , 

write the equation in the form 
or cos2(a + *) + cos2(a - *) = 2a - 2 
whence cos2acos2* - a - 1, 
a - 1 


cos2* = - 

cos2a 

On the other hand, ’ 


( 1 ) 


cot* 




cos 2* 


'r • 


cos2* 
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and therefore from (1) we find 


cot a: 


«±.E± 

Vi-fl + 


-l + cos2a 


-cos 2a 
Equation (1) holds if 
cos2a * 0 and lcos2al > \a - 1 1 
(iv) Multiplying the right member of the equation 
by sin 2 * + cos 2 * = 1 we reduce it to the form 
(1 - a) sin 2 * - sin* cos* - (a + 2)cos 2 * = 0 ...(1) 
First let us assume that a * 1. Then from (1) it 
follows that cos * * 0, since otherwise we have 
sin* = cos* = 0 which is impossible. Dividing 
both members of (1) by cos 2 * and putting 


tan* = t we get the equation 
(1 - a)t 2 - t - (d + 2) = 0 ....(2) 

Equation (1) is solvable if and only if the roots 
of equation (2) are real, i.e. if its discriminant is 
non-negative : 

D = -4a 2 - \a + 9 > 0 ....(3) 

Solving inequality (3) we get 

•Jio+i Vio-i 


<a<- 


....(4) 


Let t\ and t 2 be the roots of equation (2). Then 
the corresponding solutions of equation (1) have 
the form *j = tan -1 *! + kn, * 2 = tan _1 f 2 + kn 
Now let us consider the case when a = 1. 

In this case equation (1) is written in the form 

cos*(sin* + 3 cos*) = 0 and has the following 
solutions : 


*! = ~ + kn, * 2 =- tan 1 3 + kn 
(v) Applying the formulas 

. 4 (l-cos2*Y 2 l + cos2* 

l 2 ) 2 

and putting cos2* = t, we rewrite the given 
equation in the form 

f 2 - 6f + 4a 2 - 3 = 0 ....(1) 

The original equation has solutions for a given 
value of a if and only if, for this value of a, 
the roots t\ and t 2 of the equation (1) are real. 
Solving equation (1), we get 

f, =3-2V3-fl 2 ,f 2 =3 + 2V3-<? 2 

Hence, the roots of equation (1) are real if 

Ifl I < V3 ....(2) 

If condition (2) is fulfilled, then t 2 > 1 and, 
therefore, this root can be discarded. Thus, the 
problem is reduced to finding the values of a 
satisfying condition (2), for which U x I <1, i.e. 

-l<3-2>/3-fl 2 <1 ' ....(3) 

From (3) we find 


-4 < 2>/3 -a 2 < -2, whence 2 > yj3-a 2 > 1 

Since the inequality 2> V 3 -a 2 is fulfilled for 

\a\< V3, the system of inequalities (4) is reduced 
to the inequality 

\l3-a 2 > 1, whence we find I a I < 

Thus, the original equation is solvable if I a I < V 2 , 
and its solutions are 


* = i^-cos 1 (3-2yl3-a 2 ) + kn 

(vi) The given problem is equivalent to the following 
problem : what values can the function 
X = sec* + cosec* assume if the argument * varies 

within the range 0<c<-^? 

Consider the function 

X 2 = (sec* + cosec*) 2 . 

1 2 1 
- + + 


cos 2 * 
1 


sin* cos* 


sin 2 * 


sin 2 * cos 2 * 


sin* cos* sin 2 2* sin2* 


As * increases from zero to — , each summand on 

2 

the right-hand side varies in the following way: 


it first decreases from +00 to for 0 < * 


4 


then increases from 4 to +<» 


for * = — both summands simultaneously attain 
their least value as well, and X 2 = 8. Therefore, 
if 0<*<-j, then X 2 > 8, and since sec* and 


cosec* are positive in the first quadrant, we 
have X > 2 V 2 . 

Alternative Solution : Note that we must confine 
ourselves to considering only the positive values 

of X because for 0 < * < — the function sec* and 
2 

cosec* are positive. Transforming the equation 
to the form sin* + cos* = X sin* cos*, 
we then square both members and obtain 
1 + 2sin*cos* = X 2 sin 2 *cos 2 * 

Now putting sin2* = z we can write 
X 2 z 2 - 4z - 4 = 0, 
whence 

2±>/4+4X 2 

By the hypothesis, we have 0<*<— , and 

2 

therefore z = sin2* > 0. Thus, inequality (1) we 
must take plus sign i.e. 
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z = - 


2 + V4 + 4A7 


If now we take the values of A satisfying the 
inequality 


2 + n/T+4xJ 


<1 


....( 2 ) 


then the equation sin2* = 


2 + ^4 + 4 A. 2 


X 2 


7 . 


will have a solution * such that 0<*<— . 

Obviously, this solution will also satisfy the 
original equation. But if inequality (2) is not 
satisfied, the required solution does not exist. 
We see that the problem is reduced to solving 
inequality (2). Getting rid of the denominator, 

we readily find A > 2yf2. 

(i) Let ^<x l <x 2 < 7i, then 0 < sin* 2 < sin*] < 1, 
and the point Psin^/ P siiuy Ps\nx$ ^ the first 
quadrant since 1 < Since the function cos* 


decreases on the interval 


[4 


we have, 


0 < cos (sin A'O < cos(sin* 2 ) ^ 1 

But the points P C os(siruri) P C os(sinr 2 ) ^^o lie in 

the first quadrant and the function sin a increases 

on the interval |^0, ~j, therefore 

0 < sin(cos(sinA!)) < sin(cos(sin* 2 )) < 1 

That is, the function f(x ) = sin (cos(sinx) is 

increasing on the interval j^—/ nj- Consequently, 

the minimal value of f(x) on this interval is equal 


to j= sin(cosl), while the maximal value of 

f(ri) = sin(cosO) = sinl 
(ii) (since + sinP) - [sin(a + P + y) - siny] 

2sin (4] cos (4) _2 '° s ( n 4) sin (4) 

= 2 sln ( i! r)[ cos ( 2 r)- cos ( 1 ' +s rl 


= R.H.S. 

(iii) Let us write the given equation in the form 
sin 2 4x - 2sin4*cos 4 * = -cos 2 * 

Adding cos 8 * to both sides of the equation, we 
get 


sin 2 4* - 2sin4*cos 4 * + cos 8 * = cos 8 * - cos 2 * 
or (sin4* - cos 4 *) 2 = -cos 2 *(l - cos 6 *) 

The left hand side of the equation is non-negative, 
while the right hand side is non-positive 
(cos 2 * > 0, (1 - cos 6 *) > 0), consequently, the 
equality will be valid only when the following 
conditions are fulfilled simultaneously. 

| - cos 2 *(1 - cos 6 *) = 0 
[(sin 4* -cos 4 *) = 0 


1. 


2 . 


The first equation decomposes into two parts : 
cos 2 * = 0 or cos* = 0 

where * = — + nn, n e Z . The obtained values 
2 

also satisfy the second equation since 

sin ^4 ^ + nn j j = sin(2rc + 4 nn) = 0 

1 - cos 6 * = 0 or cos* = ±1, whence * = nn, neZ. 
Substituting these values of * into the second 
equation, we get (sin47rn - cos 4 7i«) 2 = 0 or 
(0 - l) 2 = 0 which is wrong. 

Thus, the solution of the original equation consists 

of the numbers x = ^ + nn,neZ 
2 

(iv)(a) We have 

sin2na + sin2rcP + sin2tty 

= 4simi(a + P).simi(P + y).sin«(y + a) 

....( 1 ) 


Furthermore, we have 

sin«(a + p) = sintt(7i - y) = (-l) n+1 sintty ...(2) 
Similarly, 

sinw(P + y) = (-l)" +1 sinna ...(3) 

and sinn(y + a) = (-l) n+1 sinttP ...(4) 

Substituting (2), (3) and (4) in (1), we get 
sin2tta + sin2«P + sin2ny 

= 4(-l) n+1 sin/7asin^Psin«y 
We get the required result. 

(b) All values of a and P are permissible here except 
those for which cos(a + P) = 0 and cosP = A. 
Noting that sina = sin(a + P - P), let us rewrite 
the original equality in the form 
sin(a + P)cosP - cos(a + P)sinP = Asin(a + P) 

....( 1 ) 


(c) 


Dividing both members of (1) by cos (a + P) *0, 
we obtain 

tan(a + P)cosP - sinP = Atan(a + P) 

, 0x sinP 

■* ,a " ( “ +w *^F7 


It is readily seen that, by virtue of the conditions 
of the problem, we have sinacosacosp * 0 because, 
if otherwise, we have I rii \ < \n\. Therefore, the 
equality to be proved makes sense. We represent 
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this equality in the form 


tana + tanP m + n 

= tan a, 

1 - tan a tan p m-n 

....a) 

whence 


/ ox m + n 

tan(a+P) = tana 

m-n 

....(2) 


Replace in (2) the tangents of the angles a and 
(a + p) by the ratios of the corresponding sines 
and cosines, reduce the fractions to a common 
denominator and discard it. 

We then obtain 

m[cosasin(a + P) - sinacos(a + P) 

- n[sinacos(a + P) + cosasin(a + P)] = 0 


....(3) 

=> msinP - nsin(2a + P) = 0 ....(4) 

Thus, the proof is reduced to establishing relation 
(4). Since relation (4) is fulfilled by the hypothesis 
of the problem, we conclude that (3) holds true 
which implies the validity of (2). 

But (2) implies (1), and (1), in its turn m implies 
the required relation 


tana _ 1-tanatanP 


m+n m-n 

(d) Consider the identity 

cos(* + y + z) = cos(* + y)cosz - sin(* + y)sinz 
= cos* cosy co sz - coszsin*siny - cosy sin* sinz 

- cos*sinysinz 

By the hypothesis of the problem, we have 
cos* cosy cosz * 0, and therefore this identity 
implies 

cos(* + y + z) = cos* cosy cosz(l - tan*tany 

- tanytanz - tan z tan*) 

.2 o L 2 o cos 2 2 * sin2 2* 

(e) cor 2* - tan 2* = — — 

sin 2 2* cos 2 2* 
cos 4 2* -sin 4 2* 


sin 2 2*cos 2 2* 
cos 2 2* - sin 2 2* 4 cos4* 


i) st 


sin 2 4* 


sin 2 4* 


Hence, 

4 cos4t 

S = — -(!-2sin4*cos4*) 


sin 2 4* 

4cos4* . „ v 
(l-sin8*) 


sin 2 4* 


Since (l-sin8*) 


= 2sin 2 ^-4*} ( 


we finally obtain .the expression 
8 cos4*sin 2 ^ - 4* |j 

sin 2 4* 


6 6 

8. (i) Put tan - = a, tan — = p . Then the first two 

2 2 

equalities take the form 

*a 2 - 2ya + la - * = 0, *p 2 - 2a - * = 0 

Consequently a and p are the roots of the 

quadratic equation 

*z 2 - 2yz + 2a - * = 0 

Therefore a + P = — ,ap = — — - 
* * 

Furthermore a - p = 21. 

Let us now eliminate a and P from the last three 
equalities. We have identically 
(a + P) 2 = (a - P) 2 + 4aP 
Consequently, 

After simplification, we get 
y 2 = 2ax - (1 - l 2 )x* 

(ii) We have 


But 

tan 


tan 2 | 

(!: 

M 

:d 

1 - tan 2 ^ 

O 1 CM 

|tan 2 

(!) 


tan' 


Y 9 } 1 - cos6 _ 1 - cosacosp 
v2y l + cos0 1 + cosacosp' 
Y cO 1 -cosa 

uJ’T+c 


-cosa 


Consequently 


1 — : 

1-cosB 2 
= = tan 


1- cosacosp 1-cosa 

tanf ^ + tanf 1 + cosacosP 1 + cosa 

v 2 J \ 2 J ^ 1- cosacosp 1-cosa 
1 + cosacosp l + cosa 

h) 

1-fcosP v2 ) 

(iii)The first equality can be written as 
fl[sin(0 + <p) - sin(0 - cp)] 

= b[ sin(0 - cp) + sin(0 + cp)] 
=» fl[2cos0sincp] = fr[2sin0coscp] 

=> fltancp = b tan0 


a 

- tan cp = 
b 


2 tan 


(!) 


1 - tan 2 


(!) 


But from the second equality we are given 


that tan 


(!)- 


&tan (?) +c 


2 tan 


(!) 


& tan Y)+c 


l-tan' 


(!) 


i-- 


tBn (fH 


•~(i) 
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Putting tan — = * in (i) and after simplification, 
we have 

bc( 1 + x 2 ) « -( b 2 + c 2 - n 2 )* ...(ii) 

„ 2* 

But = sincp 

1 + x 

Substituting the value of sincp in (ii), we have 
2 be 

sm( P = _ 2 jl — 2* 

a -b -c 

(iv) From the first equality we have 

(tan 6 cos ft - sin ft) cos a [ (cosa- tanesinopsinp _ Q 
(tan cp cos a - sin a) cos p (cos p + tan cp sin p) sin a 
Hence 

sinacosPcos(a - P)tan0 + sinPcosacos(a + P)tancp 

= 2sinPcosPsinacosa 

...n 

From the second equality we get 
tan0 _ cos(q-p)tanP 
tan(p cos(a + P)tana 
Therefore we may put 
tan0 = >.cos(a - P)tanP, 
tan(p = -Xcos(a + p)tana 

Substituting the expressions for tan0 and tancp 
into the equality (*), we find 

x= 

2sinasinP 

Thus 

tan 0 = C0S ( a ~PL = I( C0 t a + tan p) 

2sinacosp 2 

tan cp = cos ( a + P L = I (tan a - cot P) 

2cosasinP 2 

(v) Let ^ < jc, < x 2 < n, , then 

< -1 < cos*, < cos*, < 0, since the function 

2 

cos* decreases from 0 to -1 on the interval 

^, 7 ij. Therefore the points P C0SXl and P cos * 2 lie 

in the fourth quadrant, and 
-tanl < tan(cosAT 2 ) < tan(cosAr 1 ) < 0, 

Since tan* increases in the fourth quadrant. 
Consequently, the function f(x) = tan(cosAf) 



decreases on the interval g reatest 

value is j= tan(0) = 0, the least value being 
f(n) = tan(-l) = -tanl. 

9. (i) Putting t = sin* + cos*. Then we obtain 

t = 1 - (f 2 - 1) 

whence we get t 2 + t - 2 = 0, fi = 1, t 2 = - 2. 
We have sin* + cos* = 1 and sin* + cos* = -2. 
Let us solve each of the equation, say, by 
introducing an auxiliary angle. For the first 

equation we find * = ((-l) n -1) — + Kn, neZ; 
the second equation has no solution since 

1-21 >V2 

/. The required solution is 
JC = ((—1)" — 1 )j + Jtn r neZ 

(ii) (a) Denote the expression under consideration 
by S. Let us transform the first two summands 
according to formula and, finally substitute 
1 - cos 2 y for sin 2 y. 

We then obtain 

S = -i(cos2a+cos2p)-cos 2 y+[cos(a+p) 

+ cos(a - P)]cosy 
Transforming the sum cos2a + cos2P into a 
product and opening the square brackets we 

g et 2 

S = -cos(a + p)cos(a - P) - cosy 

+ cos(a + p)cosy + cos(a - P)cosy. 

S = -[cos(a - P) - cosy][cos(a + P) - cosy] 

Hence, 

sm(2lf±l) S in(aif^) 

(b) The expression in question can be transformed 
in the following way 

l-4sinl0°sin70° l-2(cos60 0 -cos80°) 2cos80° 

2 sin 10° 2 sin 10° 2cos80° 


Thus, 


2 sin 10° 


2 sin 10° 
--2sin 70° = 1 


(c) “> S (f)-co S (f)-2sm(i)s»(|) ...w 

Multiplying and dividing (1) by 2cos^ jeos^ j, 
and applying the formula for sin2a, we obtain 


2s,n (s) in (l) = 


. fjt'l f 371 ^ 
2 cos — cos — 

uoJ uoj 


...( 2 ) 
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We know that 
cos 


n ) . (n k) . (3k 

s — = sin — + — = sin — 

\\0) V2 10 ) v 5 > 

, f 37c ^ . (k 37t"\ . ( 7t "i 

and cos — = sin = sm - 

uo; V2 10 J 1 5) 

So, equation (2) becomes 
2sinf— Isinf— )- ^Mf) .1 

UJ UoJ - ?Hf 2 

(d) We have 

c 3 if n 3 k 5k 7k\ 

S = - — COS— +COS + COS — -f cos — 

2 2k 8 8 8 8 J 

l( k 3k 5k 

+— cos— + cos — + cos — + cos — 
8l 4 4 4 4 ) 

The sums in the brackets are equal to zero 
because 

k Ik 3k 57c 

cos— = -cos — , cos — = -cos 

8 8 8 8 

and 

k 3k 5k Ik 

cos— = -cos — , cos — = -cos — 

4 4 4 4 

3 

Consequently, S = -. 

(iii) Let f(x) = a 0 + ^cosx + a 2 cos2.t + a 3 cos3* 

...( 1 ) 


•( 2 ) 


....(3) 


/( 0) = a 0 + cii + a 2 + a 3 = 0 

f { f) =fl °- fl 2=°^«0=«2 

/( f)="o + |« , -^«2- fl 3=° 

1 1 

=* 2 fl 2 + 2 fl i“ fl 3 =0 

=> «3=^( fl 2+«l) 

fl 1 ^ 

(a, -a.) ^ 

** dj + I — 0 V/A Uj f=- 

V2 yf2 

Substituting in (1) the values obtained (2) and 

(3)- 

la 2 + flj h — (jLy + a 2 ) = 0 

2 -3 

=* 5<? 2 + 3a, = 0 or a 2 =—a^ ....(5) 

From (4) and (5), we get 

(tH^tT 3 ■~ (6) 




...(4) 


(4-3>/2) „ , 4-3^2 n 

t= — -a. = 0 but t= — ^ 0 

5^2 1 5v2 

cii = 0 

a 3 = 0 asa 3 = V2^-|ja, 
-3 

a, = — a, =0 

3 


«2 

Aq = ^2 = 0 

Thus a 0 = ^ 


^2 — ^3 ~ 0 


(iv) Let .v = tana, y = tanp, z = tany, < a,p, y< ^ 


4-y/(tan 2 a-f 1) _ 57(tan 2 p + l) _ 6 > /(tan 2 y+l) 
tana tanp tany 

4 _ 5 _ 6 
sin a sinp siny 

Again, tana tan P tany = tana + tanp + tany 
=> tana (tanp tany - 1) = (tanp + tany) 


-tana 


1 3 j 

TTs/' "a 
1 


(tan p + tany) 

= ^ = tan(P + y) 

1 - tanptany 


=> tan(^C7i - a) = tan(P + y) 

=> a + P + y “ kn 

Taking k = 1, we get a + P + y = 71 which implies 
that there exists a A whose angles are a, P and 
y and whose sides opposite to these angles are 
proportional to 4, 5 and 6 respectively. 

Let the sides of such A be 4k, 5k and 6k. 

s = semi-perimeter of the A = 


tan 


foO l (s-5k)(s-6k) 
V2/ \ s(s-4k) 

2 f V7 


5fc 3Jt 

X — 

2 2 


15. 7, 

y ix 2 k 


4 


x = tan a 


l-r 


1- 


1 
7 
5\p7 


Similarly, y = tan(3 = -^— and z = tany=3 \/7 


tan 


P) = l (s-4k)(s-6kj 
2) V s(s-5Jfc) 




»nd t anfYl=J« s -«>< s - 5 ‘» 

UJ V s(s-6k) 

2 1 

where a, p, y are measures of 


and C of AABC. 
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- MTG Editorial Board 

This column is aimed at Class XII students so that they can prepare for competitive exams such as IIT, AIEEE, 
etc and be also in command of what is being covered in their school as part of NCERT syllabus. The problems 
here are a happy blend of the straight and the twisted, the simple and the difficult and the easy and the 
challenging. __ 


PART-A 


O Trigonometric Equations 

1. Solve the following equations : 

7 

(i) sin 4 x + cos 4 x = - sin *cos* 

2 

(ii) 6 tan 2 * -2 cos 2 * = cos2*. 

(iii) 5sin2*- 5cos2* = tan* + 5. 

(iv) sin2* + cos2* = -1. 

(v) sin 2 * - 3 sin* cos* + 2cos 2 * =0. 

(vi) cos 7* -sin 5* = V3 (cos 5* -sin 7*) 

2. Solve the following equations : 

(i) tan 2* + — — = cot * + 

sin * sin 5* 

(ii) ^ cos ~ ” 2sin* jsin* + ^1 + sin-j - 2 cos* jcos* = 0 

(iii) sin*cosy = —, 

3tan* = tany. 

(iv) 8sin 6 * + 3cos2* + 2cos4* + 1 =0 

(V) sinf— + ^l=2sinf^-f] 

U0 2 ) U0 2) 

(vi) (sin* + >/3cos*)sin4* = 2 

(vii) (cos4* - cos2*) 2 = sin3* + 5 

O Inverse Trigonometric functions 

3. (i)Find the angle sin -1 (l/3) + sin -1 (3/4). 

(ii) Find the angle 2 tan -1 (-3). 

(iii) Find the angle sin -1 (sinl0). 

(iv) Solve the equation sin -1 * = n. 

O Applications to Geometry 

4. (i) Prove that the the diagonals of a (convex) 

quadrilateral are perpendicular, if and only if, the 
sum of the squares of one pair of opposite sides 


equals that of the other. 

(ii) ABC is a triangle. The bisectors of ZB and ZC meet 
AC and AB at D and E respectively and BD and 
CE intersect at O. If OD = QE, prove that either 
ZB AC = 60° or the triangle is isosceles. 

(iii) The diagonals AC, BD of the quadrilateral ABCD 
intersect at an interior point O. The areas of the 
triangles AOB and COD are s a and s 2 respectively 
and the area of the quadrilateral is s. Prove that 

yfa + < Vs. When does this equality hold? 

(iv) Given a circle of radius 1 unit and AB is a chord of 
the circle with length 1 unit. If C is any point on the 

major segment, show that AC 2 + BC" < 2(2 + V3). 

5. (i )ABCDE is a convex pentagon inscribed in a circle 

of radius 1 unit with AE as diameter. If AB = a, 
BC = b, CD = c and DE = d, prove that 
a 2 + b 2 + c 2 + d 2 + abc + bed < 4. 

(ii) A rhombus has half the area of the square with 
the same side length. Find the ratio of the longer 
diagonal to that of the shorter one. 

(iii) Given the base and vertical angle of a triangle, 
find the locus of its orthocentre and incentre. 

O Miscellaneous 

6. Solve the following equations 

(i) 5cos3* + 3cos* = 3sin4*. 

(ii) cos -1 (*V3) + cos -1 * = — 

(iii) sin 6 * + cos 6 * = p, where p is an arbitrary real 
number. 

(iv) sin 1 — + sin — = sin * 

5 5 

7. (i) Given n 2 sin 2 (a + P) 

= sin 2 a + sin 2 p - 2sinasinPcos(a - P) 
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Prove that tana = - — -tanB. 

1 + n 

(ii) Eliminate 0 from the equations 

cos(a - 30) = mcos 3 0, sin(a - 30) = wsin 3 0. 

(iii) Solve the equation sin _1 (l - x) - 2 sin -1 x = — . 

(iv) Solve the equation 

o 

cot 2x + 3 tan 3x = 2 tan x + - 


sin 4* 


(v) Compare the numbers sin(cosl) and cos(sinl). 
8. Solve the following equations : 

(i) 2sinl7x + >/3cos5;i: + sin 5 a: = 0 

11111 
(n) 


sin 2 x 


cos 2 a: 


tan 2 x cot 2 x 


sec 2 x 


1 


(iii) cotA: — 2sin2x = 1 

(iv) sin 5 x - cos 5 x = 


cosec x 


■ = -3 


cos a: sin a: 

17 

(v) sin 8 x + cos 8 x = — 

32 . 

(vi) sin 3 A: + sin 3 2A: + sin 3 3A: = (sin a: + sin2A: + sin3A:) 3 


PART - B 


Straight objective Type 


1. The area of a circle is A j and the area of a regular 
pentagon inscribed in the circle is A 2 . Then 


/4i : 

A 2 is 





(a) 

n [ 
— cos 
5 1 

To 

) 

(b) 

2k 

— sec 
5 

(c) 

2k 


'2k) 

(d) 

2tc 

— cosec ^ 

T) 

ysm. 


(b) f-P 


2. If Xy x 2 , x 3/ x 4 are roots of the equation 
x 4 - A: 3 sin2p + a^cos2P - atcosP - sinp = 0, 

^sinP*i j then 

tan _1 (AT 1 ) + tan -1 (AT 2 ) + tan" 1 ^ + tan'V^ can be 
equal to 

(a) P 

(c) 71 — P (d) -P 

3. If [sin -1 Ar) + [cos _1 a:] = 0, where a: is a non-negative 
real number and [.] denotes the greatest integer 
function, then the set of all values of x is 

(a) (€051,1) (b) (-1, cosl) 

(c) (sinl, 1) (d) (cosl, sinl) 

4. Three equal circles, each of radius V touch another 
externally. The radius of the circle touching all the 
three given circles internally is 

r (2+S 

(a) (2 + V3)r (b) 
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(C) 


2-V3 




(d) (2-V3)r 


5. In a AABC, A = y, (p-c) = 3>/3 cm and area of 

AABC = —cm 2 , Then BC = 

2 


(b) 9 cm 
(d) 27 cm 


(a) 6>/3 cm 
(c) 18 cm 

6. In a AABC, if r-j 

cot A = \[ac, cot B = y - , cotC = J~, then which 

of the following can be true? 

(a) <j + a 2 = l-c (b) a + fl 2 = l+c 

(c) a + a 2 = 2- c (d) a + a 2 = 2 + c 

7. The equation sin" 1 |y j+ sin -1 |^y j= sin -1 x, has 

(a) 3 roots whose sum is zero 

(b) 2 roots 

(c) 3 roots which are in G.P. 

(d) 3 roots which are in H.P 

8. The value of sin" 1 [cos(cos _1 (cosA:) + sin _1 (sinA:))], 

where AT€^,7cj, is 

(b) 71 


/ \ K 

(a) - 

/ X K 

w -j 


«i) -f 

4 


9. Points D, E are taken on the side BC of an acute 
angled A ABC such that BD = DE = EC. If ZB AD = a:, 
ZDAE = y, ZEAC = z; then the value of 


sin(A;+y)sin(y+z) 


sin a:, sin z 


is 


(a) 4 (b) 2 

(c) 1 (d) 1/2 


Assertion - Reason Type 


10. Statement - 1 : If — < x <1, then 
2 


cos" 1 a: - sin 1 


£ V3-3x 2 

L2 + 2 


K 

6 


Statement - II : sin l (2x\jl-x 2 ) = 2sin 1 x, 
1 1 


xe L &4l\ 

11. Statement - 1 :In AABC, if 

-f 

la 2 + 4 b 2 + c 2 = 4ab + lac, cos A = - 

4 

Statement - II : In a A ABC, if cos A = 

4 





(a+b+c)(b+c+a) = -bc 
12. Statement- I: 

-l 


cosec 


!) + c ° s - 1 (f)- 2c °r , (l)- 2cot - 1(7) =-f 


Statement- II : sin' 1 X+ cos x = -Ve[-l,l], 
tan' 1 x + cot _1 x = — , Vxe R 

2 


Linked Comprehension Type 


Basic trigonometric functions are many to one 
functions. To define the inverse trigonometric functions, 
we restrict the domain of trigonometric functions 
in such a way that the functions are bijective. Now 
domain of different trigonometric functions are defined 
as follows : 


Function 

Domain 

Range 

sinx 

7t 3tc 

,2'T. 


t-i/ ii 

cosx 

[7t, 2ji] 


i-i, ii 

tanx 

(n 371 ^ 
\2’ 2 , 


(-oo, oo] 


Inverse of sinx, cosx, tanx are denoted by sin l x, 
cos _1 x, and tan _1 x respectively. 

13. sin _1 (x) + sin _1 (-x) = 

(a) 0 (b) 7i 

r r 

(d) 271 


3n 

< c > T 


14. sin 


Ii 


+ COS 


JS 


/ ^ 5k 

(a) 12 


(b) 


13ft 

12 


(c) 


3171 

12 


(d) ^ 

v 12 


15. Range of sin x + cos x + tan x is 

(a) py] (b) (2n ' 57t) 

, . 1371 15tc] ... .. . . 

(c) J (d) ( 3n ' 4jl ) 


SOLUTIONS 


PART - A 


l.(i) We transform the expression sin 4 x+ cos 4 x isolating 
a perfect square : 

sin 4 x + cos 4 x*= sin 4 x + 2sin 2 xcos 2 x + cos 4 x 

-2sin 2 xcos 2 x = (sin 2 x + cos 2 x) 2 - 2sin 2 xcos 2 x, 

whence we get 

sin 4 x + cos 4 x = 1 — sin 2 2x 
2 


Using the formula obtained, we write the equation 
in the form 

1 7 

1 — sin 2 2x = -sin2x 

2 4 

Putting siri2x = t, we get 

2f 2 + It - 4 = 0, where t x = 1/2, t 2 = -4. 

The equation sin2x = ^ has solutions 

X = (_1) 12 + 2'" eZ; 

The equation sinx = - 4 has no solutions. 

(ii) The equation is 6tan 2 x - 2cos 2 x = cos2x ....(^) 

Let us transform the equation by the formulas 

9 „ 2 l-cos2x 

2cos z x = 1 + cos2x, tan x = — 

l + cos2x 

Note that both sides of the second formula are 
defined, although not for all, but atleast for the 

same values of x, namely, for all x * ^ + nn, n e Z. 

The left-hand side of the equation is defined for 
the same values of x. The substitution results in the 
equation 

6^1 — cqs2a 1 (i + cos 2x) = cos2x (**) 

Vl + cos2xy 

Any solution of equation (*) is, evidently, a solution 
of equation (**) and, conversely, every solution of 
(**) is a solution of (*), that is, equations (*) and 
(**) are equivalent. Let us solve equation (**). 
Designating cos2x by t and transforming (**), 
we get (2t 2 + 9t - 5) = 0, whence we have t x = 0.5, 
= _ 5 . Consequently, equation (*) is equivalent 
to the collection of the equations 
cos2x = 0.5, cos2x = -5. 

The first of these equations has solutions 

x = nn±—,neZ, 

6 

the second equation has no solutions. 

(iii) The equation is 5sin2x - 5cos2x = tanx + 5 ...(*) 
Let us express sin2x and cos2x in terms of tanx 
by formulas 

2tanx _ 1- tan 2 x 

sin2x = cos2x = — 

1 + tan x 1 + tan z x 

Substituting the right-hand side of these formulas 
for sin2x and cos2x in equation (*), we obtain 


tanx + 5 ....(**) 


J 2 tan x } J l-tan 2 x ) 

Vl + tan 2 x J ll + tan 2 x J 

Let us now find whether equations (*) and (**) 
are equivalent. The functions sin2x and cos2x 
are defined for all x while the right-hand sides of 
formulas substituted for them are defined only 

for x = — + 707 , neZ. Hence, as a result of the 
2 
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substitution, the values 


x = — + nn,neZ have 


got out of the consideration. But it is clear that 
neither of these values of x is a solution of the 
original equation (*) since its right-hand side is 

7t 

not defined for x = — + nn, n e Z. Hence it follows 
2 


that every solution of equation (*) is also a solution 
of equation (**). The converse is, evidently, also 
true. Thus we see that equations (*) and (**) are 
equivalent. 

Let us solve equation (**). Putting tan* = t, we 



Simple transformations lead us to the equation 
t 3 - 9t + 10 = 0 equivalent to the preceding. One 
of divisors of the constant term, namely, t\ = 2, 
is a solution of this equation. Factoring now the 
left-hand side (say, by dividing the polynomial 
t 3 - 9f + 10 by the difference t - 2), we get ( t - 2) 
( t 2 + 2t - 5) = 0. Solving the quadratic equation 


t 2 = y/6 -1, t 3 = ->/6 -1. Thus we see that the 
original equation (*) is equivalent to the collection 
of the equations 

tan x = 2 , tan x = Jb - 1 , tan x = -J6 - 1 , 
which have the following respective solutions: 

* = tan _1 2 + 7i«, n eZ, 


x = tan \y/6-l) + nn,ne Z, 

x = - tan -1 (>/6 + 1) + nn, n e Z, 

These values of x constitute the set of all solutions 
of equation (*). 

(iv) The equation is sin2* + cos2* = -1 ....(*) 

Let us transform the equation with the aid of 
formulas as 

2tan* t 1 - tan 2 x ^ ^ 

l + tan 2 * l + tan 2 x 

Equation (**) is not equivalent to the original 
equation (*). Indeed, the values x = — + nk, k e Z, 

are, evidently, no solutions of equation (**). At the 
same time, we can easily as certain by means of a 
substitution that all these values of x are solutions 
of equation (*). 

Let us now consider the values x *^ + nk,k e Z. 

It is clear that any solution of equation (*), satisfying 
the condition x * ^ + t ik, is a solution of equation 

(**) and, conversely, any solution of (**) is a solution 
of (*). Let us solve equation (**). We transform it 
and get 
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2(tanx+l) _ 

— = 0, whence we have tan* = -1, 

1 + tan 2 x 

x = -^ + Kk,keZ. Together with the values 

x = + nk,keZ, these values of x constitute 

4 

the set of all solutions of equation (*). 

Answer: \- + nl;-- + nk\keZ 
12 4 

(v) Let us consider x's such that cos* = 0. It follows 
from the equation that in this case sin* = 0, as well, 
and that is impossible. Consequently, there are no 
solutions among these values of x. Let us now take 
the values of x for which cos* * 0. Dividing both 
sides of the given equation by cos*, we obtain an 
equation tan 2 * -3 tan* + 2 = 0, which is equivalent 
to the original equation. Solving it as a quadratic 
equation with respect to tan*, we find that 
tan* = 1, tan* = 2. 

Hence we get the answer : * = ^ + nn, 
x = tan -1 2 + nn, n e Z. 


(vi) Rewrite the equation in the form 

1 „ y/3 y/3 1 

— cos 7* + -— sin 7* = — cos5* + — sin 5* 

2 2 2 2 


or, sin (I) 


cos7* + cos 


(!) 

i.e., sm^ + 7*j=sin^ + 5* j 


|sin7* 
|cos5* + cos 


(i) 


sin 5* 


But sina = sinp if and only if either a - p = 2kn 
or a + P = (2m + l)n (k, m = 0, ±1, ±2, ...) 

Hence, - + 7*---5* = 2kn 
6 3 

or — + 7* + — + 5* = (2m+\)n 
6 3 

Thus, the roots of the equation are 


* = -(12fc+l), 


(k,m = 0, ±1, ±2, ...) 


2.(i)Transform the given equation : 

sin 2* cos* 1 1 

1 0 

cos 2* sin* sin* sin 5* 

sin2*sin*-cos2*cos* sin 5* -sin* 

or + = 0 

sin* cos 2* sin* sin 5* 

Now we get 

-cos3* 2cos3*sin2* . 

+ 0 , 

sin * cos 2* sin * sin 5* 




CHALLENGING PROBLEMS 


for various 
Engineering Exams 


1. If a sin0 - bcosQ = p, a cos0 + b sin0 = q, then 
p + a q-b _ 

q + b p-.a 

(a) <0 (b) >0 

(c) 1 (d) none of these 

2. If E = (1 - 3 sin a: - 4cos*)(l + 3sin.v - 4 cos*), 
then 


(a) minimum value of £ = 


216 

25 


216 

(b) minimum value of E = 

25 

(c) maximum value of E = 

25 

, 216 

(d) maximum value of E = 

V ' 25 

3. If X u = sin”0 + cos"0 and (X n - A.„_ 2 ) : A.„_ 4 = /(0), 
then 


(a) 

(c) 


/(jM 

'GMD 


(b) 


/(-)= — 
J v6 J 16 


(d) none of these 

4. In A ABC, if cos/! = cosBcosC, then cot£cotC= 

(a) 1/2 (b) 1 

(c) 0 (d) none of these 

5. If fc = 3sin^* + -^ j+cos^-* j, then 

(a) <^40 + 1273 (b) > sJ^O + nS 

(c) <>/i0 + 3n/ 3 (d) > Vl0 + 3>/3 

6. If cos(* - y) + 1 = 0 and A. = cos* + cosy & 
p = sin* + siny, then 

(a) p > X (b) jLt < X 

(c) jn = X (d) none of these 

7. If 2tanP + cotp = tana, then cot(a - p)cotp = 

(a) 1 (b) 1/2 (c) -1 (d) 2 

sin<j> 


8. If sin0 = Asin(0 + <j>) and tan(0 + <)>) = 


(a) A = 1 


(b) X = 2k 


cos0- A' 


(c) A = - (d) A = fc 

2 

9. Number of solutions of 2sin~ 1 * + sin" 1 (l-*) = — , 

2 

is 

(a) 1 (b) 2 

(c) 0 (d) none of these 

10. If cos" 1 * < sin" 1 *, then * e 

(a) 1 0,-^1 (b) 


(c) 


["k'Tl 


U' 1 ) 


(d) none of these 


11. If 7tana = 3tanP = 1, then cos2a = 

(a) sin2p (b) sin4p 

(c) cos4P (d) none of these 

it 0 

12. If 8cos0cos20cos30-l = : , then k = 

sin0 

(b) 5 

(d) none of these 


(a) 3 
(c) 7 

13. cos 2010 * - sin 100 * = 1 has general solution 
(a) nn 


(c) (4n + l)- 


1 2 
14. -tan~ 

2 


(b) (2// + 1)- 

(d) 2im 


(!>-(!> 


(a) tan 2 f^) 

« “(?) 


(b) tan 


(!) 


(d) none of these 


15. sin 4 0 - (k + 2)sin 2 0 - (k + 3) = 0 possesses a solution 
iffcG 

(a) (—, 00 ) (b) [-3,-2] 

(c) [-3, -2] u {-1} (d) none of these 

16. If sin0 = - — r, then tan 


a + b 


(?-!)■’ 


< a » Jf 


<b) fa 
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(d) none of these 


I 


(C) ± 


17 . If A + B + C = 7i and Ar = Zsin : — , 

2 

ABC 

y = sin — sin — sin — , then 
* 2 2 2 

(a) *=1 + 2 y (b) 2* = l-y 

(c) * = 1 - 2y (d) none of these 

18 . If 2cos4* + 9 cos 2* - 7 = 0, then * = 


(a) jcc-'d) 
<C Is^(|) 


(b) co S -'(|| 

(d) none of these 


19. If tan 'x + sin 1 x = — , then x = 


(a) ±. 

(c) 


V5-1 


V5+1 




(b) ±, 


(d) none of these 


1 1 

20. If tan0 +— tan0 +— tan0 + ... to oo 

2 2 2 

/ 3 yl/2 

= 1 + log, + log, I — j then values of 0 

(a) A.P. (b) G.P. 

(c) H.P. (d) none of these 

21. Find AD, in the figure given below 

A 


are in 



<a> f 

(C) Vis (d) none of these 

22. The number of solutions of 
2(sin 3 * + cos 3 *) - 3(sin* + cos*) + 8 = 0 is 


(a) 0 
(c) 3 


(b) 1 

(d) none of these 

2 


23. In A ABC, if 2 a(a - c) + 4 b(b - a) + c = 0, then 
B = 


<»» f 


K 

<b) I 


« f 


(d) none of these 

24. If sin0 + sin a = 2sin(0 + a), then 

,an (i) :co, (f )= 

(a) 1 : 3 (b) 3 : 1 
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(c) 1:1 


(d) none of these 


1 O , 

25. Ifcos7— +4cos36° = yfa + y/b +y[c + \[d + yfe+Jf 

2 ' 
so that a, b, c, d, e, f are positive and in increasing 
order then 

(a) tf + i? + c = rf + <?+/ (b) a+c+e=b+d+f 

(c) a+f=b + e = c + d (d) none of these 

3tu 

26. If sin" 1 * + sin" 1 !/ + sin _1 z =—,/(* + y) = /(*)./(y) 

V*, y gR and /(l) = 1, then /(2010), /(2011), /(2012) 
are in 

(a) A.P. (b) G.P. 

(c) both A.P. & G.P. (d) H.P. 

27. If sin A -yfb cos A = y/7 cos A, then 
>/6sin A + cosA = 

(a) yf7 cosA (b) cosA 

(c) \l7 sin A (d) \/6cosA 

28. If a, P are solutions of cos 2 * + a cos* + b = 0 & 
sin 2 * + csin 2 * + d = 0, then sin(a + p) = 

2ac . 2i?^ 


(a) 


(c) 


fl 2 + c 2 


a +c 


G>) U2 . 2 
b+d 

(d) none of these 


b 2 + d 2 

29. In A ABC, if be 2 = (fl + fr)(rt - I?) 2 , then 

(a) A = 28 (b) A = 38 

(c) B = 3A (d) none of these 

30. [tan _1 l - tanl] = ? (where [.] denotes greatest 
integer function) 

(a) -1 (b) 0 

(c) 1 (d) none of these 


SOLUTIONS 


1. (a) : On squaring & adding, a 2 + b 2 = p 2 + q 2 

=> (a 2 -p 2 ) = q 2 -b 2 

=> H±P = 3Z* ^ £l£ : izi = _ 1 < o 

g + b fl-y g + b p-a 

2. (b) ; E = 1 - 8cos* - 9sin 2 * + 16cos 2 * 

(on simplification) 
= 1 - 8 cos* - 9(1 - cos 2 *) + 16cos 2 * 


-K')- 


8 [where t = cos*] 


■Tslit-’ 

= 25 ,_Af_“ 2 _™ 

l 25 ) 25 25 


E = 
m,n 25 



3. (c) : X„ - A.„. 2 = (sin"0 + cos"0) 

- (sin''- 2 0 + cos"- 2 0) 


(S I.! 

— cosx + -sinx 

l 2 2 ) 


= sin 0(sin 0 - 1) + cos"^0(cos'0 - 1) 
= -sin 2 0cos 2 0(sin''~ 4 0 + cos"" 4 0) 

= - sin 2 0cos 2 0.A„_ 4 
=> (k n - X u _ 2 ) : A.„_4 = -sin 2 0cos 2 0 
/(0) = - sin 2 0cos 2 0 

- 'GM-'GK-'G) 

4 . (a) : v cos B cos C = cos A = cos{7t - (B + C)} 

[y A + B + C = n\ 

= -cos (B + C) = -cosBcosC + sinBsinC 
=> 2cosBcosC = sinBsinC 

=> cotBcotC = — 

2 

5. (c): fc = 3^pSinx + --cosx j+ 

= i {(3r/3 + 1) sin x + (3 + ^3) cos a:} < | + 

1 t < VlO + 3V3 

[v 7(3 n/3 + 1 ) 2 + (3 + V3) 2 = ... = V40 + 12>/3 and 
-Vfl 2 + b 2 2 <7 sin at + b cos a: < Vfl 2 + b 2 ] 

6. (c) : cos(x - y) = -1 = cos7i => x = n + y 
X = cos(n + y) 4 - cosy = — cosy + cosy = 0 
& fi = sin(7i + y) + siny = - siny + siny = 0 

7. (d) : cot P = 2(tana - tanp) - tana 
=> cot(3 + tana = 2(tana - tanP) 

=> cotp(l + tana tan P) = 2(tana - tanP) 

=> cotP = 2tan(a - p) 
cot(a - P)cotp = 2 

8. (d) : sin tt 0 + <t>) - <t>} = tein(0 + <|>) 

=> sin(0 + 4>)cos<J) - cos(0 + (J>)sin<|) = /csin(0 + (j>) 

=> sin(0 + (|))(cos(f) - k) = cos(0 + 4>)sin4) 

=> tan(0 + ([)) = - Sin< ^ => X = k 
costy-k 

9 (b) . 2 sin -1 x + sin _1 (l - x) = sin -1 x + cos _1 x 

l~ • -1 -1 n] 

I v sin x + cos x = — I 

=> sin _1 x + sin _1 (l - x) = cos -1 x 

=> sin -1 {xyjl-(l-x) 2 + (1 - x)\ll-x 2 } = sin -1 yjl-x 2 

=» xyjlx-x 2 + yjl-x 2 - Xyll-X 2 = y/l-X 2 


x = 0,- 


=> x(\hx-x 2 + yjl-x 2 ) = 0 
=> x = 0 or 2x - x 2 = 1 - x 2 
Number of solutions = 2 
10. (d) : Here, -1 < x < 1 ...(1) 

[for cos _1 x & sin _1 x both to be defined] 


cos *x < sin *x 


. _! K 

=> sin x> — 


• -1 • -1 

— — sm x<sin x 
2 

sin(sin -1 x)>sin^ 


x> 




...( 2 ) 


From (1) «Sc (2) xe 


1,1 

V 2 J 


11. (b) : cos2a = 


2 1--1 

1 - tan a _ 49 _ 24 

1 + tan 2 a ^ 


sin2P = 


cos2P = 


.ill 


49 


2 tanp 

1 + tan 2 P ^ + 1 ^ 

9 

, I 

1 - tan 2 p _ 9 _ 4 

1 + tan 2 p 2 + I 5 
9 


sin4P = 2sin2Pcos2P =2 ^ l = ll = cos2a 

12. (c) : W e have 

sinfc0 = 4.2sin0cos0cos20cos30 - sin0 
= 4sin20cos20cos30 - sin0 
= 2sin40cos30 - sin0 
= (sin70 + sin0) - sin0 = sin70 

=> fc = 7 

13. (a) : cos 2010 x = 1 + sin 100 x 
L.H.S. < 1 and R.H.S > 1 

=> sinx = 0 => x = u 71 


14. (d) 




2 tan 


(1) 


1 - tan 2 


1 2 (k\ (tz\ 1 

=> —tan — + tan — = — 

2 UJ \SJ 2 


(t) 


. 2 n k + 2±J(jc + 2f~+ 4(/r + 3) 
15. (I>) : sin 2 0 = i 
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k + 2±(k + 4) 


sin 0 * - 1 


= - l,fc + 3 

sin 2 0 = k + 3 
=> 0<it + 3<l=> - 3 < k < - 2 
k e[-3,-2] 

fl + b 1 1 


16 . (c): r- : D 7 n 

( 7 -p sin 0 n .) 

By componendo & dividendo 

1- 


2b 

la 


tan 


i-c s^-e) 2 “4H) 

(f +e ] 2cos ’(f-f) 


1 + COS 


(n 0' 

1 b 

f ( K 

0 ' 

I +P 

20. (a): tan0| I + - + - + ...00 ] 

V4 2, 

n 

tan — 

U 

2, 

1 "\(7 

V 2 4 ) 


17. 

“"’(I) 

Sm 1l) 


= -(1 - cosA + 1 - cosB) + sin 2 

1 i 

= 1 - -(cos A + cosB) + sin 


= 1 2 cos 

2 


„ (n C) (A B) 

= 1 - cos cos + 

\2 2) v 2 2) 

“■(f) + f)) 

[V A + B + C = 7t] 

■i- sta (f){“ s (T-f)“ oos (f + fl 

= 1 - sin ^ j • 2 sin (y jsin j = 1 - 2 y 

18. (a) : Put cos2x = t, then we have 
2(2f 2 - 1) + 9f - 7 = 0 

3 

=» 4f 2 + 9f - 9 = 0 => t = -3, - 

4 

But, cos2x* - 3 ••• cos2x = | A: = |cos‘ 1 ^|j 

19. (d) : tan -1 x = — ~ sin -1 a: = cos -1 x 

2 


l + * 2 =4 

at 


a: 4 + a -2 - 1 = 0 


2 -1 ± ■Jl - 4 • 1 • (-1) -1±V5 


,■<0 , 1 ’ = ^ 




But, if a: < 0 then L.H.S. of given equation becomes 
-ve and given equation is not satisfied 


■*J¥ 


H 


(tan 0) = 1 + log 2 




sec 1 vl + x 2 = sec 


*6) 


=> 2tan0 = 1 + log 2 2 = 2 => Q = nn + — ,nel 

On putting n = ..., -2, -1, 0, 1, 2, ... etc., values of 0 
will be in A.P. 

21. (c) : Using cosine Rule in A ABD & A ABC, 
we get 

„ 4 + 4 -AD 2 8- AD 2 _ 4 + 16-9 11 

cos B = = r & cos B = = — 

2(2)(2) 8 2(2)(4) 16 

on solving, AD = yf25 

22. (a) : Let sinA: + cosa: = t 

1 + 2sinA:cosx = t 2 ...(1) 

From given equation, we get 
2(sinA; + cosA')(sin 2 A: + cos 2 a: - sinA: cosa:) - 3t + 8 = 0 
=> 2t(l - sin.vcosAf) - 3t + 8 = 0 
=> 2t - t(t 2 - 1) - 3f + 8 = 0 [using (1)] 

=* t 3 = 8 => t = 2 
=> sinA: + cosa: = 2 

=> 1 + sin2A: = 4 [on squaring] 

=> sin2;t = 3 (impossible) 

=> No solution 

23. (d) : On simplifying (a - c ) 2 + (a- 2b) 2 = 0 
=> a - c = 0 and a - 2b = 0 

=> a = 2b = c 


cos B = 


2 2 C 

c 2 +fl 2_ fc 2 C 2 +C 2 -- 


2a7 


2c.c 


1=1 

8 


B = cos 


"(i 
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24. (a): 


=S COS 


2sln (»±£)c„ 5 (*^).z2 S i„(«i2) e o S (2i2) 

■’MfMfwfMf)) 

3sin (| )sm (l J - cos (| )co s (| ) 


25. (c) : v 4 cos 36° = 


,1 ( 


l + cos!5° 


10 2 cos 2 7 

and cot 7- = „ 0 ~ o - - . 

2 0 . -1 7 1 sin 15 

2 sin 7- cos 7- 
2 2 


l + cos(60°-45°) 
sin(60° - 45°) 

u lW3 

2 V 2 2V2+1 + V3 75 + 1 


75-1 

2V2 


75-i 73+1 


= 27^ + 4 + 272+273 + + + 

2 

cot 7— + 4cos36° = Vl + V 2 + >/3 + V4 + >/5 + >/6 

2 

(in increasing order) 

a = 1, b = 2, c = 3, d = 4, e = 5,/= 6 
/. a+f=b+e=c+d=7 

26. (c) : v -— < sin -1 .v < — etc. 

2 2 

• -i • -1 • -l 37c 

sm x + sin i/ + sin 2 = — 

J 2 

-1 -1 • -1 ft 

=> sin x = sin y = sm z = — 

* 2 

•*. * = y = z = 1 

Given, /(l) = 1 8zf(x + y) -f(x).f(y) 

■■ /(2) =/(l + 1) =/(l)/(l) = l 2 = 1 
/(3)=/(2 + l)=/(2)./(l) = 1.1 = 1 


etc. 


=> /( 2010 ) = 1 =/( 2011 ) =/( 2012 ) 

=> /(2010),/(2011), /(2012) are in both A.P. & G.P. 


27. (c) : sin A = (\[7 +\f6)cos A = 


7-6 

V7-V6 


cos A 


sin A = 


cos A 


V7->/6 . 

=> >J7 smA-y[6sinA = cosA 

\[b sin A + cos A = >/7 sin A 

28. (a) : Put cos* = t 
=> t 2 + at + b = 0 has roots cosa & cosP 
cosa + cosP = -fl 

- 2 t o S (^)os(^)-» 

Similarly, from 2nd equation, 

2 * ta ( S T 5 W S T £ )‘' c 

( a + B c 

(2) + (1) gives tan(-j*J=- 

;,,n ( s y £ ) 


...( 1 ) 


...( 2 ) 


sin(a + p) = - 


lac 


1 + tan 


i|~« + P j a 2 +c 2 


/u». b a 2 -b 2 ^ (sin 2 A- sin 2 B) 

29. (b) : = z — 7 — 

a-b c 2 sin 2 C 


l\-A + B + C = n] 


sin(A + B)sin(A-B) 
sin 2 (A + B) 

b sin (A-B) 

a-b sin(A + B) 

=> bsin(A + B) = (a - b)sin(A - B) 

=> b{sin(A + B) + sin(A - B)} = asin(A - B) 

=> 2bsinAcosB = asin(A - B) 

=> 2RsinB.2sinAcosB = 2RsinAsin(A - B) 

=> sin2B = sin(A - B) 

A = 3B 

30. (a): v tan" 1 1 = — = ^^ = 0.785 (approx.) 
4 4 

and tanl = tan57° (approx.) 

= >/3 =1.732 (approx.) 

tan _1 l - tanl = 0.785 - 1.732 
= - 0.94 (app.) 

[tan _1 l - tanl] = [-0.94] = -1 
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MUSING 


SOLUTION SET - 85 


1. (b) : If c = kb, k> 1, then 

_ 4020kb 

2010 + fcfc v ’ 

k is divisor of 2010 = 2.3.5.67 N = 2 4 -l = 15 


2. (c) : z = re 1 ' 9 

2 


1 

Z + — 

z 

. 23 

a + b = — 
4 


1 2 
= r + — + 2cos20=>fl = -,b = — 


17 

4 


3. (b): 



0-5 

8 


M Bj 



AB, = 2AM = 2[ cos6 — \AB 

M 1 1 2cos0 / 

AjB, cos 29 ( AjB, Y _ l + cos49 _ 2 

/IB cos0 7 V AB ) l + cos20 

4. (d) : The given determinant is the product 

= 0 


0 

1 

1 

0 

0 

0 

0 

a + b 

c + d 

1 

c + d 

cd 

0 

ab 

cd 

1 

a + b 

ab 



5. (a, c) : 


(-1,2) (3,7) 

O is the centre. Using rotations, we have 
5 

z = -1 + 2i ± (4 + 5 i)-cisQ 

= -1 + 2i ± -(4 + 5i)(4 + 3 i)=-- + 6 i, — + 3 i 
8 8 8 




+ 36 


■M« 6 


d = I z 2 1 


=lf) 


+ 9 =>[*/]= 4 

CM = a,OB = b, OC = c, OD = d 
AB = 2sin^ j, \a-cl 1 = 2AB 1 = 2-2 a c 



ac =l-4sin 2 ^ j= 
rr 

(axb)(bxc) = 


2cos0-l 


cos0 2cos0-l 

1 COS 0 


= (l-cos0) 2 


6. (c) : sin 2 0cosa = (1 - cos0) 2 => cos a = tan 2 ^ j 

= (n/ 2-1) 2 = 3-2^2, since 9 = — 

4 

7. (c) : If G is the foot of perpendicular from O on the 
plane ABC, then OG 2 = OM 2 - MG 2 

OG = ^cos 2 ^ j-sin 2 ^ j “ >/cos0 


8. (b) : Volume = -AB 2 OG = --4sin 


(?)^5 


sinf®] 

cos (3 = = tan— = 2 - >/3, since 0 = — 

OM ( 0 ^ 12 6 

C ° S v 2 J 

-ab 2 og = - 

3 3 

= — (1 - cos0)Vcos0 = — since 0 = — 

3 3^2 3 

9. (a) -» (t); (b) -4 (r); (c) -» (p); (d) (q) 

(a) coeff. x 10 in (x + x 2 + ... + x 6 ) 4 

= coeff. x 6 in (1 - x) 6 (l - x)~ 4 = | 9 1-4 = 80 
Probability = ^ ^ 

(b) Consider the 3 rows : 1, 4, 7, 10 

2, 5,8 
3,6,9 

x and y are from any of the 3 rows or one from the first 
and the other from the second row 


Probability = 


SMSMtfr 


_ 8 _ 

15 


(c) 


Probability = 


a 

...m.ia.i 

p 


''lO^ 

3 


(d) N umber of triangles not having common side with 

g 

the octagon is -(8 - 4)(8 - 5) = 16 
6 

m 

(px + qx + 1 ) 

/(2) = 3,/'(2) = 0,/(-2) = 4,/'(-2) = 0 
Determining, a = b = -3, c = — , d = -5 

m = 6( f ~ 12 * +4) , /( i ) = y 

( x - 20a: + 4) 5 

m = 14, n = 5, m -n = 9 ■■ 
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CONDITIONAL 


MAXIMA & MINIMA 

V — 


lthough calculus is used for getting maxima 
/\ or minima of a given algebraic expression, 
7TL but in competitive examinations, where 
multiple options are available, it is better to search for 
some efficient shortcut methods. This articles gives 
approaches to find maxima and minima using less 
time consuming methods. In the article, first letters of 
our names i.e. k, p, h and s are used as independent 
variables. 

Finding maxima or minima of an algebraic expression 
is a subject matter of calculus, where first differentiation 
of a given expression with respect to independent 
variable is made zero, to get value of independent 
variable, which makes algebraic expression optimum. 
This is followed by taking a second derivative of the 
expression, for which the given value of independent 
variable may give a positive or negative value. If value 
of second derivative at the given value of independent 
variable is negative, maxima of expression is obtained. 
Let us understand this with the help of an illustration. 


Maxima at x = -5 



-1200 1 1 1 i J — i 1 1 — 1 1 — ' 

-12 -10 -8 -6 -4 -2 0 2 4 6 8 

Independent variable, k 


Find maximum value of expression 4fc 3 +21/c 2 -90/e+12. 
First derivative of this expression is 12ft 2 + 42 k - 90. 
If this is equated to zero, k comes out be 3/2 and - 5. 
Second derivative of this expression is 24k + 42. For 
k = 3/2, second derivative is positive, so expression 
has a minimal at this value of k and the value is 
- 62.25. Contrary to this, at k = -5, second derivative is 
negative, so expression takes a maximum value 487 at 
k = - 5. Sometimes curve plotting is also attempted and 
figure indicates salient features of algebraic expression 
in x-y plane. 


The problem of maxima and minima becomes more 
difficult, if it involves more than one independent 
variables and variables are related to each other by 
some relation or condition. Find minimum value of 
k + p, if kp = 25; k, p are positive real numbers. As per 
approach discussed above, expression is represented 
in one independent variable as k + 25/k. First derivative 
(1 - 25/Zc 2 ) is equated to zero to give k = 5. Second 
derivative of given expression is 50/Zc 3 . It is positive, 
so the expression is a minimum. The approach can be 
shortened, if following rule is adopted. 

Rule 1 : If all independent variables are symmetrical 
in given condition as well as optimization expression, 
equal value of each variable gives optimum results. A 
symmetrical expression means exchanging variables 
does not change expression. 

Find maximum value kp, if k + p = 12. As expression 
is symmetrical for both the variables, optimum value 
will come for k = p (= 6) as per rule 1. Maximum value 
of kp is 36. A further extension to above problem is 
having more than 2 variables. Find minimum value of 
(1 + *)(l + p)( 1 + /i)(l + s), if k, p, h, s are positive real 
numbers and kphs =16. Again, this is a symmetrical 
expression in 4 variables. Optimum value will occur, if 
k = p = h = s (= 2). Minimum value of given expression 
is 81. However, above mentioned method fails for the 
problem where symmetry of variables is disturbed. 
Find maximum value of 3 k + 4 p, if kp = 27; k, p are 
positive real numbers. It is clear that expression is not 
symmetric, although condition is symmetric. So above 
rule of equal values of variables is not applicable here. 
For such expressions, another rule is applicable. 

Rule 2 : Arithmetic mean is more than or equal to 
geometric mean. Equality holds if numbers are equal. 
Arithmetic mean of two numbers '3 k' and '4 p' is 

(3k + 4p) anc j geometric mean of 3 k and 4 p is 

y](3k-4p) = yl(12kp = 7(12.27) = 18. Now as per rule 2, 
3k + 4v 

— ^->18, or (3k + 4p) > 36. 

So, minimum value of (3 k + 4p) is 36. However, prob- 
lems can be made more complex. Find maximum val- 
ue of He 3 p 2 , if 2k + 3 p =10; k, p are positive real numbers. 
Here there is no symmetry in expression or in condi- 
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tion. For such problems, a more exhaustive rule has to 
be applied. 

Rule 3 : If k a p b h c s ? is given expression and 

ek + fp + gh + js is given condition or its vice versa, 

optimum value of expression will occur if 


ek fp gh js 



As per rule 3, to get optimum value, — = — . 

3 2 4 

Using given condition, 2k + 3p = 10, k = 3, p = -• 

So, m aximum value of expression, k 3 p 2 is 48. Following 
illustrations gives application of above mentioned 
rules along'with some alternate methods for solution. 

1. If k and p are real and kp + 2 (k + p) = 21, what is 
minimum value of (k + p)? 

(a) 6 (b) 19/3 (c) 7 (d) 17/6 

(e) cannot be determined 

Soln.(a) : Equation and requirements both are 
symmetrical, so as per rule 1, k = p is a solution. 

(k-p) = 0 

=> (k + p) 2 - 4kp = 0 
=> (k + p) 2 + 8 (k + p)- 84 = 0 
=> (/: + p) (fc + p + 8) = 84 = 14 x 6 

=> (k + p) = 6. 

Alternative Solution : An alternate approach can also 

be thought for this problem. 

kp + 2k + 2p + 4 = 25 

=> (k + 2)(p + 2) = 25. 

i * (/c4*2) + (u + 2) [— 

As per rule 2, — — >y[(k + 2 )(p + 2). 

So, (k + p) >6 and minimum value of (k + p) = 6. 

Note : This approach is specific to this problem 
because given expression can be written as product of 
two linear algebraic expressions. 

2. If k and p are positive real numbers, such that 
6 kp + 10 k + 1 5p = 39. Find the minimum value of 
2k + 3p. 

(a) 43/6 (b) 6 (c) 41/7 (d) 39/5 

(e) 84/11 

Soln. (b) : For solution, h = 2k, s = 3 p, then problem 
reduces to finding minimum value of (h + s) for given 
condition hs + 5 (h + s) = 39. Obviously, this is similar 
to first question. All expressions are symmetrical in 
independent variables, and optimum value occurs for 
h = s. Using condition, h = s (= 3) and h + s = 6. 

Alternative Solution : 6 kp + 10 k + 15 p + 25 = 64 
=> (2k + 5)(3p + 5) = 64 
=» 2k + 5 = 8 = 3p + 5 
=> 2k = 3, 3p = 3. 

3. If k and p are non-negative real numbers such 
that k + p = h, then minimum value of the expresion 


(k + p + 2kp)/(l + k + p + kp) is 


(a) 

2h 

(b) 

2h 

(1 +h 2 ) 

(2 + h) 

(c) 

2h 2 

(d) 

2h 

(1 + h 2 ) 

(1 + h) 

(e) 

2 h 



(l + 2/i) 




Soln. (e) : As given expression is symmetrical in both 
the independent variables, rule 1 is applicable. 

So k = p (= h/2) gives minimum value of function and 

i 2h 

is equal to . 

1 2 + h 

4. If 3 < k < 8, 6 < p < 12, 7 < h < 14, and k, p, h are 

h 

integers, find maximum value of : — r* 

p + h-k 

(a) 7/5 (b) 7/6 (c) 14/13 (d) 14/11 

(e) 14 


Soln. (b) : Maximum value of given expression is same 

as finding minimum value of 1 + ^ From nature 

h 

of expression, p should acquire minimum value, while 
k and h should be given maximum value. So, k = 8, 
p = 6,h = 14. The maximum value is 7/6. 

4 

5. What is maximum value of — ? 

9k 6 +8k 3 + 3 

(a) 36/13 (b) 36/7 (c) 4/3 (d) 9/5 

(e) 36/11 


Soln. (e) : For the given expression, if/c 3 is replaced by p, 
denominator becomes 9 p 2 + 8p + 3. If given expression is 
to be maximized, denominator must be minimized. 


Denominator =(3p) 2 +2x3px^ + ^ j 

(, 4f 11 

= r + d + 7 


+3 


The denominator is a minimum, if square term is 
equal to zero and minimum value is 11/9. Expression 
becomes 36/11. 


Alternative Solution : If quadratic equation theory is 
applied, an expression of type ak 2 + bk + c is optimum, 



and minimum value is 



Using this 


knowledge, minimum of denominator = 11/9. 
Although well set rules are there in calculus and 
algebra for finding conditional, maximal and minimal 
values of given expressions, competitive examinations 
demand a quicker, efficient, perfect and definite 
approach for finding correct solution. Definitely, 
the rules specified above and the type of problems 
discussed will help students to get correct option in 
multiple choice questions. HB 


( 
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I $/ 1010 

Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 



1 . Two externally tangent circles of radii R x and R 2 
are internally tangent to a semicircle of radius 1 , as in 

the figure. Prove that R l + R 2 < 2{yjl - 1 ) 



2. Show that for all points P of T, it is possible to 
construct a triangle of sides PA, PB, PC, with area 

s 

4 ' 

3. Let a, b, c, d, e,f be the lengths of edges of a given 
tetrahedron and S be its surface area. Prove that 

S<^(a 2 +b 2 +c 2 + d 2 + e 2 + f 2 ). 
o 

4. Find all solutions of the equation 
cosl2* = 5 sin 3* + 9 tan 2 * + cot 2 * 


A x A 3 A 4 , A x A 2 A 4 , A x A 2 A 3 respectively. Prove that 
-r + -y + -y + -y^-y, with equality if the tetrahedron 

r i r 2 r 3 r 4 r 

is regular. 

9. A linoleum company currently produces a 
product in which the pattern is a repetition of the 
figure, below. 

ABCD and PQRS are concentric squares. The diagonals 
of PQRS are parallel to the sides of ABCD. If the length 
of AB is one unit and if the length of PQ is 1/2 unit, 
compute the length of PM, where M is the midpoint 
of AB. 



5. Show that if x,y,z> 0, 


(xy + yz + z*) 


( 1 1 _ 

l(*+y ) 2 (y+z 


+ 


1 

(z + x) 2 



6 . An acute triangle ABC is given. Points A l and A 2 
are taken on the side BC (with A 2 between A x and Q, 
Bi and B 2 on the side AC (with B 2 between B x and A) 
and Ci and C 2 on the side AB (with C 2 between C\ and 
B) so that 


AAA x A 2 = ZAA 2 A x = ZBB x B 2 = Z.BB 2 B x = Zi CC X C 2 
= CC 2 C V 

The lines AA P BB V and CQ bound a triangle, and 
the lines AA 2 , BB 2 and CC 2 bound a second triangle. 
Prove that all six vertices of these two triangles lie on 
a single circle. 


7. The large square has area 1 . The inside lines join 
a vertex of the square to the mid-point of a side as 
shown. What is the area of the. small central square? 



8 . Let r be the inradius of a tetrahedron A X A 2 A 3 A 4 , 
and let r v r 2 , r 3 , r 4 be the inradii of triangles A 2 A 3 A 4 , 


10 . Let Z denote the set of all integers. Consider a 
function/: Z — > Z with the properties : 

/(92 + *) =/(92 - *) 

/( 19.92 + *) =/(19.92 - *) (19.92 = 1748) 

/(1992 + *)=/(l992-*) 

for all * eZ. Is it possible that all positive divisors of 
92 occur as values of/? 


SOLUTIONS 


1. Let O p O 2 , and O denote the centres of the circles, 
and let Ay A 2 , B x and B 2 denote the points of tangency 
of these circles with the semicircle, as shown in the 
diagram. The OjO 2 = Ri + R^ O X A X = R lf and 
0 2 A 2 - R 2 / so 

A A = V(°A) 2 -(OA-o 2 ^) 2 

= V(R 1 + R 2 ) 2 -(Ri- j R 2 ) 2 =2 n /r^J. 

Also OB 1 = 1 , OB 2 = 1 , OiB 1 = R x and 0 2 B 2 = R 2 , so that 
OOi = 1 - Ri and 00 2 = 1 - R 2 . Therefore 
A\A 2 = OAi + OA 2 

= ^/(OOj) 2 -(Oj/lJ 2 + V(oo 2 ) 2 -(0 2 / 1 2 ) 2 
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01 01 121 

= ^(l-i? 1 ) 2 -R 1 2 +V(l-K 2 ) 2 -^ 


Thus yjl- 2 Rj + ^1- 2R 2 = 2^RjR 2 . 

A 



IF J7 

so that —r=<z<—f=. Thus 

V3 V3 

. , l+>/7 n/7 

(^ + y)min = 


and (y + z) min = 


n/7+V5 


>2max V3 




Squaring, then dividing each term by 2 and rearranging 
the terms, we get 

^(1- 2Rj)(l- 2R 2 ) = 2R 1 R 2 + Rj + R 2 - 1 
Squaring both sides and simplify : 

SRjR, = (2 RjR 2 + R x + R 2 ) 2 -(1) 

so 2^/2R 1 R, = 2RjR 2 + Rj + R 2 
Thus Rj + R 2 = ) -(2) 

^(R^RjK^-TRA), 

and therefore ^RjR 2 S V 2-1 

Now consider the function /(x) = 2x(V2 - x). 

/(x) is increasing on the interval ^0, — j= j since 

/'(x) = 2\[2 - 4x > 0 for x in the interval. 

Since 0 < ^/R^ < V2 - 1 < -^ and Rj + R 2 =/( 7^7) 
from (2), R; + R 2 attains its maximum when 

VRA«V2-L 

Hence Rj + R, < 2(^2 - 1)[ V2 - ( V2 - 1)] = 2( V2 - 1). 
Equality holds when Rx = R2. 

2. Now, set .v = AP = >/5- 4s , 

y = BP = - 4 = >/5 + 2s + 2-v/3c, and 
v 3 

2 = CP = 4=^5+ 2s- 2r/3c. 
v3 

By reflection and rotational geometry the distances 
AP, BP, CP will be a permutation of those obtained 

when tt/6 < 0 < ti/2, so that -i < X < 1. 

v3 


1 +V 5 

and (z + x) mn =—j^->y„ 




and x, y, 2 (f.e., AP, BP, CP) can form the sides of a 
triangle. 

From Heron's formula the area, F, of this triangle is 
given by 

F 2 = I(xVy + z)i(-^+y + 2)i(x-y + z)i(r+y-2) 


_1_ 

16 

1 I 1, 


=^7[(y+2) 2 -^P 2 -(y- 2 ) 2 ] 

lb 


5 + 4cos 0 


Also »'^J 5t4 (l S+ f C )“i^ 

so that ^=- < y < >/3 and 


’-f) 


= — i(5 + 2s + 2>/3c + 5 + 2s-2V3c-5 + 4s) 

16 L 3 1 1 

+ 2 • i ($h- 2s + lSc) 1/2 (c + 2s - 2>/3 c) 1/2 J 
|I(5_4s_5_2s-2V3c-5-2s + 2V3c) 
+ 2-i(5 + 2s + lSc) m (5 + 2s - 2 n/3c) 1/2 J 
= ^[(S + 8s) + 2^(5 + 2s) 2 -12c 2 ] 

[-(5 + 8s) + 2^(5 + 2s) 2 -12c 2 ] 

= —[100 + 80s + 16s 2 - 48c 2 - 25 - 80s - 64s 2 ] 

48 1 

= -[75 - 48] = — , since c 2 + s 2 = 1. 

48 1 J 16 

Thus F = —. 

4 

3 In tetrahedron ABCD we put AB = fl, AC = b, 
AD = c, BC= d, CD = e and BD =/, and we denote the 
areas of A ABC, AACD, A ABD, and ABCD by Si, S2, S3 
and S 4 respectively. 

Then the surface area S of the tetrahedron is equal to 
the sum of Si, S2, S3 and S 4 , i.e. 

S = Si + S 2 + S3 + S 4 •••(!) 

Using well known geometric inequalities, we get 

a 2 + b 2 + d 2 > 4V3S X -(2) 

b 2 + c 2 + e 2 > 4n/3S 2 -.(3) 

n 2 +c 2 +/ 2 >4V3S 3 ...(4) 

d 2 + e 2 +f 2 >lyfes 4 ...(5) 

From (2) + (3) + (4) + (5), we get 

2(fl 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) £ 4\/3S, by (1) 
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Hence, we have 

S < — — (a 2 + b 2 + c 2 + d 2 + e 2 + f 2 ) as required. 

6 

4. We will show that the expression on the right 
has a minimum value of 1, which is obviously the 
maximum value of cosl2*. 

9 tan 2 * + cot 2 * > 2>/9 = 6, with equality when 
9 tan 2 * = cot 2 * -(1) 

whence 3tan* = cot*, since both have the same sign. 

Thus tan* = ±-j= and * = 30° + 180°n, 
v3 

or * = 150° + 180°m, where n, m are integers. 

5sin3* > - 5 ...(2) 

with equality when sin3* = -1, and * - 90° + 120°/, 
where / is an integer. 

Combining (1) and (2), we have 
5 sin 3* + 9 tan 2 * + cot 2 * > 1 
with equality when * = 210° + 360 °m 
or * = 330 + 360 °n. 

Also note that 1 > cosl2* with equality when 
* = 30 °h. Since this is consistent with the values of * 
that minimize the right hand side of the expression 
we have for our solution that 

* = 210 ° + 360°m 

* = 330° + 360°rc, for an integer n. 


5. Without loss of generality suppose that 
min(*, y) > z > 0. 

Let s = : 


* + y xy 

and t = -r 


...( 1 ) 


2z z~ 

It is sufficient to show that 

„ J 1 4s 2 -2f + 2 + 4s Y 9 

S+ (4s 2 + ^ (l+2s + f) 2 ) 4 

whenever 1 < f < s 2 . 

„ . x + y xy xy+yz + zx 

2 S + t = - + ~r= % and 

z z z 

4s 2 - 2t + 2 + 4s 2 2 [(at + yf - 2xy + 2z 2 + 2z(x + y)] 
(l+2s + f) 2 (z 2 + xy + yz + zx) 2 

Z 2 [( V + Z) 2 + (2 + x) 2 ] _ 2 ( 1 


[(y + z)(z + AT)] 


(y+z) (z+^) 


and thus (1) is just the original inequality; 

furthermore 2 

(x - y) 2 > 0 => 4 xy <(x + y) 2 => t = ^r< ^' Y + = s 2 , 

z 4z 


and min(x y, z) = z implies that t > 1 

For fixed s and 1 < t < s 2 let 

/(f) = f 3 - (17s 2 - 6s - 2)t 2 + (16s 4 - 36s 3 + 2s 2 

+ 8s + l)f + 32s 5 - 4s 4 - 12s 3 - s 2 + 2s 


I 
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It is easy to check that (1) is equivalent to /(f) > 0, 
(2s + f)[(l + 2s + f) 2 + 4s 2 (4s 2 - 2t + 2 + 4s)] 

> 9s 2 (1 + 2s + f) 2 , 

which simplifies to /(f) > 0. 

Now ^4 = 6t- 2(17s 2 - 6s - 2) < 6s 2 - 2(17 s 2 - 6s - 2) 

d f 

= -4(7s 2 - 3s - 1) < 0 

for s > 1 [and thus/ is concave down for s > 1]. 

Also /( 1) = 32s 5 + 12s 4 - 48s 3 - 16s 2 + 16s + 4 
= 4(s - l)(8s 4 + 11s 3 - s 2 - 5s - 1) > 0 
and /( s 2 ) = 2s 5 - 4 s 3 + 2s = 2s(s 2 - l) 2 > 0, since s > 1. 
Hence for any s > 1, /(f) > 0 for all 1 < f < s 2 , and this 
completes the solution of the problem. 

6. Let A A h BBi meet at the point £; AA h CC 2 meet 
at the point F; and BB v CC i meet at the point I. Also 

ZA 1 AA 2 = ZB^B 2 = ZC!CC 2 = 2* ...(1) 

A 


B A 2 C 

The bisectors of the angles at A lf and C x in 
triangles A A^Ay AB l BB 2 and ACxCC 2 respectively are 
perpendicular to their respective bases. Hence they 
are the altitudes of A ABC. Let H be the orthocentre 
of A ABC 

Since ZA X AH = ZB X BH = * and ZA X AH = ZCiCH = * each 
one of the quadrilaterals AHEB, AHDC is inscribable 
in a circle. 

These two circles have a common chord, the segment 
AH and since ZABH = ZACH = 90° - ZB AC, then the 
circles have equal radii. 

Thus, since the inscribed angles ZEAH, ZDAH are 
equal, the corresponding chords HE and HD are 
equal. 

Therefore HE = HD. Similarly, we prove that HD = HI , 
and so on for all six vertices of these two triangles of 
the problem. 

Thus, all six vertices lie at the same distance from the 
point H, and the points are concyclic. 

7. The easiest way to do this problem is to draw 
more lines to form a tilted "cross" : Now the eight little 
triangles in this picture are all the same size and shape, 
so they have the same area. Four of these triangles are 
inside the square and four are inside the cross, and 
this is the only difference between the square and the 




cross. Therefore, the square and the cross have the 
same area, which is 1. 

Since the small central square is 
obviously one-fifth of the cross, 
its area must be 1/5. 

There are longer ways to do this problem 
using similar triangles. 

8. Let S v S 2 , S 3 , S 4 be the areas of the faces A 2 A 3 A 4 , 
AiA 3 A 4 , AiA 2 A 4/ A x A 2 A 3 ; let a, p, y be the dihedral 
angles at the edges A 2 A 3 , A 2 A a , A 3 A 4 ; and let h x be 
the altitude from the vertex A 1 of the tetrahedron and 
h\ = A X E be the altitude of the face A \A 2 A 3 . Then 
25 

h 1 =h' 1 sina = — -j- 1 + cos a)( 1 - cos a) 

2 

= Xa~^ S * + S 4 fOSa ) (S 4 - S 4 COSC 0' ...(1) 

and analogously 
2 

K = — V(S 3 + S 3 cosP)(S 3 - S 3 cosP), ...(2) 

2 

h l = V( S 2 + S 2 C0S Y)( S 2 " S 2 COSY). ...(3) 

From (1), (2) and (3) we get 

A 2 A 3 + A 2 A i +A 3 A i Q - (4) 

where 

Q = V( s 4+s 4 cosa)(S 4 -S 4 cosa) 

+-n/(S 3 + S 3 cosP)(S 3 - S 3 cosP) 

+V( S 2+S 2 cosy)(S 2 -S 2 cosy) 
According to Cauchy's inequality, we have 
Q < {(S 4 + S 4 cosa) + (S 3 + S 3 cosP) + (S 2 + S 2 cosy)} 1/2 
•{(S 4 - S 4 cosa) + (S 3 - S 3 cosP) + (S 2 - S 2 cosy)} v2 
= {S 4 + S 3 + S 2 + (S 4 cosa + S 3 cosP + S 2 cosy)} 1/2 
*((S 4 - S 3 + S 2 - (S 4 cosa + S 3 cosP + S 2 cosy)} 172 
= (S 4 + S 3 + S 2 + S 1 ) 1/2 (S 4 + S 3 + S 2 - Si ) : m 
= S W (S-2S 1 ) W ...(5) 

where S = S x + S 2 + S 3 + S 4 . From (4) and (5), we get 

h . 2^-2S x ) 

A 2 A 3 + y4 2 A 4 + A 3 /4 4 

Therefore [since rS = hiSi = three times the volume of 
the tetrahedron] we obtain 

r = flA< 2s . VS(S-2S t ) 

s a 2 a 3 + a 2 a 4 + a 3 a 4 s 

S-2S l 
S 

In the same manner, we have 






S-2S, 


l , i = 1,2, 3, 4, 


hence 


1^S-2S l= 2_ 

' 


i=l 


9. Let O be the centre of the two squares. Then 


OM = — and OP = -RP = - 
2 2 2 

So PM = OM - OP = — - — : 

2 4 



4 ' 


10. The answer is No 
Now/: Z -> Z satisfies 

(1) / (92 + x) =/(92 - x) 

(2) /(1748 + a:) =/(1748 - a:), and 

(3) /(1992 + *)=/(1992-x). 
Then, we have 


/(488 + x) =/( 244 + 244 + x) = /(1992 - 1748 + 244 + x) 
=/( 1992 + 1748 - 244 - x), by (3) 

= /( 1748 + 1992 - 244 - ;c) 

= /(1748 - 1992 + 244 + *), by (2) 

=/(*) -.(4) 

Then, we have 
/(40 + x) =/( 1992 - 4.448 + *) 

= /(1992 + x), by repeated application of (4), 
=/(1992 - x), by (2) 

= /(1992 — 4.488 — x), by repeated application of (4) 
=/( 40 -AT) ...(5) 

So,/(104 + x) = /(52 + 52 + .r) = /( 92 - 40 + 52 + x) 

= /(9 2 + 40 - 52 - x), by (1) 

= /(40 + 92 - 52 - x) 

= /(40 - 92 + 52 + x), by (5) 

=/(*) -.( 6 ) 

Now 8 = 3-488 - 14 104. Therefore 


/( 8 + at) =/(3.488 - 14.104 + x) 

= /(-14.104 + x), by repeated application of (4) 

= f(x), by repeated application of (6). 

This shows that /is periodic and all the possible values 
off are in the list/(0),/(l),/(2), ...,/(7). Finally 
/( 4 + at) =/( 92 - 8.11 + at) =/( 92 + x), by periodicity 
= /(92 - x) by (1) 

= /(92 - 8-11 + a:) =/( 4 - at). 

In particular f(7) =/(l),/(6) =/(2),/(5) = /( 3). Hence 
all the possible values of/ are /(0),/(l),/(2),/(3) and 
/( 4). In particular, /assumes no more than 5 function 
values. However, 92 has 6 positive divisors, namely 
1, 7, 4, 23, 46 and 92. __ 
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Prized IIT seats lying vacant 


I n a revelation that may dishearten those who 
could not make it into the IITs in recent years, 
several high-in-demand seats at these premier 
institutes have been found lying vacant session after 
session. 

In the Joint Entrance Exam of 2006 
institutes and branches that were more in demand 
were artificially shown as filled though data later 
procured under the Right to Information Act showed 
that these seats were actually not occupied. 

Again in JEE 2008, hundreds of seats, even 
in General Category, were vacant across IITs despite 
the fierce competition for entry. 

Reason -- IITs, until the last year, 
were conducting a single round 
of counselling even if it meant 
allowing prized seats in plum 
branches to go unclaimed despite 
demand. 

Even today, five to 20 
percent seats in General Category 
are estimated to be vacant in IITs, 
if the recent data supplied by 
the Ministry of Human Resource 
Development under the RTI Act is anything to go by. 
Data also hints at instances in the past, especially 
until 2005, where IIT seats at certain locations 
were being filled through faculty wards, who never 
nullified for JEE. 

It was for the first time in 2009 that the 
issue of vacancy of seats in the much-desired IITs 
came to light when it was found that 50 to 100 
vacancies were allowed to exist every year despite 
there being a mad rush for entry to these technical 


institutes. Documents with a newspaper show that 
in IIT Kanpur, one seat in computer engineering 
was vacant (top 60 rankers get this branch); textile 
engineering and biotechnology seats were vacant in 
IIT Delhi; IIT Kharagpur had the highest number of 
vacant seats in five-year MSc courses, including in 
preferred streams like physics and chemistry (these 
seats go to candidates ranked between 500 and 
3,000). IIT Roorkee also have vacancies. 

It was only after the information on 
vacancies in coveted branches became public that 
the IITs, following Supreme Court's intervention 
last year, conducted a second 
round of counselling. Some 
seats continue to go waste in 
the absence of a fully online 
counselling and a wait-listing 
provision. 

In normal course, a 
candidate's option should 
be recorded during online 
admission counselling and he 
should be instantly allotted 
a seat on the basis of his 
preference and the availability, if there is one. In case 
the candidate wishes to be on the upward sliding 
(in the event of vacancies in future), he should be 
allowed to avail the option of sliding his admission 
preferences, with a possible constraint that the later 
stages of sliding may be effective in the respective 
institute in which he has already started studying. 
Those who don't get a seat should be put on the 
waiting list, and multiple rounds of admission 
conducted for them. 
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10 Best Problems 


Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of IIT-JEE Syllabus. This 
section is basically aimed at providing an extra insight and knowledge to the candidates preparing for IIT-JEE. In every issue of MT, 
challenging problems are offered with detailed solution. The readers comments and suggestions regarding the problems and solutions 
offered are always welcome. 


1. The area bounded by the curve f(x) = x + sin* and 
its inverse function between the ordinates * = 0 to 
* = 2n is 

(a) 471 sq. units (b) 871 sq. units 

(c) 4 sq. units (d) 8 sq. units 

2. If the solution of ^ = ~ aX+ \ represents a circle, 

dx 2y+f 

then the value of ' a ' is 


(a) 2 


(b) -2 (c) 3 


3. Solution of 


[ x+y- 

[)dyj 

(x+y+\ \ 

U+y-J 

l)dx \ 

l*+y+ 2/ 


(d) -4 

given that 


y = 1 when * = 1, is 


(a) log 

(b) log 

(c) log 


(x-y) 2 -2 


2 

(*-j/) 2 + 2 


(x+yy+2 


= 2 (x+y) 
= 2 (x-y) 
= 2 (x-y) 


(d) None of these 

4. Area bounded by I * - 1 1 <2 and x 2 - y 2 = 1 is 
(a) 6>/2+ilog 1 3+2V2 1 (b) 6>/2 +^log 1 3 - 2>/2 1 
(c) 6 V2 - log 1 3 + 2V2 I (d) None of these 

5. Area bounded by j / = — — + x'-axis and 

^ (*- 2 ) 

ordinates * = 0 and * = 3/2 is 

(a) 4/5 sq. units (b) 7/8 sq. units 

(c) 1 sq. unit (d) none of these 

. 1 j.*,v n - 1 _v2n 

6. Evaluate j i 


„ x 1+nx" l -x 2 , 

I r dx 


7. Evaluate f-^ 
J V 2. 


(l-^Wl-x 2 ” 
(*cos*+l) 


x 3 e sinx + x 2 


dx 


8. Evaluate f — p— 
J r 4 - 


(2*-l) dx 


x q -2x* + x+l 


rx^ J -1 

9. Evaluate I — dx, V being a real number 


In* 

u 

other than an odd multiple of n. 

r cos6* + cos9* 

10. Evaluate — — — 

J l-2cos5* 


-dx 


SOLUTIONS 


1. (d) : Required area = 4 A 

n n 

A = J(*+sin*)d*- jxdx 
o o 

n 2 n 2 

= COS 71 + CO sO 

2 2 

= 2 sq. units. 

2. ( b); ^ = ^±i 

dx 2 y+f 

2 y 2 ax 2 

-^-+fy =—+3x+c 

for curve to be circle, a = -2 where/ 2 + 9 + 4c > 0. 

3 . (d ):f* + y- 1 )^ = fi±y +1 ) 

[x+y-2)dx yx+y+2) 


>(2 y+ f)dy = {ax + 3)dx 


Put x + y = t 

i dy dt 
1+-^ = — 
dx dx 


dx U+2Af-l J 

dt_( t 2 -t-'. 
dx U 2 +f-: 

( ! 


2 ) 

on solving we get 

( y+ y) 2 -2 j 0 

4. (c) : Graph of required curve is -1 < * < 3 and 

Ar 2 -y 2 = l 

Required area is shaded area 


2(y-x) + log 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. Mobile : 09334870021 
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x = -l 


x = 3 



i.e., 2 J \lx 2 - 1 dx on solving we will get, 
1 

Area =6\/2 -log I 3+2 n/ 2 I sq. units 
5. (b) : Graph of required curve is 



Required area is 

1, . -v 3/2 


J (x-2) J (x-2) 


(x-2) 


Hence area = 7/8 sq. units. 

6 . 

Th 

J c 


6. We know that JV(/(x)+/'(x))<ix = e*/(*) +c 

Then 


, l + rtx" 1 -x 2 " , 

I e T=r dx 

(l-x")Vl-x 2 " 

(1-x 2 ") 


-J 




,n-l 




(l-x")Vl-* 2 " (\-x n )Jl-x 2n 

Vl-x 2 " mx"* 1 


/ix 


(l-x n )Vl-x 2n 


Mx 


Vl-x 2 ” 

1-x" 


+c 


f _r (XCOSX + 1) ,, f (xcosx + l)_, v 
J V2x 3 e sint + x 2 J x y]2xe sinx +1 


Let 2xe sin * + 1 = f 2 
=> (2xe s,nr cosx + 2e sinx )dx = 2tdt 
=> e sin *(xcosx + l)dx = tdt 

r tdt _ r /if _ f 2/if 

_ J xe sinX 'f ~ J ,te sin:r ~ J t 2 -1 

= f (i+o+(i-Q 

J Jf-1 J f+1 


= f— -f 

(t 2 -i) J <-i J 
log(f - 1) - log(t + 1) + c = lo g[y^Y j 


+c 


where f 2 = 2xe slnx + 1 
8. Since J(2x-l)dx = x 2 -x+c 


So, let x 2 - x = t => (2x - 1 )dx = dt 
Now, 

/= r (2x-l)rfx r (2x-l)rfx 
J (x 4 -2x 3 +x+1) ■* (x 2 -x) 2 -(x 2 -x)+1 
dt r dt 


= f— f 

J f 2 -f+l J / 1 


= -?=tan'’ 

V 3 


2 . -i 
= — pr tan 

v3 


-iMfJ 

■j-'S) 


Li 
Vi 
2 

2(x 2 -x)-1 


Vi 


+ C 


9. 


‘-1 


lnx 


/ix is a function of 'a', 


so let us call it 1(a). 


Then 


/(«)=} 


J.COS a 

lnx 


dx 


Differentiating w.r. to 'a', we have 

r// x rx C0S Mnx(-sin/7) ( d , x ux . A 

iw *j — hi — * i- *<*■>-* m ) 

o 

l i 

/'(/?) - ~ J * COSfl • sin a -dx = - sin a J x cosa dx 


= -sin a. 
-sin a 


COS/7 + 1 Jo 


= -sin a 


1 


cosn + 1. 


I'(a) = 

COS/7 + 1 

Integrating both sides w.r.t. 'a\ we have 
f/ {-sina.da _ f //(cos/7 + 1) 

cos/7 + 1 "J (COS/7 + 1) 
or 1(a) = In 1 1 + cos/7 1 + c 

as /7 1(a) -> 0 => c = 0 

Thus /(/ 7 ) = ln(l + cos/ 7 ), where a * odd multiple of n. 

dx 


10. Let / = J 

■i 


cos6x + cos9x 
l-2(2cos 2 ^-l] 


2cosi^.cos^ 
2 2_/fx 


3-4cos 2 — 
2 


2cosj 

(f 

j.C0< 

<f) 

c°s(f) 

J . f: 

3cosl 

!)- 

-4 cos 3 

(? 

) 


dx 


= - J (cos 4x + cos x)/ix = - Sin - sin x + c. 
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(C) 


1 

1 + x 


(d) none of these 


31. This question contains Statement-1 and Statement-2 
of the four choices given after the statements, choose 
the one that best describes the two statements. 
Statement-1 : The equation ax z + bx + c = 0 cannot have 
rational roots if a, b, c are odd integers 
Statement-2 : If an odd number does not leave 
remainder 1 when divided by 8, then it cannot be a 
perfect square. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1. 

(c) Statement-1 is true, Statement-2 is false. 

(d) Statement-1 is false, Statement-2 is true. 

32. This question contains Statement-1 and Statement-2. 
Of the four choices given after the statements, choose 
the one the best describes the two statements. 


Statement-1 : The equation of a line through the point 


(5, 7) and parallel to the line 


y = Lt - 


- + 7 is 


x-y + 2 = 0 by expansion or by L'Hospital rule. 

— \ 

Statement-2: lim = x, by expansion or 

t-> o t 

L'Hospital's Rule. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true. 


Directions : Questions No. 33 to 35 are based on the 
following paragraph 

V 2 i / 2 

P : y 2 = 8x, £: — + ^- = 1 
4 15 

33. Equation of a tangent common to both the 

parabola P and the ellipse E is 

(a) x - 2y + 8 = 0 (b) 2x-y + 8'=0 

(c) x + 2y - 8 = 0 (d) 2x-y-8 = 0 


34. Equation of the normal at the point of contact 
of the common tangent, which makes an acute angle 
with the positive direction of x-axis, to the parabola 
P is 


(a) 2x + y = 24 (b) 2x + y + 24 = 0 

(c) 2x + y = 48 (d) 2x + y + 48 = 0 


35. Point of contact of a common tangent to P and 
E on the ellipse is 



1 (a) 1 (a) 3 (d) 4 (c) 5. (a) & (d) 7. (b) 

8. (c) 9. (c) 10. (a) 11. (a) 12. (b) 13. (a) 14. (d) 

15. (b) 16. (b) 17. (a) 18. (c) 19. (a) 20. (c) 21. (d) 

22. (c) 23. (b) 24. (a) 25. (c) 26. (c) 27. (c) 28. (a) 

29. (c) 30. (b) 31. (a) 32. (a) 33. (a) 34. (a) 35. (b) 


For detailed solution to sample paper visit 

www.vidyalankar.org 
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MOCK TEST PAPER 


ISI 2010 

Indian Statistical Institute 


PART - A 


Multiple Choice Question type 

1. Let A(2, 2) and B(7,7) be points in the plane. 
Define R as the region in the first quadrant consisting 
of those points C such that A ABC is an acute triangle. 
What is the closest integer to the area of the region 
R? 

(a) 25 (b) 39 (c) 51 (d) 60 

2. Let P(x) = (x - l)(.t - 2)(x - 3). For how many 
polynomials Q(x) does there exist a polynomial R(x) 
of degree 3 such that P(Q(.t)) = P(x). R(x)7 

(a) 19 (b) 22 (c) 24 (d) 27 

3. For all positive integers n less than 2002, let 

11, if n is divisible by 13 and 14 
13, if n is divisible by 14 and 11 

a„ =s 

14, if n is divisible by Hand 13 
0, otherwise 
2001 

The value of * i tl is 

H=1 

(a) 448 (b) 486 (c) 1560 (c) 2001 

4. Positive integers a, b, and c are chosen so that 

a < b < c, and the system of equations 2x + y = 2003 
and y = I* - fll + \x - b\ + lx - cl has exactly one 
solution. What is the minimum value of c? 

(a) 668 (b) 669 (c) 1002 (d) 2003 

5. Mrs. Sharma gave an exam in a mathematics 
class of five students. She entered the scores in 
random order into a spreadsheet, which recalculated 
the class average after each score was entered. 
Mrs. Sharma noticed that after each score was entered, 
the average was always an integer. The scores (listed 
in ascending order) were 71, 76, 80, 82, and 91. What 
was the last score Mrs. Sharma entered? 

(a) 71 (b) 76 (c) 80 (d) 82 

6. The roots X\, x& x 3 of the equation x 3 + ax + a = 0, 


* ALOK KUMAR, B.Tech, IIT Kanpur 

x 2 x 2 x 2 

where 'a' is a non - zero real satisfy — + — - + = -8. 

x 2 x 3 X, 

The greatest root is 

(a) 1+V2 (b) 1 + V5 

(c) 2\[5-l (d) 2 n/2 -1 

7. Given that x, y, z are positive reals satisfying 
xyz = 32, the minimum value of x 2 + 4xy + Ay 1 + 2z 2 
is 

(a) 92 (b) 96 (c) 48 (d) 44 

8. The number of natural numbers V such that 
(n + l) 2 . 

is an integer is 

n + 7 

(a) 4 (b) 5 (c) 3 (d) 6 

9. In triangle AEC, ZABC = 45°. Point D is on BC 
so that 2BD = CD and ZDAB = 15°. ZACB is 

(a) 54° (b) 60° (c) 72° (d) 75° 

10. The number of positive integers 'ri such that 

n + 9, 16h + 9, 27m + 9 are all perfect squares is 
(a) 1 (b) 2 (c) 3 (d) 4 

11. The maximum number of right angles which can 
occur among the interior angles of a convex polygon 
is 

(a) 1 (b) 2 (c) 3 (d) 4 

12. The graphs of y = -\x - a\ + b and y = Lv-cl+d 
intersect at points (2, 5) and (8, 3). The value of a+c 
is 

(a) 7 (b) 8 (c) 10 (d) 13 

13. The length of segment joining the midline of a 
trapezium equals 4 cm and the base angles are 40° 
and 50°. If the length of segment joining their mid- 
points equals 1cm, the length of base are 

(a) 3, 5 (b) 2, 8 (c) 2, 6 (d) 4, 6 

14. A convex quadrilateral ABCD with area 2002 
contains a point P in its interior such that PA = 24, 
PB = 32, PC = 28, and PD = 45. The perimeter of 
ABCD is 
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(b) 2(48 + ^2002) 
(d) 4(36 + 7ll3) 


(a) 4V2002 
(c) 2-78633 

15. How many maximum points of intersection can 
we get by arranging 8 straight lines and 4 circles in 
a plane ? 

(a) 100 (b) 104 (c) 64 (d) 92 

16. In rectangle ABCD, points F and G lie on AB 
so that AF = FG = GB and £ is the midpoint of DC. 
Also, AC intersects EF at H and EG at /. The area of 
rectangle ABCD is 70. The area of the triangle EH], 
is 


/ \ 5 





(c) 




(d) 


1 a 
- <-<4 
4 b 

-r<i<*l2 

4v2 b 


(a) In + sfz 

W 


<»? 




17 . The number of real ordered pairs (at, y) satisfying 
x 2 + x = y 4 + y* + y 2 + yis 

(a) 3 (b) 4 (c) 5 (d) 6 

18. There are 500 stundets in a school. Two thirds 
of the students who do no wear spectacles do not 
bring lunch, three - quarters of the students who do 
not bring lunch do not wear spectacles. Altogether 
60 spectacled students bring lunch too. The number 

of students who do not wear spectacles and do not 

bring lunch is 

(a) 180 (b) 140 (c) 240 (d) 320 

19 . Given two sides a and b of a triangle, and it is 
known that the medians drawn to the given sides 
intersect at a right angle. What are the conditions 
for the triangle to exist? 

(a) — <-<2 (b) 

2 b 


20. A plane contains points A and B with AB = 1. 
Let S be the union of all disk of radius 1 in the 
plane that cover AB. What is the area of S? 


3*-^ (d) ^ 

2 3 

21. The number of real ordered triplets (x, y, z) 
satisfying the equations 


- = x is 


4x 2 4y 2 4z 2 

l+4x 2 l + 4y‘ 1 +4z 2 

(a) 1 (b) 2 (c) 3 (d) 4 

22. Given the sides b and c of a triangle. The third 
side is equal to the altitude drawn to it. Under 
what condition connecting b and c does the triangle 


exist? 


2 b 75-1 


(a) 71-1 “c” 2 

< b > I s 7 s2 

2 b 1 + 75 

/JX 1 b ^ t 

(c) 2 

(d) — <- < 4 

4 c 

23. A point P is selected a random from the interior 


C = (2ji + i, 0), D = ( 2n+ 1, 0), and £ = (0, 4). What 
is the probability that Z APB is obtuse? 


(a) | 


B 

,b, i 




24 . A square is constructed with two of its vertices 
on the bounding radii and two remaining vertices 
on the arc of a sector of a disc of radius 10 units, 
the sectorial angle bieng 60°. The area of the square 
is 

(a) 100(2 + 73) ( b > 100(2-73) 

(c) 50(3 - 72) ( d ) 50(3 + 72) 

25 . Inside an equilateral triangle ABC an arbitrary 
point P is taken from which the perpendiculars 
PD, PE and PF are dropped onto BC, CA and AB 

, _ , r PD + PE + PF . 

respectively. The value of t-t — rr: — rr is 


(a) 373 (b) 73 


BD + CE + AF 

ic \ i (d) ITS 


26. Three equal circles are externally tangent to 
a circles of radius 1 and pairwise tangent to one 
another. The areas of the three curvilinear triangles 
formed by these circles is 


(a) 12+773 -^y + T^jn 

(b) 12 + 7T3 -|y +2> ^) 71 

(c) 6 + 773 -(y+73)ji 
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(d) 6+7S-^j+2S)k 


27. A set S of points in the xy - plane is symmetric 
about the origin, both coordinate axes, and the line 
y - x. If (2, 3) is in S, what is the smallest number 
of points in S? 

(a) 2 (b) 4 (c) 8 (d) 16 


28. Let A XOY be a right - angle triangle with 
ZXOY = 90°. Let M and N be the midpoints of legs 
OX and OY, respectively. Given that XN = 19 and 
YM = 22, XY is 

(a) 24 (b) 26 (c) 28 (d) 30 


29. ABC is an isosceles triangle with ZB = ZC = 78°, 
D and £ are points on AB, AC respectively, such that 
ZBCD = 24° and ZCBE = 51°. ZBED is 

(a) 48° (b) 36° (c) 12° (d) 40° 

30. Let ABCD be a rhombus with AC = 16 and 
BD = 30. Let N be a point on AB, and let P and Q 
be the feet of the perpendiculars from N to AC and 
BD respectively. Which of the following is closest to 
the minimum possible value of PQ ? 

(a) 6.5 (b) 6.75 

(c) 7 (d) 7.25 


PART - B 


1. Find all values of a, b for which the system of 
equations xyz + z = a, xyz 2 + z = b, x 1 + y 2 + z 2 = 4 
has only one real solution. 


2. Find all pairs ( x , y) of real numbers that satisfy 


the 


equation f sin 2 x + _J_l + f cos 2 jr + — L_ T 
1 V sin x ) V cos 2 x) 


= 12 + -sin V 
2 * 


3. Let the roots of the cubic equation 

x 3 + ax 2 + bx + c = 0 be real. Show that the difference 
between the greatest and the least of them is not less 

than yja 2 -3b nor greater than 2 yj(a 2 - 3 b) . 

4. If in a triangle two bisectors are equal, prove 
that the triangle is isosceles. 


5. In base R h two fractions Fj and f 2 are expanded 

as 0.3737 and 0.7373 respectively; in another 

base £;>, they are 0.2525 and 0.5252 Find the 

sum of Ri and R 2 written in base 10. 

6. Find the fixed points of the function / : R -> R 
which satisfies /(/(*)) - f(x ) = ax + b for all x e R, 
where a * 0. 


7. The real numbers a , b, c, x, y, z satisfy a >b > 
c > 0 and x > y > z > 0, prove that 


a 2 x 2 



(by + cz)(bz + cy) 
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b 2 y 2 c 2 z 2 

(cz + ax){cx + az) (ax + by)(ay + bx) iS at * east ^ ' 

8. Find a relation among the sides of a triangle 
ABC if the median AM, the altitude BH and the 
angle bisector CD are concurrent at a point. 

9. Find real values of x satisfying 


r*-ii 

+ \ 3x+1 l 


L 4 J 

L 4 J 

L 2 J 


Where [x] denotes the greatest integer not exceeding x. 

10. The distance between the centres of two 
intersecting circles of radii R and r is equal to d. 
Find the area of their common portion. 


SOLUTIONS 
PART - A 


1. (c) : For A ABC to be acute, all angles must be 

acute. For ZA to be acute, point C must lies above 
the line passing through A and perpendicular to 
AB. The segment of that line in the first quadrant 
lies between P(4, 0) and Q( 0, 4). For ZB to be acute, 
point C must lie below the line through B and 
perpendicular to AB. The segment of that line in the 
first quadrant lies between S(14, 0) and 7(0, 14). For 
ZC to be acute, point C must lie outside the circle U 
that has AB as a diameter. Let O denote the origin. 
Region R, shaded below, has area equal to 
Area(A OST) - Area(A OPQ) - Area(Circle II) 

4 »’4 I 



= 90 71 = 51 

2 

2. (b) : The polynomial P(x) has degree 6, so 

Q(at) must have degree 2. Therefore Q is uniquely 
determined by the ordered triplet (Q(l), Q(2), Q( 3)). 
Then * = 1, 2, or 3. We have 0 = P(x). R(x) = P(Q(x)). 
It follows that (Q(l), Q(2), Q(3)) is one of the 27 
ordered triplet (/, j, k), where i, j, and k can be chosen 
from the set {1, 2, 3). However, the choices (1,1, 1), 
(2, 2, 2), (3, 3, 3) and (1, 2, 3) lead to polynomials Q(x) 
defined by Q(at) = 1, 2, 3, x and 4 - x, respectively, all 
of which have degree less than 2. The other 22 choices 
f° r (Q(l)/ Q(2), Q(3)) yield non-collinear points, so 





in each case Q(x) is a quadratic polynomial. 
3. (a) : Since 2002 = 11, 13, 14, we have 



11, if n 

=13.14.2, w4iere i 

= 1,2, 

,10 


13, if n 

= 14.11. //where j 

- 1,2.. 

,12 

a n 

14, if n 

= 11.13./c, where k 

= 1,2, 

,13 


0, otherwise 




2001 




Hence V a 

= 11.10 + 13.12 + 14.13 = 

448 . 


M=1 





4. (c) : Since the system has exactly one solution, 
the graphs of the two equations must intersect at 
exactly one point. If x < a, the equation 

y = \x - a\ + I x -b\ + lx — cl is equivalent to 
y = -3x + (a + b + c). By similar calculations we 
obtain 

-3c + (fl + fr + c),ifx<0 

-x + {-a + b + c), if a <x<b 

y = < , x 

x + (-a - b + c ) , if b < x < c 

3x + (-a-b-c),ifc<x 

Thus the graph consists of four lines with slopes 
-3, -1, 1 and 3, and it has comers at (a, b + c- la), 

( b , c - a), and (c, 2 c-a-b) 

On the other hand, the graph of 2x + y = 2003 is a line 
whose slope is -2. If the graphs intersect at exactly one 
point, that point must be (a, b + c - la). Therefore 
2003 = 2a + (b + c-2a) = b + c 
Since b < c, the minimum value of c is 1002. 

5. (c) : Note that the integer average condition means 
that the sum of the score of the first n students is 
a multiple of n. The scores of the first two students 
must be both even or both odd and the sum of the 
scores of the first three students must be divisible 
by 3. The remainders when 71, 76, 80, 82, and 91 are 
divided by 3 are 2, 1, 2, and 1, respectively. Thus 
the only sum of the three scores divisible by 3 is 
76 + 82 + 91 = 249, so the first two scores entered 
are 76 and 82 (in some order), and the third scores 
is 91. Since 249 is 1 larger than a multiple of 4, the 
fourth score must be 3 larger than a multiple of 
4, and the only possibility is 71, leaving 80 as the 
scores of the fifth student. 

6. (b) : Xy *2, x 3 are the roots of 
x 3 + Ox 2 + ax + a = 0 

=> + x 2 + x 3 = 0 

* 1*2 + * 2*3 + * 3*1 = a 

*1*2*3 = 

2 2 2 
*1 *2 *3 

Given : — L + — i. + — 1 = -8 

*2 *3 *1 

X ?* 3 +*&+*& = — 8 *,* 2 *3 


...( 1 ) 

...( 2 ) 

...(3) 


=> X, 3 X 3 + *2*1 + *3*2 = 8a -(4) 

Since X\, x^ x 3 are the roots of x 3 + ax - a = 0 
=> x 3 + axi + a = 0 ...(5) 

=> x 2 3 + ax 2 + a = 0 ...(6) 

=> x 3 + ax 3 + a - 0 ...(7) 


Multiply (5) by x> (6) by x x and (7) by x 2 and adding, 
we get 

*, 3 *3 + * 2*1 + * 3*2 + fl (* l *3 + * 2*1 + * 2 * 3 ) 

+ fl(Xj +x 2 +x 3 ) = 0 
=> x 3 x 3 + x 3 x, + x 3 x 2 = -a(a) - a( 0) 

8 a = -a 2 [from (4)] 

=> 8a + a 2 = 0 
a(S + a) = 0 
<z = 0orfl = -8 

It is given that a is a non zero real. So, a = - 8 
The equation is x 3 - 8x - 8 = 0 and one root is x = -2 
The other roots are the roots of the equation 
x 2 - 2x - 4 = 0. 

j m 2±2£ ml± £ 

2 2 

The roots are -2, 1 + >/5, 1 - 75 . 


7. (b) : Given x, y, z are positive reals and xyz = 32. 

We have to find the minimum value of 
x 2 + 4xy + Axf + lz 1 . 

It is a difficult problem in the sense that the A.M. - 

G.M. inequality be applied carefully. If we take all at a 
time and apply A.M. - G.M. inequality 

Weget * 2+4 *y;4y 2 t^>^y. 


But x 3 y 3 z 2 value cannot be found from xyz = 32 
If we take terms in pairs x 2 + 4i j 2 and 4xy + 2z 2 and 
apply then also we cannot use xyz - 32. 

First take x 2 + 4i j 1 and apply A.M. - G.M. inequality 

We have x 2 + 4y 2 > 2yJx 2 Ay 2 => x 2 + 4y 2 ^ 4xy 
Now 

x 2 + 41/ 2 + 4xy + 2z 2 > 4xy + 4xy + 2z 2 

> 3(4xy x 4xy x 2z 2 ) 172 

= 3 (32x 2 y 2 z 2 ) 1/3 = 3 (32 x (32) 2 ) 173 = 3 x 32 = 96 


The minimum value of the expression is 96. 

8. (a) : + , i s an integer this means (** + ? ~6) 

n+7 n+7 


must be an integer or 


(n + 7) 2 -12 (n + 7) + 36 


an integer or n + 7 -12 + 


or n + 5 + 


36 
n + 7 


36 
n + 7 


n + 7 


must be 


must be an integer. 


must be an integer. 
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/. n + 7 = 36, 18, 12, 9 => n = 29, 11, 5, 2. 

9. (d) : Let £ be a point on AD such that CE is 
perpendicular to AD, and draw BE. Since /ADC is 
an exterior angle of A ADB, it follows that 
/ADC = /DAB + /ABD = 15° + 45° = 60° 

Thus, A CDE is a 30° -60° -90° triangle and 


C 



DE = — CD = BD. Hence A BDE is isosceles and 
2 

/EBD = ZBED = 30°. But /EGB is also equal to 30° 
and therefore A BEG is isosceles with BE = EG. On the 
other hand /ABE = /ABD - /EBD = 45° - 30° = 15° 
= /EAB. Thus, AABE is isosceles with AE = BE. 

Hence AE = BE = EG. 

The right triangle AEC is also isosceles with 
/EAG = /ECA = 45°. 

Hence, /ACB = ZEG4 + ZECD = 45° + 30° = 75°. 

10. (a) : Let n + 9 - a 1 , 16m + 9 = b 2 , 2 In + 9 = c 2 
Where n, a, b, c are positive integers. 

16 a 2 = 16 + 144 

b 2 = 16m + 9 

Subtracting we get 16 a 2 - b 2 = 135 
=> (4 a - b)(4a + b) = 135 
135 = 1 x 135, 3 x 45, 5 x 27, 9 x 15 
=» a = 17, 6, 4, 3 => m — 280, 27, 7, 0 
27m + 9 = 9(3m + 1) = 9(841), 9(22), 9(1) 

9(841) = 3 2 x 29 2 = (3 x 29) 2 = 87 2 

This is the only square among them apart from the 

trivial case n = 0, when n = 280, n + 9 = 289 = 17 2 

16m + 9 = 67 2 

27m + 9 = 87 2 . 


11. (c) : I n the case of a triangle (a polygon of 3 
sides) only one right angle is possible. 

In the case of a quadrilateral (and polygon of 4 sides) 
4 right angles are possible, a square, or rectangle. 



Assume a convex polygon of side n > 4. Let K interior 
angles be right angles. Each of the remaining interior 


angles must be less than two right angles. 

Sum of the interior angles of a n sided polygon 
= (2 m - 4) right angles. 

2m - 4 < k + 2(m - k) 

=> 2m-4</c + 2-2/c 
=> k < 4 

Thus the maximum right angles will be only 3. A 
pentagon with 3 right angles has been shown in 
the figure. 

12. (c) : 1st solution 

The first graph is an inverted V- shaped" right angle 
with vertex at (a, b) and the second is a V-shaped 
right angle with vertex at (c, d). Thus (a, b), (2, 5), 
(c, d), and (8, 3) are consecutive vertices of a rectangle. 
The diagonals of this rectangle meet at their common 
midpoint, so the ^-coordinate of this midpoint is 
(2 + 8) /2 = (a + c)/2. Thus a + c = 10. 

2nd solution 

Use the given information to obtain the equations 
5 = -12 - Ml + b, 5 = 12 - cl + d, 3 = -18 - a\ + b, 
and 3 = 1 8 — c I 

(a,b) 



Subtract the third from the first to eliminate b and 
subtract the fourth from the second to eliminate d. 
The two resulting equations 18 -mI -212- aI -2 
and 12-cl - 1 8 — c I = 2 can be solved for a and c. 
To solve the former, first consider all a < 2, for which 
the equation reduces to 8 - a - (2 - a) - 2, which 
has no solution. Then consider all a in the interval 
2 < a < 8, for which the equation reduces to 
8 - a - (a - 2) = 2, which yields a = 4. Finally, consider 
all a > 8, for which the equation reduces to 
8 - a(a - 2) = 2, which has no solution. The other 
equation can be solved similarly to show that 
c = 6. Thus a + c = 10. 

13. (a) : Extend AD, BC to meet at Q. 

Since the base angles are 4° and 50° 

/AQB = 90° 

Clearly A's ABQ - DCQ 
AB _AQ _ BQ 
DC ~ DQ ~ CQ 

Let L, N be the mid points of 
DC, AB respectively 
/. DC = 2 DL and AB = 2 AN A 

AB _ AN _AQ _ BQ 
DC ~ DL~ DQ ~ CQ 



52 
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=> A QDL and A QAN are similar. 
=» Q, L, N are collinear. 


AN = BN = QN, DL = LC = QL. 

This is because AQB is a right angled triangle. 


^-^y = QN-QL = LN = 1 


AB + CD 


= 4 


=> AB - CD = 2 and AB + CD = 8 


=> AB = 5, CD = 3. 


14. (d) : We have Area (ABCD) <^AC.BD 
with equality if and only if AC 1 BD. Since 
2002 = Area(ABCD) < | AC.BD 

<^(AP + PC).(BP + PD) = 52 - ^ 77 = 2002 

it follows that the diagonals AC and BD are 
perpendicular and intersect at P. Thus, 

AB = V24 2 + 32 2 = 40, BC = >/28 2 + 32 2 = 4^113, 

CD = V28 2 +45 2 =53 and D/4 = V 45 2 +24 2 =51. 
The perimeter of ABCD is therefore 

144 + 4>/Tl3 = 4(36 + Vn3). 


15. (b) : There are 8 straight lines and 4 circles. We 
have to find the maximum points of intersection. We 
go in stages 

(i) To find the maximum points of intersection of 
4 circles. 

(ii) To find the maximum points of intersection of 
8 straight lines. 

(iii) To find the maximum points of intersection of 
8 straight lines with the 4 circles. 

When two circles intersects, the maximum points 
of intersection is 2. 




When three circles intersect the maximum points of 
intersection = 6 = 2 + 4 = 2(1 + 2). 

When four circles intersect the maximum points of 
intersection = 2(1 + 2 + 3) = 12. 



When two straight lines intersect, the maximum 


points of intersection = 1. 

When three straight lines intersect, the maximum 
points of intersection = 1+2 = 3. 

When four lines intersect, the maximum points of 
intersection = l + 2 + 3 = 6 

When 8 lines intersect, the maximum points of 

7x8 

intersection = l + 2 + 3 + 4 + 5 + 6 + 7 = = 28 

2 

A line intersects a circles in atmost 2 points, two 
circles in 2 + 2 = 4 points. 

Three circles in2 + 2 + 2 = 6 points. Four circles in 
8 points. But there are 8 lines. 

Total number of points = 8*8 = 64. 

When four circles and eight straight lines are placed 
then maximum points of intersection = 104. 


16. (c) : The area of triangle EFG is = 

3 EC EH 

Triangles AFH and CEH are similar, so — = — = 

EH 3 ^ 

and = Triangles AGJ and CEJ are similar, so 


EC 

AG 


II 

JG 


1 £ / -1 


EG 7' 


) E 

hJA 

^f\ 

[/ 

F < 

G i 


Since the areas of the triangles that have a common 
altitude are proportional to their bases, the ratio of 
the area of A EH] to the area of A EHG is 3/7, and 
ratio of the area of A EHG to that of A EFG is 3/5. 
Therefore, the ratio of the area of A EH] to the area 


of AEFG is 

Thus, the area of A EHJ is 

17. (d) + * = y 4 + y 3 + y 2 + y 

4X 2 + 4x + 1 = 4y 4 + 4y 3 + 4J/ 2 + 4y + 1 
(2x + l) 2 = 4y 4 + 4y 3 + 4y 2 + 4y + 1 
Now 

4y 4 + 4/ + 4J/ 2 + 4y + 1 = (2 y 2 + y) 2 + (3y + l)(y+l) 



4y 4 + 41/ 3 + 4i z 2 + 4y + 1 


...( 1 ) 

(2y 2 + y + l) 2 - y(y - 2) 


...( 2 ) 


Consider (3y + l)(y + 1) 

This is positive when y < -1 or y > 0 
4y 4 + 4/ + 4y 2 + 4y + 1 > (2 y 2 + y) 2 


y(y - 2) > 0 for y < 0, y < 2 
4 y 4 + 4y 3 + 4y 2 + 4y + 1 < (2 y 2 + y + l) 2 

(2y 2 + y) 2 < 4y 4 + 4y 3 + 4y 2 + 4y + l<(2y 2 +y+l) 2 
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This lies between two consecutive squares. 

=> it cannot be a square. 

But we must check for y = -1, 0, 1, 2. 

When y = -l;y 4 + y 3 + y 2 + y = l- l + l = 0 
x 2 + x = 0 => x(x + 1) = 0, x = 0, x = -1 
x = 0, y = -1; x = -1, y = -1 
When y = 0, x 2 + x = 0, x = 0, x = -1. We get 
(0, 0), (-1, 0). 

When y = l, y 4 + y 3 + y 2 + y = 4. 
x 2 + x = 4, no integer solution. 

When y = 2, y 4 + y 3 + y 2 + y = 16 + 8 + 4 + 2 = 30 

x 2 + x = 30, x(x + 1) = 30, x = 5, -6 

Solutions are (0, -1), (-1, -1), (0, 0), (-1, 0), (5, 2), 

H>, 2). 

18. (c) : Let the number of students wearing 
spectacles = a 

Let the number of students bringing lunch = b 
the number of students who either wear spectacles 
or bring lunch or both = a + b - 60. 

The number of students who do not wear spectacles 
and do not bring lunch. 

= 500 - (a + b - 60) = 560 - a - b 

2 3 

This is also equal to — (500 -fl) or — (500 -fr) 

3 4 

=> |(500-a) = ^(500-b) = 560-fl-b 
There are two unknowns a, b to be evaluated. 
—(500 -a) = —(500 - b) 

8(500 - a) = 9(500 - b) 

8a - 9b + 500 = 0 ....(1) 

Also 3(500 - b) = 4(560 - a - b) 

1500 - 3 b = 2240 - 4<7 - 4b 

4« + b = 740 ...(2) 

From (1) and (2) gives 

80 -96 = -500 


1117 = 1980 


8a + 2b = 1480 and 
b = 180, a = 140. 

19. (a) : In the triangle ABC the medians AD and 
BE intersect at a point O, AC = b and BC = a. Let 
us find AB = c. 

Let OD = x and OE = y. Taking advantage of the 
property of medians we find from the triangles AOB, 
BOD and AOE that 

4x 2 +y 2 = — ,4x 2 + 4y 2 =c 2 ,4x 2 +16y 2 = a 2 

^ a 2 -\j 2 

Eliminating x and y we obtain c 2 = — - — 

The conditions for existence of a triangle with sides 
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a, b and c take the form 

5(a + b) 2 > a 2 + b 2 , 5 (a - b) 2 < a 2 + b 2 . 

The first inequality is obviously fulfilled for any a 
and b, and the second one is transformed into the 

following relation : a 2 - ^ ab + b 2 < 0 

Solving this inequality with respect to ^ we finally 

, 1 a . b 

obtain — < - < 2 
2 b 



20. (c) : The centre of the disc lies in a region R, 
consisting of all points within 1 unit of both A and 
B. Let C and D be the points of intersection of the 
circles of radius 1 centred at A and B. Because AABC 
and AABD are equilateral, arcs CAD and CBD are 
each 120°. Thus the sector bounded by BC, BD, and 

arc CAD has area — , as does the sector bounded by 
3 

AC, AD and arc CBD. The intersection of the two 
sectors, which is the union of the two triangles, has 

sfS LU , D . 2n s/3 

area — , so the area of R is 

2 3 2 



D 

The region S consists of all points within 1 units of 
R. In addition to R itself, contains two 60° sectors 
of radius 1 and two 120° annuli of outer radius 2 

K 

and inner radius 1. The area of each sector is 

o 

and the area of each annulus is 
n 
3 





Therefore, the area of S is 



21. (a) : The values of x, y, z are real. 

Clearly x = 0, y = 0, z = 0 do not satisfy the 
equation 

=> x * 0, 1 / * 0, z * 0 
Multiplying all the equations, we have 
64 x 2 y 2 z 2 

= xyz 

(1 + 4x 2 )(1 + 4y 2 )(1 + 4z 2 ) 

=> 64xyz = (1 + 4x 2 )(l + 4y 2 )(l + 4z 2 ) ...(1) 

Clearly (1 - 2xf > 0 => 1 + 4X 2 > 2 
1 + 41/ 2 > 4y 1 + 4z 2 > 4z 
=> (1 + 4 x 2 )(1 + 4y 2 )(l + 4z 2 ) > (Axyz 
When x = y = z, the equality holds. 

=> x = y = z 
4x 2 

Now - = y 

l+4x 2 

=> 4.r 2 = y(l + 4X 2 ) => 4x 2 = x(l + 4 at) 

Since, x*0=>4x=l + 4 a: 2 

or (l-2x) 2 =0or Ar = i ( y = i,z = i 

22. (c) : Denote by x the third side of the triangle 
which is equal to the altitude drawn to it. Using 
two expressions for the area of the given triangle, 
we get the equation 

1 2 lb + c + x c + x-b x + b-c b + c-x ... 

= J~2 ‘ 2 ' 2 ' 2 - (,) 

Solving it, we get 

x 2 =-(b 2 +c 2 ±2yl3b 2 c 2 -b 4 -c 4 ) ...(ii) 

5 

The necessary condition for solvability of the problem 
is 3b 2 c?>b 4 + c 4 ■ ...(iii) 

It it is fulfilled, then both values of x 2 in (i) are positive. 
It can easily be verified that if (ii) is fulfilled, the 
inequalities b + c > x > \b - c\ are also fulfilled, the 
sign of equality appearing only in the case when x 
= 0. The latter takes place if in (i) we take a minus 
in front of the radical for b = c. Hence if b = c, the 
problem has a unique solution, namely 



For b * c the triangle exists only if inequality (ii) is 
fulfilled. Solving it with respect to b/c, we find that 
it is equivalent to the two inequalities 

2 + 
l + Vs "c“ 2 

Consequently, for b * c there exist two triangles if 
both inequalities (iii) are fulfilled with sign <, and 


only one triangle if at least one of the relation (iii) 
turns in an equality. 



23. (c) : Since ZAPB = 90° if and only if P lies on 

the semi - circle with centre (2, 1) and radius >/5, 
the angle is obtuse if and only if the point P lies 
inside this semicircle. The semicircle lies entirely 
inside the pentagon, since the distance, 3, from 
(2, 1) to DE is greater than the radius OB of the 
circle. Thus, the probability that the angles is obtuse 
is the ratio of the area of the semicircle to the area 
of the pentagon. 

Let O = (0, 0), A = (0, 2), B = (4, 0), C = (2n + 1, 0), 
D = (2n + 1, 4) and £ = (0, 4). Then the area of the 
pentagon is 

[ABCDE | = [ OCDE ] - [OAB] = 4.(2* + 1) - i(2.4) = 8* 

q Z — 5 

and the area of the semicircle is — tc(v5) 2 = — n. 

5n 2 2 

TT 5 

The probability is — = — . 

8k 16 


24. (b) : From the centre O drop a perpendicular to 
AB and CD to cut them at L and M respectively. 


ZLOB = 30°, tan 30° = — 

Jz 0L 

=> OL = — x where BC = x 
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4 4 4 

+ 4>/3 ] = 4y2(2 + ^ ) = x\2 + S) 


= —[4 + 3 + 1 
4 1 


x 2 = 


100 

2+S 


= 100(2 - 73 ). 


25. (c) : Draw through the point P three straight 
lines parallel to the sides of the triangle. The three 
triangles thus formed (they are shaded in the figure) 
are also equilateral, and the sum of their sides is 



of the triangle ABC. Consequently, the sum of their 
altitudes is equal to the altitude of \ABC and hence 

q7 3 
2 

The sum BD + CE + AF is equal to the sum of the 
sides of the shaded triangle added to the sum of 
the halves of these sides and thus, 


PD + PE + PF = - 


BD + CE + AF = — (i 
2 


Consequently, 


PD + PE + PF 


s 


BD + CE + AF 

26. (b) : Let 0\, 0 2 and 0 3 be centres of the three 
equal circles and O be the centre of the circle of 
radius r. Let us denote by S 0l o 2 o 3 the area of AOi 0 2 0 3 
and by S A q 2 b the area of the sector A0 2 B. Then the 
required area is equal to 


s - 3 ( s o,o 2 o 3 


~^AO,B 7tr ) 



If R is the common radius of the three circles, then 
7 3 

R = — (R + r), whence we obtain 


, . = -^- r r = (3 + 2-j3)r 
2-V3 
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Then we find 

s o,o 2 o 3 = \ 2RRy fe = Sr 2 = 3(12 + 7>/3)r 2 
and S„ 02B =±KR 2 =|(7 + 4>/3)r 2 . 

Finally we obtain S= 12 + 7-73-^-^ + 2-73 jn r 2 

27. (d) : The set S is symmetric about the line 
y = x and contains (2, 3), so it must also contain 
(3, 2). Also S is symmetric about the x-axis, so it 
must contain (2, -3) and (3, -2). Finally, since S is 
symmetric about the y-axis, it must contain (-2, 3), 
(-3, 2), (-2, -3), and (-3, -2). Since the resulting set 
of 8 points is symmetric about both coordinate axes, 
it is also symmetric about the origin. 

28. (b) : Let OM = a and ON = b, Then 

19 2 = (2 a) 2 + b 2 and 22 2 = a 2 + (2b) 2 

X 




Hence 5(a 2 + b 2 ) = 19 2 + 22 2 = 845 

It follows that MN = Jo 2 + b 2 = 7l69 = 13 

Since AXOY is similar to A MON and XO = 2. MO, 

we have XY = 2. MN = 26. 

29. (c) : Consider A BDC 




ZBDC = 180° - (78 + 24) = 78° 
=» BC = CD 
Consider triangle BEC 
ZBEC = 180° - (51° + 78°) = 51° 
=> BC = EC 

E 


...( 1 ) 

...( 2 ) 



ZDCE = 78° - 24° = 54° 



180° -54° 

ZDEC = = 63° 

2 

ZDEB = ZDEC - ZBEC = 63° - 51° = 12°. 

30. (c) : Let O be the point of intersection of AC 
and ED. Then AOB is a right triangle with legs 
OA = 8 and OB = 15. Quadrilateral OPNQ is a 
rectangle because it has right angles at O, P and Q. 
Thus PQ = ON, because the diagonals of a rectangle 
are of equal length. The minimum value of PQ is the 
minimum value of ON. This is achieved if and only 
if N is the foot of the altitude from O in triangle 
AOB. Writing the area of AAOB in two different 

ways yields ^ AB.ON = -OA.OB. 

Hence the minimum value of PQ is 


ON = 



PART - B 


1. If (*, y, z) satisfies the given system of equations, 
then so does (-*, -y, z); since the system is to have 
only one solution, we must have x - y = 0. Thus 
a = b = z and z = ±2. If a = b = 2, then 

xyz + z = 2, xyz 2 + z = 2 and x 2 + y 2 + z 2 = 4 

xyz( 1 - z) = 0. Taking z = 1, then have xy = 1 
and x 2 + y 2 = 3. This has four real solutions. Hence 
a = b - 2 is not a suitable choice. 

So let us consider the case that a = b * - 2. Then 
the system becomes 

xyz + z = -2, xyz 2 + z = -2 and x 2 + y 2 + z 2 = 4 
Here again we have *yz(l - z) = 0. 

Obviously z * 0; also z * 1 for otherwise we would 
have xy = -3 and x 2 + y 2 = 3 implying (x + y) 2 = -3 
whence both x and y could not be real. Therefore 
either x or y is zero. Now it follows that z = -2 
x - y - 0 

Thus the given system has a unique solution if and 
only if a = b = -2. 

2. Let a = sin 2 * and b = cos 2 * 

Since -[ - + r \> \ — ) and a + b = 1 we have 

2 \a bj \a + bj 

(H ) i4 , 

where equality holds only when a = b = -. 


Therefore 12 + ^-siny = + - j + 

4{R>K 

1 

with equality only when a = b = —. 

So, we have siny > 1; 

Hence siny = 1; this also implies a = b = — ; 

, , . 2 1 . . 1 
therefore sm * = -; /.e.,sin* = ±- r r. 

2 v2 

Thus the solutions are 

* = — + — ,y = — + 2ln, where k,leZ 

4 2*2 

3. The cubic equation is t 3 + at 2 + bt + c = 0 
Let a, p, y be the real roots. Let a > P > y 
We have 

a + P + y = -(1) 

ap + p/ + Y a = b ...( 2 ) 

ap/ = -c ...(3) 

2{a 2 - 3b) = 2[(a + P + Y) 2 - 3(«P + Py + Y a)] 

= 2a 2 + 2P 2 + 2Y 2 - 2aP - 2Py - 2 yoc 

= (a - P ) 2 + (P - y ) 2 + (Y - a ) 2 
= m 2 + l 2 + (/ - m) 2 > 0 
2(a 2 - 3b) = l 2 + m 2 + l 2 + m 2 - 2/m 

= 2(/ 2 +m 2 )-2/m = 2^m-^- j +-^->0 
= m 2 + l 2 + (/ - m) 2 > 0 

Minimum of the expression occurs when m = — 
maximum will occur at m = 0 or m = /. 

Thus |/ 2 <2((j 2 -3b)<2/ 2 

=> (a 2 - 3b) 1/2 <l<^=(a 2 - 3b) m < 2(a 2 - 3b) m 
v3 

=> (a 2 - 3/?) 1/2 < a - y < 2 (a 2 - 3/7) 1/2 . 

4. ABC be a triangle with equal bisectors BM and 
CN. Complete the parallelogram BMGN. 

ZMBC = ZMBA = ZNGM = - 

2 
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- 0 ) 


B C B C B C 
To prove B = C; (i.e.,) — = — . If - * — let - > — 

Consider the triangle MBC and NBC 

->-=*CM>BN 
2 2 

In A CGN we have CN = NG. 

=> ZNCG = ZNGC 

=» - + ZACG = - + ZMGC 
2 2 

Since ZMGC<ZAGC 

2 2 

=> CM < MG =* CM < BN 
from (1) and (2) contradict each other 

Similarly => | = |=>S = C 


...( 2 ) 

2 2 


Thus the triangle is isosceles. 

5. 


„ 3 7 3 7 

F. = 1 7 H r H 7 + • 

1 R, R 2 Rf R , 4 

=±(l+±+ l+4fl+^ + . 


R,H k? 

3/ R] 7/R 2 3R 1 +7 

“l-l/R 2 + 1-1/R, 2 R, 2 -! 

7R +3 

Similarly F, = 2 ^ • Again, in base R 2/ we have 

„ 2R, +5 ' 5R, + 2 

F, = — r — and F, = ■ 


R 2 -! 


R, 2 -l 


3R. +7 2R,+5 

Thus we have ~ — 


Rf-i 


r 2 -i 


and 


7R, +3 5R : +2 


R 2 -! 


r, 2 -i 

Now (1) - (2) and (1) + (2) yield after 

simplification 

R. +1 4 . R,-l 10 

-3 =- and — 1 = — 


....( 2 ) 


R 2 +l 3 


R 2 +l 


Thus by componendo and dividendo rule gives 

*L^ = land*^=4 


R 2 -Ri 1 


R 2 -R. 


n _j_ d _j_ 2 21 

Therefore — 1 = — . This by simplification 


2 17 

yields 

R a + R 2 = 19. 

6. Let = then 

/(y)-y=«(-") +b=0=,> /(y)=y 

i.e., y is a fixed point of f. Now let z be any fixed 
point of / : then 


az + b = /(/(z)) -/(z) = z - z = 0 

I 

Therefore 2 = — . Thus it follows that /has a unique 
a 

fixed point, viz., 

a 

7. a >b > c > 0 and x >y >z> 0 
a 2 x 2 

The first term is — — 

(by + cz)(bz + cy) 

The denominator is (by + cz)(bz + cy) 
by + cz - (frz + cy) - b(y - z) - c(y - z) 
y > z and b > c 
This quantity is positive. 
by + cz > bz + cy 

or (by + cz)(bz + cy) < (by + cz) 2 < 2 [(by) 2 + (cz) 2 ] 


a 2 x 2 


a 2 x 2 


Similarly 


(by + cz)(bz + cy) 2{(byf + (cz) } 

ax) 2 = A, (by) 2 = B, (cz) 2 = C 
^ A 

(by + cz)(bz + cy) 2 (B + C) 

by > B 


c 2 z 2 


(by + ax)(cx + az) 2(C + A) 
C 


(ax + by)(ay + bx) 2 (A + B) 
Adding all we get 

, t r 


a 2 x 2 


c 2 z 2 


(by + cz)(bz + cy) (cz + ax)(cx + az) (ax + by)(ay + bx) 
l[ A B t C 1 
"2Lb + C + C + A a+bJ 


B+C C+A A+B 
A B 

We have to prove 


B+C C+A A+B 2 


We use a result in inequality called power mean 
theorem. If m > 0 or m > 1 


a m +b m +c m ^ fl + fr + c j* 


Where a, b, c are distinct positive reals. 

Take B + C, C + A, A + B. They are positive reals. 
Take m = -1 

(B+Cr’+CC + Ar’+CA + B)" 1 ^ B + C + C+A + A 


1 - + ^- + - 1 


or 


B+C C+A A+B 


^2(A + B + 


or (A + B + C) 


f— + — 

LB+C C+ 


A + A + B 


Q 


9 

> — 
2 


3 

-i 




or 


or 


Al + B + C ( A + B + C t A + B + C, ^9 


B + C 
A + B + C 


C + A 


A + B 


A+B+C , A+B+C 9 ^ 

-1 + --1 + 2 — — 3 

B+C • C+A A+B 2 
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B + C C + A A + B 2 
8. The solution is based on Ceva's Theorem. 

If three concurrent lines AP, BQ, CR are drawn from 
the vertices A, B, C of a triangle as shown in the 

figure then — ^3- = \ 

PC QA RB 



....( 2 ) 


Applying Ceva's theorem to our problem we get 
AH CM BD 

HC' MB' DA~ (1) 

Since AM is the median, M is the midpoint of BC 
so that CM = MB, now (1) gives 
AH BD „ 

— V . — 1 

HC DA 

Using the internal bisector theorem. 

M ... . AH a AH b 

Now (2) gives — , r l a — 

Let AH = x, => CH = b - X 

Applying pythagoras theorem in triangles BAH, BCH 
and eliminating BH 2 , we get 

C 2 - X 2 = a 2 - (b - X ) 2 

b 2 +c 2 -a 2 f b 2 +a 2 -c 2 
x = ,b-x = - 


so, we get 


2b 

b 2 +c 2 -a 2 


2b 


b 2 +a 2 -c 2 a 



[ 3-11 

J 3x+i l 

T3AT-11 

6.v + 3 

L 4 J 

L 4 J 

[ 2 J 

5 


Let x be any real number 
Let [.v] denote the integral part and (*) denote the 
fractional part. Now 0 < (*) < 1 
••• X = [x] + (X) => [x] = .V - (X) 

The given equaiton can be written as 
3* 


-1 f 3jc-ll , 3jt + l 

3x + l] 3x-\ | 

'3x-l' 

L 4 J 1 4 

4 V 4 1 

- 2 J 



_6x + 3 

3x-l 3x + l 3x-1 

1 i 

6x + 3 

5 

4 4 2 

5 


J3* + Il 

P 3a: — 1 


4 J L 4 J 

L 2 J 

5(3.v - 1) + 5(3* + 1) + 10(3* - 1) - 4(6* + 3) 



20 
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18a: — 1 1 
10 

Now 0 £ 


=( 44 ( 44 (¥) 


<i 


n ^18x-ll , 

=* 0 < <3 

10 

0 < 18* - 11 < 30 => 11 < 18x < 41 

11 „ 41 

=> — < x < — 

18 18 

XI 6x + 3 

Now - — , the RHS, is an integer. 
Let ^ = *(e 2 + ) => x= 5 "~ 3 


n = l=>x = -£ 
3 

n = 3=> x = 2e 


11 A\ 

_18'l8_ 

11 41 

.18 ' 18 J 

but it does not satisfy the equation 
n -4 => 


6 

n = 2=> 


7 r ii 4i 

6 Ll8 18 


17 f 11 41 I 

>A 6 ^Ll8 '18J 


X = — is the only solution. 

6 

10. The required area is equal to the sum of the 
areas of two sectors with central angles 2a and 20 
minus twice the area of the triangle with sides R, 
r, d : 

S = R 2 a + r 2 P - Rdsina 



For determining the angles a and p we have two 
equations Rsina = rsinP ,..(i) 

Rcosa + rcosp = d ...(ii) 

d 2 +R 2 - r 2 

Solving (i) and (ii) we get : cosa = , 

»2 9 2Rrf 


d 2 + r 2 -R 2 


2 rd 


COSp = 

Hence, 

S = R 2 arc ccos 


d 2 + R 2 -r 2 


2 Rd 


+ r 2 arc cos : 


d 2 + r 2 - R 2 


2 rd 


-Rd\ 1 


( d 2 +R 2 -r 2 ) 2 
{ 2 Rd ) ' 



= Coeff. of f 7 in (1 - f)(l - 2f 2 ) .... (1 - 20 f 20 ) [f = 

= -7 + (1 • 6 + 2 • 5 + 3 • 4) - (1 • 2 • 4) 

= -7 + 28 - 8 = 13. 

5. (d) : Note that + 48 C 3 + 48 C 5 + .... + 48 C 47 = 2 47 
Any common divisior must be of the form 2*, 
0 < k < 47 

As 24 = 2 3 • 3 
48 Cj = 48 = 2 4 • 3 

The common divisior cannot be larger than 2 4 . 

But 48 C p = - 2 ^ 

As this showJtf 
P = 1/3, 5, 

Hence, greater common divisior is 16. 

6. (b): We have a„ = 3" " 2 • "C 2 

y i!L = y ?!! _y 9 _ y 1 

^ a „ " 3" -2 • "C 2 * (n-1) i 2 n(n-l) 


ion aivisic 


•y 16 where 


The highest exponent of 3 in [100 is 

(?MfMfMf) 

= 33 + 11 + 3 + 1 = 48. 

So [l00 = 2 97 - 3 48 p“ 

where p, q, r are others primes occuring in the prime 

factorization of |100 

Now [100 = (2 2 • 3) 48 2 • p a q&r r 

giving that the highest value of k such that 12* 

divides |100 is 48. 

Thus statement- 1 is false, statement -2 is correct. 

12. (c) 


2 EO IO 

Jr so \ 2 


18 x 1 = 18. 


7 - 


p=l m-p 


m J[p 


■I 

Now 3 16 - 2 16 = (3 + 2)(3 2 + 2 2 )(3 4 + 2 4 )(3 8 + 2 8 ). 

8. (a, c) : The series can be identified with the 
fibonacci number by working at first two terms. 

9. (a, d) : S = V 1 _ JL V l 2 !? 

" jT 0 \n-k\n + k \2n—? 0 \n-k\n + k 

which can be readily calculated. 

10. (a, c) 

11. (d) : The highest exponent of 2 in [100 is 

= 50 + 25 + 12 + 6 + 3 + 1 = 97 


15. (a): II^=| \\laA-Zaf 

0Zi<jZ50 ) i=l 

And a { s can be identified with binomial 
coefficients. 

16. (d) : Let S = £ £ (i + j)^ 

0£i</£50 

Writing S in the reverse order, we have 

S = XX (n-i+n- j)a„_ia n _j 
0£i</£ 50 

(As a/s are binomial coefficients we have 
"C r = ”C„_ r ) 

= ZX ( 2 « -(*+;)}«,• «,• 

0Zi<jZ50 

= 2 (j +;)«!«/ =2«XX a i a )~ s 

0ki<j£50 0£f<;£50 0£i<j£ 50 

=> 2S = 2><££ afij 

0£i<jZ50 

s= »XS a i a i 

0£i<j£5Q 

17. (d) : Similar techniques as in previous two prob- 
lems can be used to establish the result. 

18. (b) 19. (b) 20. (b) 

Set r = 1, -1, i, -i and then form suitable combination 
to set the value of the expressions. 

21. (c) 22. (b) 23. (a) 

Change x to -x and x to l/x to produce two more 
identities and then it's simple matter to get the 
desired result. 
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1. If [.] stands for "t&v greyest ii 

f , V, f I 

j[3 x]dx is equal to " 

l 

(a) 3 (b) 4 (c) 5 (d) 6 


function, 1 


I 


.sa 0, 4K * ....'Vt 1 7. Show that ire value 


2. If } 

In 2 

(a) 4 
(c) In 4 


. = = then the value of .t is 

^ 6 

(b) In 8 

(d) None of these 


3. The equation of a curve is y =/(*)• The tangents at 
(1,/(1)), (2,/(2)) and (3,/(3)) make angles and^ 

respectively with positive direction of x-axis, then the 
3 3 

value of \f\x)f"(x)dx + ]f'\x)dx is equal to 

(a) '3 (b) i 

o (d) None of these 

4 . Let/(x) be a function defined by 

f(x) = jt(t 2 -3t + 2)dt, l<x<3. Then the range of 

/(*) is 
(a) [0,2] 


f in n+lpr 


(c) 


H" 


< b > H ' 4 

(d) None of these 


5. All the values of 'a' for which 
2 

J(fl 2 +(4-4fi)x+4r 5 )dx<12 are given by 
l 

(a) fl = 3 (b) a <4 

(c) 0 < a < 3 (d) None of these 

f (l + x)sinx , 

6 Evaluate j — — Z~“ x 

J (x 2 + 2x) cos 2 x-(l + x) sin 2x 


is independent of n. Find the value of the integral. 

8. Find the orthogonal trajectories of the family of 
circles having their centres on the y-axis and touching 
the x-axis. 

9. Find the area bounded by x = cos 1 y / x-axis and 
the lines lx I =1. 

10. Show that the solution of the differential equation 
yp 2 - p = (p + 2 )(py - 1), p = dy/dx, represents two 
families, one of which is the family of curves having 
subnormal unity and the other is the family of parallel 
lines. 


SOLUTIONS 


4/3 


5/3 


1. (b) : f[3jc )dx = f [3 x]dx+ j [3 x]dx+ J [3 x]dx 

1 l 4/3 5/3 

4/3 5/3 2 

= J 3 dx + J 4 dx + j 5dx=A 

1 4/3 5/3 

2. ( C ) : Put e u - 1 = t 2 . Then e u du = 2tdt, so that 
6 I f(f 2 +l) L Jl 


= 2 tan 1 yje x 

=> tan -1 yle x -1 = ^ => >le x -1 = tan — = \/3 
=>e x = 4.\x = ln4. 

3. (a) : Here /'(l) = tan| = -^,f(2) = tan- = V3, 

/'(3) = tanJ = l 


By : Prof. Shyam Bhushan, Director, Narayana Institute, Jamshedpur. 
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= ^[{/'(3)}M/'(2)} 2 ] 


Now, j f'(x).f"{x)dx = 

2 

and j f"(x)dx = [f\x)\l = fV) ~ m 

Value=i[l 2 -(^) 2 ] + l = 

4. (c) : f(x) = x(^ - 3x + 2) = x{x - l)(x - 2). 

The sign scheme for f\x) is as below. 


-4- 


-+■ 


0 0 2 
... f'(x) <0inl<x<2 and f\x) >0in2<x<3. 

... f(x ) is decreasing in [1, 2] and increasing in [2, 3] 
2 

min /(x) = /(2) = Jx(x 2 -3x + 2)dx 

n2 


l 


— - X 3 + X 2 
4 


1 

_ 4 


ma x./(x) = the greatest among {/(l),/(3)}. 

1 3 

/( 1) = \x(x 2 -3x + 2)dx = 0, /( 3) = j x(x 2 - 3x + 2)dx = 2 

max/(x) = 2, so the range = j^-^j 
2 

5. (a): J (a 2 + (4 - 4u) x + 4x 3 ) dx 

1 

= « 2 Ix]f + (2 - 2«)[x 2 + [x 4 ]\ = a 2 + (2 - 2 a) (3) + 15 
Given a 2 - 6a + 21 < 12 = a 2 - 6a + 9 < 0 =» (a - 3) 2 < 0 
(a - 3) 2 = 0 =» a = 3 

6. Now J(l + x)sinx<fx = sinx-(l + x)cosx + C 

(l + x)sinx 


•• '-J= 


.‘in 

2 


[sinx-(l + x)cosx] 2 -1 


sin x -(l + s)cosy-l 


-dx 


sinx-(l + x)cosx + l 
n sin|^n + i|xdx 


+ C 


. x 

sin — 
2 


7. Let /„= j- 
0 

V 1 JC 

o sin- 

2 

= -2j cos(n + l)x.dx = --|-j-.[sin(n + l)xg = 0 


Then 


-dx 


n 

Hence I 0 = h = h = h = Thus I n =Io = \dx = n. 

o 

8. The family of circles is given by x 2 + y 2 - ay = 0, 

a gR * ’ ^ 

Differentiating w.r.t. x, we have 

Putting this value in (1), we have 

For the orthogonal trajectories we replace 

This is a homogeneous differential equation in x and y. 
Putting y = Vx, we have 

T7 dV V 2 x 2 -x 2 _ V 2 -1 
V + X dx 2x.Vx 2V 
dV _ V 2 -1-2V 2 _ l + v 2 
^ *dx~ 2 V " 2V 


dx_ 

x 


2V 


dV 



1 + V 2 

=> log \x\ + log (1 + V 2 ) = constant 
=> 1x1(1 + y 2 /x 2 ) = constant = b (say) 

Which is required orthogonal trajectories 

9. x = cos _1 t/ 

=>y=cosx,xe[0,7t]. V/ ‘ 

The required area 
(shaded portion) 
is shown in the 
adjacent figure. 

l 

Required area = J cos xdx = sinxlg= sinl sq.units. 
o 

10 The given differential equation can be re-wntten as 

SR’HM'*- 1 ) ■ 

Now — = 0 =* x = c, a family of parallel lines (lines 

d v 

parallel to y-axis) 

1 /^ = 1 => the solution curve has subnormal unity. 

V dx 

The curves are y 2 = 2x + k, k is a constant. BB 
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-i, 

2 


2at r 

2at 2 


ati 2ati 


= \a 2 (h-t 2 )(t 2 -t 3 )(t 3 -t 2 )\ 


The intersection of the tangents, at these points, 
are the points 

{«/, f 2 , a(t , + f 2 )}, lat 2 t 3 , a(t 2 + f 3 )}, {at 3 t v a(t 3 + f,)} 
The area of the A formed by these points 


9. Find the locus of the point of intersection of two 
normals to a parabola which are at right angles to 
one another. 

Soln.: The equation of the normal to the parabola 
y 2 = 4ax is y = mx - lam -am 3 
It passes through the point (h, k) if 
k-mh- lam - am 3 =» am 3 + m(la -h) + k = 0 ... (1) 
Let the roots of the above equation be m 1; m 2 and m 3 . 
Let the perpendicular normals correspond to the 
values of m l and m 2 so that m^ m 2 = -1. 

k 

From the equation (1), m 1 m 2 m 3 = — 

k a 

Since w 1 m 2 = -1 ,m 3 = - 

Since m 3 is a root of (1), we have 

«(-) +-(2a-h) + k = 0 
\aj a 

=> k 2 + a(2a-h) + a 2 = 0 =>k 2 = a(h-3a) 

Hence the locus of (h, k) is y 2 = a{x - 3a). 

10. Three normals from a point to the parabola 
y 2 = 4/7* meet the axis of the parabola in points 


whose abscissa are in A.P. Find the locus of the 
point. 

Soln.: The equation of any normal to the parabola is 
y = mx- lam - am 3 
It passes through the point (h, k) if 

am 3 + m (la - h) + k = 0 ... (i) 

The normal cuts the axis of the parabola viz., 
y = 0 at point where x = la + am 2 
Hence the abscissa of the points in which the 
normals through ( h,k ) meet the axis of the parabola 
are x 1 = la + am x 2 , x 2 = la + am 2 2 , x 3 = la + am 3 2 
Since Xy X 2 , *3 are in A.P. 

(la + am 2 ) + (la + ami) = 2 (2 a + ami ) 

=> m 2 + m 2 = lm 2 
Also, from (1), m r +m 2 + m 3 = 0, 

m 2 m 3 + m 3 m^ +m< [ m 2 = — — - 

k a 
and m x m 2 m 3 = — 

From (3), 

(mi + m 3 ) 2 = m 2 => m t 2 + m 3 2 + 2m! m 3 = m 2 2 

=> lm 2 -l.-^—=m 2 => 

«m 2 z ^ am 2 

=> am\-lk 

Since m 2 is a root of (1), am 2 + m 2 (2/7 - h) + k = 0 
=> 2k+m 2 (la-h) + k = 0 

=> {m 2 (ft - 2d)} 3 = 2 7k 3 =>—(h - 2 a ) 3 = 27 it 3 

a 

=> 27ak z = 2(h-2a) 3 . 

Hence the locus of (h, k) is 27 ay 2 = 2(x - 2a) 3 . 


... ( 2 ) 
... (3) 

... (4) 
... (5) 
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MOCK TEST PAPER 


ISI 2010 


Indian Statistical Institute 


PART - A 


Multiple Choice Question type 



1. On a standard die one of the dots is removed at 
random with each dot equally likely to be chosen. 
The die is then rolled. What is the probability that 
the top face has an odd number of dots? 

10 


w £ 


<«£ 


6 

( d ) 11 


(a) A 
11 

2. Three circles of radius s are drawn in the first 
quadrant of the xy - plane. The first circle is tangent 
to both axes, the second is tangent to the first circle 
and the x-axis, and the third is tangent to the first 
circle and the y-axis. A circle of radius r > s is tangent 
to both axes and to the second and third circles. 
What is r/s? 

(a) 5 (b) 6 (c) 8 (d) 9 

3 The equiangular convex hexagon ABCDEF has 
AB = 1, BC = 4, CD = 2, and DE = 4. The area of the 
hexagon is 

(,) M (b, ,6 (c) M (d) ^ 


2 - • 4 4 

4 A point P is chosen at random in the interior of 
an equilateral triangle ABC. What is the probability 
that A ABP has a greater area than each of A A CP and 
A BCP? 

1 
2 

5 How many 15-letter arrangements of 5 A's, 5 E's, 
and 5 C's have no A's in the first 5 letters, no B's in 
the next 5 letters, and no C's in the last 5 letters? 

,3 

(b) 3 5 .2 5 


(3) \ 


(» \ 


(C) \ 


(d) 


(a) 

(c) 


5 

I 

lc=10 


^15 


(d) 


151 

( 5!) 3 


6 Circles A, B and C are externally tangent to 
each other and internally tangent to circles D, circles 


* ALOK KUMAR, B.Tech, IIT Kanpur 

B and C are congruent. Circle A has radius 1 and 
passes, through the centre of D. What is the radius 
of circle B? 


(a) 

(0 


S 

2 

8 

9 



7. Three points are chosen randomly and 
independently on a circle. What is the probability 
that all three pairwise distances between the points 
are less than the radius of the circle? 

1_ 

18 


(a) Te 


(b) 


( e ) 12 


< d > ? 


8 Call a number "prime - looking" if it is composite 
but not divisible by 2, 3 or 5. The three smallest 
prime - looking numbers are 49, 77, and 91. There 
are 168 prime numbers less than 1000. How many 
prime - looking numbers are there less than 1000? 
(a) 100 (b) 102 (c) 106 (d) 108 

9. In triangle ABC, side AC and the perpendicular 
bisector of BC meet in point D, and BD bisects /.ABC. 
If AD = 9 and DC = 7, what is the area of triangle 

ABD ? 

(a) 14 (b) 28 (c) uS (d) 28V5 

10. A circle centered at A with a radius of 1 and a 
circle centered at B with a radius of 4 are externally 
tangent. A third circle is tangent to the first two and 
to one of their common external tangents as shown. 
The radius of the third circle is 


Alok Kumar is an INDIAN NATIONAL MATHS OLYMPIAD WINNER. He currently trains IIT aspirants at 

IIT SPARK ACADEMY, NARAYANA, HYDERABAD. 
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(a) l 



4 

(d) o 


11. Three mutually tangent spheres of radius 1 rest 
on a horizontal plane. A sphere of radius 2 rests on 
them. What is the distance from the plane to the top 
of the larger sphere? 

(,) 3 + ^ (b) 

2 3 

(0 (d) K 

4 9 

12. All three vertices of an equilateral triangle are 
on the parabola y = x 2 , and one of its sides has a 
slope of 2. The ^-coordinates of the three vertices 
have a sum of m/ti where m and n are relatively 
prime positive integers. What is the value of 
t n + n? 

(a) 14 (b) 15 (c) 16 (d) 17 

13. The number of pairs of positive integers (m, n) 

with m < n such that the difference between the with 
and nth triangle numbers is equal to 2006, is 
(a) 1 (b) 2 (c) 3 (d) 4 

14. The 2007 th term of the Arithmetical progression 
whose first three terms are x, I x + II and \x - 1 
can be 


(a) 


4013 


(b) 


8021 


8023 


9011 


(0 -T- <d) o 


2 2 w 2 v ~' 2 
15. The number of integers (m, n) such that 

m 2 + (m + l) 2 = n A + (n + l) 4 is 

(a) exactly one (b) exactly two 

(c) infinitely many (d) none of these 


16. The number of integers 'ri such that 


n 3 - 1 . 


(b) exactly three 
(d) none of these 


a prime number is 
(a) exactly one 
(c) exactly five 

17. An ordered triplet (a, b, c ) where a, b, c are non 
zero reals is said to be good if each of a, b, c is the 
product of the other two. The number of such good 
triplets is 

( a ) 1 (b) 2 (c) 3 (d) 4 

18. The number of values of * for which the numbers 

14a: + 5 17jc — 5 u tl _ L . . 

— - — and both be integers is 

9 12 o 


(a) exactly one (b) exactly three 

(c) infinitely (d) none of these 

19. The number of ordered pair solutions ( x , y) in 

integers of the equation x 2 + 2y 1 = x 2 y 2 - 2000, is 
(a) 4 (b) 6 (c) 8 (d) 10 

20. Let AT], x 2 be the roots of the equation x 2 +px- — = 0 

. 2 p 2 

where x is the unknown and p is a real parameter. 
Then the least value of xf + x 2 4 is 

(a) 2 + V2 (b) 2 + 2 J 2 

(c) 4 + V2 (d) 4 + 2V2 

21. The number of positive integral values of ‘ri for 

which (u 3 - 8n 2 + 20 n - 13) is a prime number, is 
(a) exactly one (b) exactly three 

(c) exactly five (d) none of these 

22. Given a system of equations a + b = 2m 2 , 
b + c = 6m, a + c = 2 where ‘m’ is a real number. 
The range of values of m such that a < b < c, is 
given by 


(a) =-<>m< 2 
3 

(c) —<m<2 
3 


(b) j<w< 1 
(d) < m < 1 


23. Let n be an odd integer. Then the number 

(n 3 + 3n 2 - n - 3) is 

(a) always divisible by 48 for all n 

(b) not divisible by 24 for some n 

(c) always divisible by 96 for all n 

(d) not divisible by 96 for any n 

24. The number of pairs (x, y) of positive integers 
such that x 2 — y 3 = Ary + 61„ is 

(a) exactly one (b) exactly three 

(c) infinitely many (d) none of these 

25. If ax 2 = by 2 = cz 2 and — + — + - = l . 

x y z 

Then ^jax 2 + by 2 + cz 2 equals 
( a ) \fa + yfb + yfc (b) 

(o ^7 + ^ + ^ 

26. Let a, b> 0 satisfy 4|\ + ^-]-2of- + -)+33<0 

_ ma x{a,b\ ^ a ) U a ) 

Then i — i. equals 

min[/i,bj 

(a) 1 (b) 2 (c) 3 (d) 4 

27. A circle of raduis 5 cm passes through two 
adjacent vertices of a square. A tangent to a circle 
drawn from a third vertex of the square is twice 


Va + yfb + s/c 


(d) ^ + i/b + ifc 
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the length of the side of the square. The side of the 
square is 

(a) \l\0 (b) \f5 ( c ) 2>/l0 (d) 2^5 

28. The number of negative roots of the equation 
x 4 - At 3 - 6x 2 - 2x + 9 = 0 is 

(a) 0 (b) 1 (c) 2 (d) 3 

29. The number of pairs ( x , y) where at, y are integers 
such that at 3 + ll 3 = y 3 is 

(a) 2 (b) 4 (c) 6 (d) 8 

30. The number of solutions of I [at] - 2x 1 =4, where 
[x] is the greatest integer function, is 

(a) 1 (b) 2 (c) 3 (d) 4 


PART - B 


1 . Determine all triplets (x, y, z) of positive integers 
which are solutions of 2x 2 y 2 + 2y 1 z 1 + 2 zV - x 4 - y 4 
- z 4 = 576 

2. Find a point P inside a triangle ABC such that 
the product of its distances from the sides is a 
maximum. 

3 a, b, c, d are real numbers such that 
a 2 + b 2 


+ ( fl - b) 2 = c 2 + d 2 + (c - d) 2 , show that 
a 4 + b 4 + (a- b) 4 = c 4 + d 4 + (c - d) 4 , 

4. Find all triplets (x, y, z) of positive integers 
satisfying 2 X + 2 y + 2" = 2336. 

5. Inside a unit square, all isosceles triangles whose 
base is a side of the square, and whose vertex is the 
midpoint of the opposite side are drawn. Find the 
area of the octagon determined by the intersection 
of these four triangles. 

6. How to inscribe a square in a given triangle so 
that one side may lie along a side of the triangle. 

7. (i) Determine the set of positive integers n for 
which 3" + 1 divides 2 3 " +1. 

(ii) Prove that 3" + 2 does not divide 2+1 for any 
positive integer n. 

8. Let 'a' be a real number such that a 5 - fl 3 + a = 2. 

Prove that 3 < < 4. 

9. Suppose* a and b are two positive real 
numbers such that the roots of the cubic equation 
x 3 - ax + b = 0 are all real. If a is a root of this 
cubic with minimal absolute value prove that 

b „ 3b 
-<a<— . 
a 2 a 

10. Let ABC be a triangle and h a be the altitude 
through A. Prove that ( b + c) 2 > a 2 + 4/i„'. 

(As usual a, b, c denote the sides BC, CA, AB 
respectively.) 


SOLUTIONS 
PART - A 


1. 1st Solution A stsndcird dio has a total of 21 
dots. For 1 < n < 6, a dot is removed from the face 
with n dots with probability n/21. Thus the face that 
originally has n dots is left with an odd number of 
dots with probability n/21 if n is even and 1- n/21 if 
n is odd. Each face is the top face with probability 
1/6. Therefore the top face has an odd number of 
dots with probability 

HHK-HH-N)) 

= lf 3+ A 

6 V 21 J 6 21 21 

2nd Solution : 

The probability that the top face is odd is 1/3 if a dot 
is removed from an odd face, and the probability that 
the top face is odd is 2/3 if a dot is removed from 
an even face. Because each dot has the probability 
1/21 of being removed, the top face is odd with 
probability 

33 " 


21 


63 21 


2. Consider a right triangle as shown. By the 
Pythagorean Theorem, 

(r + s) 2 = (r - 3s) 2 + (r - s) 2 

so r 2 + 2rs + s 2 = r 2 - 6rs + 9s 2 + r 2 - 2rs + s 2 
and 0 = r 2 - lOfs + 9s 2 = (r - 9s)(r - s) 

But r * s, so r = 9s and r/s = 9 



Alternatively, Because the ratio r/s is independent 
of the value of s, assume that s = 1 and proceed as 
in the previous solution. 

3. (c) : Extend FA and CB to meet at X, BC and 

ED to meet at Y, and DE and AF to meet at Z. The 
interior angles of the hexagon are 120°. Thus the 
triangles XYZ, ABX, CDY and EFZ are equilateral. 
Since AB = 1, BX = 1, Since CD = 2, CY = 2. Thus 
XY = 7 and YZ = 7. Since YD = 2 and DE = 4, EZ = 1. 
The area of the hexagon can be found by subtracting 
the areas of the three small triangles from the area 
of the large triangle. 
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4. 1st Solution : Since the three triangles ABP, 
ACP, and BCP have equal bases, their areas are 
proportional to the length of their altitudes. 

Let O be the centroid of A ABC, and draw medians 
AOE and BOD. Any point above BOD will be farther 
from AB than from BC , and any point above AOE 
will be farther from AB than from AC. Therefore the 
condition of the problem is met if and only if P is 
inside the quadrilateral CDOE. 


C 



If CO is extended to F on AB, then A ABC is divided 
into six congruent triangles, of which two comprise 
quadrilateral CDOE. Thus CDOE has one - third the 
area of A ABC, so the required probability is 1/3. 


2nd Solution: 

By symmetry, each of A A BP, AACP, and A BCP is 
largest with the same probability, so the probability 
must be 1/3 for each. 


5. (a) : Since the first group of five letters contains 

no A's it must contain k B's and (5 - k)C's for some 
integer k with 0 < k < 5. Since the third group of 
five letters contains no C's, the remaining k C's must 
be in the second group, along with (5 - A:) A's. 
Similarly, the third group of five letters must contain 
kA's and (5 - k) B's. Thus each arrangement that satisfies 
the conditions is determined uniquely by the location 
of the kB's in the first group, the kC's in the second 
group, and the kA's in the third group. 

For each k, the letters can be arranged in 
so the total number of arrangements is 


5 

I,, 

k=o[k 


ways, 

3 


6. Let E, H and F be the centres of circles A, B and 
D, respectively, and let G be the point of tangehcy 
of circle B and C. Let x = FG and y = GH. Since the 
centre of circle D lies on circle A and the circles have 
a common point of tangency, the radius of circle D 
is 2 which is the diameter of circle A. Applying the 
Pythagorean theorem to right triangles EGH and 
FGH. gives 

0 + y) 2 = (1 + *) 2 + y 2 and (2 - y) 2 = x 2 + y 2 

X 2 y2 

From which it follows thaty = A: + — and y - 1 



The solutions of this system are (x, y) = (2/3, 8/9) and 
(*/ y) = (-2, 0). The radius of circle B is the positive 
solution for y which is 8/9. 

7. We can assume that the circle has its centre at 
(0, 0) and a radius of 1. Call the three points A, B 
and C, and let a, b, and c denote the length of the 
counterclockwise are from (1, 0) to A, B and C, 
respectively. Rotating the circle if necessary, we can 

also assume that a = —. Since b and c are chosen 

at random from [0, 2n), the ordered pair (b, c) is 
chosen at random from a square with area An 2 in 
the be - plane. The condition of the problem is met 

if and only if 0 < b < -^,0 < c < — and\b-c\<- 
3 3 3 



This last inequality is equivalent t ob- — <c<b + — 

3 3 

The graph of the common solution to these 
inequalities is the shaded region shown. The area 
of this region is 

^ )(t ) = T S0/ ^ e recjuired P robabilit y is 


tc 2 /3 


4tt 


12 ' 
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8. Of the numbers less than 1000 - 499 of them 
are divisible by two, 333 are divisible by 3, and 199 
are divisible by 5. There are 166 multiples of 6, 99 
multiples of 10, and 66 multiples of 15. And there 
are 33 numbers that are divisible by 30. So by the 
Inclusion - Exclusion Principle there are 
499 + 333 + 199 - 166 - 99 - 66 + 33 = 733 
numbers that are divisible by at least one of 2, 3 or 
5. Of the remaining 999 - 733 = 266 numbers, 165 are 
primes other than 2, 3, or 5. Note that 1 is neither 
prime nor composite. This leaves exactly 100 prime 
looking numbers. 

L AB 9 

9. (d) : By the angle - bisector theorem, — = -. 

Let AB = 9x and BC = 7x, let mZABD = mZCBD = 0, 
and let M be the midpoint of BC. Since M is on the 
perpendicular bisector of BC, we have BD = DC = 7. 
7 a:/ 2 _x 

~~ 2 

B 


2>/3 

is directly above D. Because AE — 3 and AD - ^ 

it follows that 


Then cos0 = - 




DE = 1 3 : 


#14 


Because D is 1 unit above the plane and the top of 
the larger sphere is 2 units above E. The distance 
from the plane to the top of the larger sphere is 

J69 


3 + - 


3. 


12. 1st Solution : Suppose that the triangle has 
vertices A(a, a 2 ), B(b, b 2 ) and C(c, c 2 ). The slope of 


b 2 ~ 2 


9 D 7 

Using the law of cosine to A ABD yields 

9 2 =(9x J )+(7) 2 -2(9x)(7)[|] 

From which a = 4/3 and AB = 12. Apply Heron's 
formula to obtain the area of triangle ABD as 

V14.2.5.7 =14>/5 • 

10. (d) : Let D be the intersection of the horizontal 
line through A and the vertical line through B. In 
right triangle ABC, we have BC = 3 and AB - 5, so 
AC - 4, Let x be the radius of the third circle, and D 
be the centre. Let E and F be the points of intersection 
of the horizontal line through D with the vertical 
lines through B and A, respectively, as shown. 

In A BED we have BD = 4 + x and BE = 4 - x, so 
DE 2 = (4 + .v) 2 - (4 - x) 2 = 16*. 

and DE = 4>/x. In A ADF we have AD = 1 + x and 
AF = 1 + x, so FD 2 - (1 + X) 2 - (1 - X) 2 = 4.t 
and FD = 2-Jx. Hence, 4 = AC = FD + DE 

2 

= 2\fx + i'fx = 6\fx and Vx = - , which implies 
4 

X ~ 9 

11. (b) : Let A, B, C and E be the centres of the three 
small spheres and the large sphere, respectively. 
Then AABC is equilateral with side length 2. If D 
is the intersL . i.vin of the medians of A ABC, then E 


line segment AB is — — -~ = b + a 

so the slopes of the three sides of the triangle have 
a sum 

(b + a) + (c + b) + (a + c) = 2. — 
n 

The slope of one side is 2 = tan0, for some angle 0, 
and the two remaining sides have slopes. 

( tan 0± tan ( 71 / 3) 2±V3 8±5>/3 

tan^0~3j 1 =p tan 0 tan ( 71 / 3) lq=2>/3 H 

Therefore 

*-1(2- 

n 2\ 

Such a triangle exists. The x - coordinates of its 
{U±5S) and - 19 


B + _8-5>/|'|__3. and m + n = 14 

11 11 ) 11 


vertices are 


11 11 

2nd Solution : 

Define the vertices as in the first solution, with the 
added stipulations that a < b and AB has slope 2. 
h 2 -n 2 

Then 2 = = b + a, so a = 1-k and b = 1 + k 

b-a 

For some k > 0. If D is the midpoint of AB, then 

{\-kf + (l + kf 


D = 


V 


= (l,l + k 2 ) 


The slope of the altitude CD is -1/2, so 
1 - c = 2(c 2 -1 -fc 2 ) 
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CD 2 =^AB 2 = ^(2k) 2 + (4k) 2 =m 

4 4 


Because hABC is equilateral, we also have 

= 15 k 2 

Hence f(l-c) 2 = 15k 2 ,sok 2 =^^_ 

4 12 

Substitution into the equation 1 - c = 2 (c 2 - 1 - it 2 ) 
yields c = 1 or c = - 19/11, Because c < 1, it follows 

that fl + fr + c = 2-^ = -^- = — /S o m + n = 14 
11 11 n 

13. The numbers 1, 3, 6, 10, 15........ are called 

triangular numbers because they can be visualized 
as below 

O 

O O O 

O O O O O O 
O OO OOO OOOO 
It is easily seen that 
1 = 1 
3 = 1+2 
6 = 1 + 2 + 3 etc 

« th triangular number is 1 + 2 + 3. +n = ’llRlll 

2 

, m(m + 1) n(n + l) 
we have = 2006 

=7 m(m + 1) - n(n + 1) = 4012 
=> (w - «)(m + « + 1) - 4012 = 2 2 x 17 x 59 
••• {m - n)(m + n + 1) = 1 x 4012 or 4 x 1003 or 
17 x 236 or 59 x 68. 

=* (m, n) = (2006, 2005), (503, 499), (126, 109), (63, 4). 

14. x,\x + 11,1* - II are in A.P. 

When -1 < x < 1 we have x, x + 1, 1 - x are in AP. 

(2*+1) = 1- jc + x 

x+l = - =>x=-~ 

2 2 

The first three terms are Common 

difference is 1. 2 2 2 

f 2007 = " ^ + (2006). 1 = 2006 - - = - — — = 

2 2 2 2 

when x < -1 

x, - (x + 1), 1 - x are in A.P. 

-2x-2 = l- x + x =>-3 = 2x=> x = -- 

3 15 2 

The first three terms are — 

2 2 2 

^2007 = "t (2006) (2) 

(Here 2 is the common difference.) 


2 4 2 • 

15. (d) : Given m 2 + (m + l) 2 = n 4 + (n + l) 4 
m 2 + m 2 + 2m + 1 = n 4 + n 4 + 4n 3 + 6 n 2 + 4« + 1 
=> 2»i 2 + 2m = 2n 4 + 4n 3 + 6n 2 + 4n 
=> m 2 + m = ti 4 + 2n 3 + 3« 2 + 2w 
m 2 + m + 1 = n 4 + 2n 3 + 3n 2 + 2« + 1 
= (n 2 + « + l) 2 

RHS is a perfect square. Let us prove that LHS cannot 
be a perfect square for any integer m. 

One way of proving it is to establish that 
m + m + 1 lies between two successive squares 
m 2 < m 2 + m + 1 < m 2 + 2m + 1 
(i.e.,) m 2 < m 2 + m + 1 < (m + l) 2 
w 2 + m + 1 cannot be a square. 

Therefore these cannot be integers m, n such that 
the equation holds. 

16 • n “1 (?i — \)(n~ + n + 1) , ru . 

ib. (a; . — - — = . This must be a 

prime number. 

Since it must be an integer first. ( n - 1 )(« 2 + n + 1) 
must be divisible by 5. 

Let n-l = 5k (i.e.,) n = 5k+l 
n 2 + n + l=(5k+l) 2 + (5k + l)+l 
= 25^ + 10A: + l + 5it+l + l 
= 25it 2 +15it + 2 

When k = 1, n - 1 = 5, n 2 + n + 1 = 43 

« 2 -l 5x43 „„ L . 

— ^ — = — - — = 43 which is a prime. 

n z 

Then — - — = k(h 2 + n + 1) becomes composite (Note 

the presence of k) 

n = 6 is the only value. 

17. (c) : As per the given condition a = be, b = ca , 
c = ab 

> abc = (abc) 2 => (abef - (abc) = 0 

- 1] = 0 

Since a, b, c are non-zero, have abc = 1. 

>bc = ~ and be = a 
a 

> a = - => a = ±l,b = ±l,c = ±l. 
a 

The triplets are (1, 1, 1), (1, -l, -i), (_i, lt 
( — — 1/ 1). But (—1, —1, -1) will not satisfy. 

14x + 5 

18. (d) : — - — will be an integer if (14x + 5) is a 

multiple of 9. When a number is a multiple of 9, 
then it is a multiple of 3 also. 

14* + 5 = 12jc + 2x + 5 = (12* + 3) + (2* + 2) 

(12* + 3) is a multiple of 3. .-.(2* + 2) must be a 
multiple of 3. 
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is an integer means 17 a: — 5 is a multiple 


12 


17a-5 
12 

of 12 or a multiple of 3 and 4. 

17a - 5 = (15a: - 6) + (2a + 1) 

15* - 6 is a multiple of 3 => (2x + l)must be a 

multiple of 3. 

2x + 1 and 2a: + 2 must be multiple of 3. 

But 2a: + 1 and 2a + 2 are consecutive integers. They 
cannot be multiples of 3 simultaneously. 

, . 14a + 5 . 14a -5 

There are no integer a for which — - — an< 

are both integers. 

19. The equation is x 2 + 2 y 2 = a 2 ]/ 2 - 2000^ 

The first two terms can be written as A“(y - 1) 

But the third term is not cooperating to take anything 
common. 

If a{y 2 - 1) factor is present there is some hope. 

We can achieve this by adding 2 on both sides. 
aV - A 2 - 2^ + 2 = 2002 
aV - 1) - 2(y 2 - 1) = 2002 
=> (A 2 - 2)(y 2 - 1) = 2002 
We want integers x, y. 

(a 2 - 2)(y 2 - 1) = 1 x 2002 or 2 x 1001 or 7 x 286 or 
11 x 182 or 13 x 154 or 14 x 143 or 22 x 91 or 26 
x 77, we get a = ±4, y = ±12. 

The solutions are (4, 12), (- 4, 12), (4, - 12), (- 4, - 12). 

1 


20. (a) : Ai, a 2 are the roots of x 2 +px--—^-0 
a 1+ a 2 = -p, 

Let us now find x* + a 2 4 in terms of p. 


-KJ 

4 1 

= p+ T + 2 

Now A.M. > G.M. inequality applied to gives I U (/- y - \)(x 2 + Ay + y 2 ) + a 2 + y 2 = 61 

. p Now. u<a=>(a-v - l)(ir + xy + y)> 


.( 1 ) 


„ 4 . 1 

P + TT 




-JULip-, 

2 f 2p 4 

2 from (1) =* x* +x\> 2 + \fl 
2p 4 

21 (b) * We observe that when n = 1, 
n 3 - 8 m 2 + 20m - 13 = 1- 8 + 20- 13 = 0 
(n - 1) is a factor of n 3 - 8m 2 + 20m - 13 
Factorizing completely we get (n - l)(n - 7n + 13) 
and if it is a prime, 1 must be a factor and the other 


must be a prime. 

Let n-l = l=^tt = 2=*. The other factor is 
4 _ 14 + 13 = 3, a prime. 

When n = 2, n 3 - 8 k 2 + 20m - 13 is a prime 
Let n 2 - In + 13 = 1 => n 2 - 7n + 12 = 0 
(n - 3)(n - 4) = 0 

n = 3 => n 3 - 8n 2 + 20ri -13 = (n - l)(n 2 - 7« + 13) 

= 2 x 1 = 2 prime 

„ = 4 => n 3 - 8« 2 + 20n - 13 = (n - l)(n 2 - 7n + 13) 

= 3><1 = 3 prime 

For m = 2, 3, 4 the expression (m 3 - 8 m^ + 20m - 13) 
is a prime. 

22. (b) -.From the given equations solve for a, b, c. 
a = m 2 - 3m + 1, b = m 2 + 3m - 1, c = -m 2 + 3m + 1. 
we have 

m 2 - 3m + 1 < m 2 + 3m - 1 < -m 2 + 3m + 1 

i < m < 1 
3 

When n = 1/3 we get a = b < c 
When m = 1 we get a < b = c. 

23. As n is odd. Let n = 21c - 1. 

S = n 3 + 3n 2 - ii - 3 
- (21c - l) 3 + 3(21: - l) 2 - (21c - 1) - 3 
= SJt 3 - 1 - 6lc(21c - 1) + 3(41^ - 41c + 1) - 21: + 1 - 3 

gfc 3 - 1 - 121c 2 + 6 k - 121c 2 + 3 - 21c +1-3 

_ gj^3 _ gj^ 

= 8/c(^ - 1) = 8 k(k - 1 )(k + 1) 

= 8fc(Jlc - l)fc(fc + 1) 

k — 1, k, k + 1 are consecutive natural numbers. 

one of them is divisible by 3 and atleast one of 
them is even so divisible by 2. 

. . It is divisible by 6. 

It is of the form 6\ where X is an integer. 

S = 8 * 6X = 48X. 

S is divisible by 48. 

24. (a) : Observe that, since RHS is positive LHS 
must be positive => y < X. 

We have a 3 - y 3 - xy = 61. 

=* (a - y)tf + xy + y 2 ) - xy = 61 
(a- - y)(A 2 + Ay + y 2 ) + a + y 2 -xy - at - y = 61 

c 2 + Ay + y ) + a 2 + y 2 = 61 (1) 

Now, y<A=>(A-y - IXa 2 + Ay + y 2 ) > 0. 

v 2 + y 2 =^61 =>x< 6, y<5 with y < x, x - 6, 

y = 5 is a solution. 

2 , 2 2 1 1 1 

25. ( C ): Given ax = by~=cz , 


Let us consider y[ax~ + by~ +cz 2 

\ a y z 


in/ 3 cz' 
- + - 2 - + — 

y z 
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= 3 ax 


<M 41 - 


x(a) 


, 1/3 


Thus if we take K = \jax*~+by*Vcz* 
K = xa m 

Similarly K = ya w , K = zc 1 ' 3 


>- = -a 1/3 ,- = -b m - = i c 
X K y K ' z k 


,1/3 


_. Ill, 

Given — + - + - = 1. 

x y z 

( a v 3 + b 1/3 + c V3 ) = k^K = y[a + yfb + ^/c 
^/ax 2 + &y 2 +cz 2 = ^/a + ^b + ^ . 

26. a>0,b>0 and 4^ + ^. j-20^ + ^ j+33<0 

4 ((H) - 2 )- 20 (H ) +33s0 
mi (H) - 20 (H ) +25s0 
=( 2 (H)- 5 ) so 

The square of a real number cannot be negative. 

= 2 (H)- 5 -° = 2 (i) + ^j- 5 *° 

= 2 (i) - 5 (f) +2 -° = 

2a a 

=> — = lo r- = 2 
b b 

=> 2a = b or a = 2b. 

27. (a) :Let the side of the square be x. 

Given AT = 2,r. 

We have AD.AE = AT 2 
x(x + DE) = Ax 2 
x + DE = Ax 
DE = 3*. 

CE = 10 

=> x 2 + 9X 2 = 100 
=* lOx 2 = 100 => x 2 = 10 

=> x = VlO cm. 

28. (a) :The given equation is x 4 - x 3 - 6X 2 - 2x + 
9 = 0. Rewriting the equation we get 
* 4 - 6r + 9 - * 3 - Zr = 0. 

{x 2 - 3) 2 - x(x 2 + 2) = 0 
If a: is negative (x 2 - 3) 2 - x(x 2 + 2) is positive. It 



cannot be zero. 

The equation cannot have negative roots. 

29. (a) :r*+ 113 = y 3 

y 3 - x 3 = ll 3 => (y - x Xy 2 + yx + x 2 ) - ll 3 
Case I :Let y-x=l=*y=l + x and y 2 + x? + yx = ll 3 
i-e., y = 1 + x and y 2 + x 2 + yx = 1331 
(1 + x) 2 + x 2 + x (1 + x) = 1331 
3X 2 + 3x + 1 = 1331 

When LHS is divided by 3 the remainder is 1 when 
RHS is divided by 3 the remainder is 2. 

There cannot be integers x, y such that y - x = 1 
and y 2 + x 2 + yx = 113 
Case II :y - x = 11 and y 2 + x 2 + xy = 121 
=> y = x + 11 

(x + ll) 2 + x 2 + x(x + 11) = 121 
3X 2 + 33x + 121 = 121 

3X 2 + 33x = 0 => 3x(x + 11) = 0 
x = 0, x = 11 

When x = 0, y = 11 and x = -11, y = 0 
Case III :y - x = ll 2 x 2 + y 2 + xy = 11 
y = 121 + x => x 2 + (121 + x) 2 + x(121 + x) = 11 
3X 2 + 36x + 121 2 = 11 
The discriminant < 0 no real values for n. 

Case IV :y - x + ll 2 , x 2 + y 2 + xy = 1 
y = 1331 = x, x 2 + y 2 + xy = 1 
If we substitute y we find a quadratic in x whose 
discriminant < 0. 

Therefore, only solutions are (0, 11) and (-11, 0). 

30. (d) : Case I :When x is a whole number. 

Then (x) = x. The equation reduces to lx - 2x1 =4. 
l-xl = 4 x = ±4 
Case II :Let x be not a whole number. 

Let x = n + / where 0 < / < 1. 

[x] = n 

Given equation becomes I n - 2 (n + f) I =4 
-n -2/1=4 

n + 2/ = ±4 or n = ±4 -2/ 

« is a whole number =* RHS must be a whole 
number 

n = ±4 - 1 i.e., n = -5 or n = 3 

1 1 9 7 

:.x = n + f = -5 + — or 3 + — i.e., x = — or — 

2 2 2 2 

The solutions are 4, -A, — - 
2 '2 


PART - B 


1. we have to find the positive integers x, y, z such 
that 

2x 2 y 2 + 2 y 2 z 2 + 2z 2 x 2 - x 4 - y 4 - z 4 = 576. 

Let £ = 2x 2 y 2 + 2y 2 z 2 + 2zV - x 4 - y 4 - z 4 
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= 4*Y - [x 4 + y 4 - Z 4 + 2*y - 2y¥ - 2z 2 r 2 ] 

= 4x 2 y 2 - [x 2 + t/ 2 - z 2 ] 2 
= (2xy) 2 - (x 2 + f ~ z 2 ) 2 , , 

= (2xy + x 2 + y 2 - z 2 )(2 xy + z 2 - x 2 - y 2 ) 

= [(X + y) 2 - z 2 ][z 2 - (X - y) 2 | 

= (x + y + z)(x + y - z)(z + * ~ y)( z - x + y) 

The equation becomes 

(x + y + z)(x + y - z){x - y + z)(-x + y + z) = 576 

X/ y ; z are positive integers. We find that x + y + 2 

= (x + y - 2) + 2z 

=> All the factors are of same parity. 

=> All of them must be even. 

Let x + y + z = 2a, x + y - z = 2b, x - y + 2 = 2c, 

-x + y + z = 2d => abed = 36 

Without loss of generality assume — y — z 

=$a>b>c>d. 

We observe «-& + c + d. 36-6x3x2x1. This 
factorization is unique. 

=>n = 6, b = 3, c = 2, d = l 
x = 5, y = 4, z = 3 

Exploiting the symmetry of the equation, x, y, z can 
be cyclically changed. 

2. Let A be the area of the triangle ABC 
A = Area of A PBC + Area of A PCA + Area of A PAB 

• 1 1 . l 

A = -«x + -l>y + -cz 

=> ax + by + cz = 2A 

Apply A.M. - G.M. inequality to ax, by, cz 
<E±J2±E>(qxbycz) m 


> axbycz < 



Since a, b, c are constants, xyz attains its maximum 

when axbycz is maximum and it happens when 

ax = by = cz - fc(say) 

k k k 
=>x = -,y=7,z=- 
a * b c 

1 1 1 
* : y : z = - : - : - 
a b c 

cix - by = cz => Area of A PBC = Area of A PCA 
Area of A PAB. 

=> p is the centroid of the triangle ABC. 

3. (a - b) 4 = [(a - b) 2 ] 2 = (a 2 + & 2 - 2ab) 2 


= a 4 + b 4 + 4a 2 b 2 + 2a 2 b 2 - 4 ab 3 - 4a 3 b 

= a 4 + b 4 + 6a 2 b 2 - 4ab 3 - 4a 3 b ^ (!) 

Given a 2 + b 2 + (a - b)~ = c~ + d + (c — d) 

2 (a 2 + b 2 - ab) = 2(7 + d 2 - cd) 
a 4 + b 4 + a 2 b 2 + 2a 2 b 2 - 2ab 3 - 2 a 3 b 
= c 4 + d 4 + c 2 ^ 2 + 2c 2 d 2 - led 2 - 2c 3 d 
. a 4 + b 4 + 3 a 2 b 2 - 2ab 3 - 2 a 3 b 
a 4 + b 4 + 3a 2 b 2 - 2ab 3 - 2c 3 d 
2a 4 - 2b 4 + 6a 2 b 2 - 4ab 3 - 4c 3 d 
= 2c 4 + 2d 4 + (x?d 2 - 4 cd 3 - 4c 3 d 
. a 4 + b 4 + (a 4 + b 4 + 6 a 2 b 2 - 4ab 3 - 4a 3 b) 

=> c 4 + d 4 + (c 4 + d 4 + 67d 2 - 4cd 3 - 4dc 3 ) 

. „4 + j4 + (fl _ J,)4 = c 4 + + (c - d) 4 (using) (1) 

4. We have to find positive integers x, y, z such 

that 2* + 2 y + 2 2 = 2336. 

Let us first express 2336 in powers of 2 if 
possible. 

2336 = 2 3 x 73 

... 2* + 2 y + 2 : = 2 5 x 73. 

2* 2 y 2 : _ 

2 5 2 5 2 5 
2 I_5 + 2 y_5 + 2 I-5 = 73 
RHS is odd. LHS being powers of 2 is even .\ One 
of the terms must be odd. This is possible only when 
2*‘ 5 or 2 y ' 5 or 2 : “ 5 is 1 
Let 2 X - 5 = 1 =» x - 5 = 0 => x = 5 

1 + 2 y_5 + 2 2 ' 5 = 73 => 2 y_ 5 + 2 : 5 = 72 
2 y_5 + 2 Z ~ 5 = 8 x 9 = 2 3 x 9 
_^2 y_8 + 2 z_8 = 9 

Again RHS is odd, LHS is even. Thus one of the 
two terms is odd. 

Let 2 y_8 - 1 => y - 8 = 0 =» y = 8 
2 y_8 = 8 = 2 3 
_vz-8 = 3=>z = 11 

Since the equation is symmetric in x, y, z the solution 
set is (x, y, z) = (5, 8, 11), (8, 5, 11), (11, 5, 8), (5, 11, 8), 
(8, 11, 5), (11, 8, 5). 

5. 
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The octagon is PQRSTUVW. Let A be the area of 
the octagon. 

The figure is highly symmetric. It consists of four 
types of figures. 

Around the octagon these are 8 congruent triangles 
each of area X (say). 

Around that there are two types of 4 kinds of areas 
Y, Z each. 

Finally 8 congruent right angled triangles of area 
W each. 


N 



If the triangle LMN is reflected on LM we get another 
congruent triangled LN'M. 

The figure N'MM'U is a square clearly. 

Such squares, if-we recognize as in the diagram, 
there are 5 of side a (say). 5a 2 = 1 which is the 
area of the original square ABCD. 

5 

From the figure we have 

A + 4X = — 

5 

W = — 

4 5 20 

r + 2W = -=> Y = -L 

8 40 

X + Y+W = -.1. 1 = -L=*x- — 

2 3 2 12 120 

=>A = I_± = I 

5 30 6 


Using Basic proportionality theorem we get 
PQ_AP_PQ 
ED~ AE~ ~ 

where a is the side of square 




a) 


A 



Consider the triangle AEB, PR is parallel to BE 
^W_AP_PR ap 

EB AE~ a =>PR = AE a (2) 

From (1), (2) we get PQ = PR. PQRS is a sqU are. 


7. (a) : For both parts, the proof will be by induction 

on n. (i) For n = 1, 3 2 I2 3 + 1 and so the statement is 
true for n = 1. 

Suppose 3 i+1 l2 31 + 1 for some k. We have to show 
that 3** 1 2 3 ** 1 + 1. 

3 w I 2 3 *+ 1 => (3* +1 ) 3 l(2 3i + l) 3 
i.e. 3 3t+3 l2 3 * :+1 + 1 + 3.2 }k (2 3 * + 1 ). 

Since 3k + 3 > k + 2, the above expression implies 
that 3* +2 |2 3 * +1 + i + 3.2 3k (2 3k + 1) 

But 3 UI l2 3 Vl by the induction hypothesis and 
hence 3* +2 l 3(2 3 +1). Hence 3* +2 l2 3 ^ +1 + 1 and we 
are through. 


(ii) Here the induction hypothesis is that for any n, 
3" + ‘ does not divide 2 3 " + 1. 


6. Let ABC be the triangle in which a square has 
to be inscribed. The condition is that one side of 
the square is along a side (say BC). Construct the 
square BCDE on BC on the opposite side of A. 

Join AE, AD so that they respectively cut BC at P 
and Q. 

Erect perpendiculars at P, Q to meet respectively 
AB, AC at R and S. 

Clearly PQRS is a rectangle. We claim that it is the 
required square. 

We have to prove PQ = PR. 

Consider the triangle AED, PQ is parallel to ED. 


For n = 1 it is true that 3 3 does not divide 2 3 + 1. 
Suppose that 3 k *- does not divide 2 3< + l for some k. 
Proceeding as in (i) we get that 
3* +3 l2 3 * +1 + 1 + 3.2 3k (2 3k + 1). 

Now if 3* +3 divides 2 3 * +1 + 1, then 3* +3 divides 
3.2 3 (2 3 + 1) which in turn implies that 3* +2 divides 
2 +1 which is a contradiction to the induction 
hypothesis. Therefore 3‘ + 3 does not divide 
2 +1 and that finishes the proof. 

8. Consider a 6 + 1 

rt 6 + 1 = (« 2 ) 3 + 1 = ( a 2 + 1 )(< 7 4 + l). 
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We are given the value of a s - a 3 + a as 2. 

-HI 


reflect AC in this line to get AD. Let CD intersect l 
in P. Join BD. 


1 

fl+- I 1 \ 

-—0->Ja.-=*a + ->2 


The equality holds when a = 1 but a = 1 does not 
satisfy the equation. 


a 5 - a 3 + a = 2 

„ 6 > 3 => 3 < a' 

.6 


:. a + -> 2 

a 


a 6 + 1 > 4 



To prove fl 6 < 4. 

From given we have a 3 + 2 = a + a. 
Dividing throughout by a 3 we get 


.2 ,2 + 1 

1 + _ 3 =a + T 

a 3 fl 


2 1 

<r+-r T , i 
_A_> L 2 -- => a 2 +-j>2 
l \ a 2 « 


2 

l + 4> 2 

a 


_?_ > i =» a 3 < 2 => fl 6 < 4 3 < fl 6 < 4. 

fl 3 


But 

2 >1 =*a 3 

9 Let a, p, y be the roots of the given cubic 
x 3 - ax + b = 0, where a > 0 and b > 0. We have 

then 

a + p + y =0 

ap + pY + 7“ = ' " (1) 

apY = -^ 

From the last of these equations, we see that either 
all the roots are negative or two are positive and one 
negative. However the second equation in (1) shows 
that all three cannot be negative. So two of a, P, Y 
are positive and the remaining root is negative. The 
first equation in (1) implies that the negative root is 
numerically larger than the other two positive roots. 
Hence we may assume that that y < 0 < a < P where 
lal < I pi < lyl- We have , 3 n 

b - aa = - aPY + <*( a P + Py + Y°0 = a (P + Y) - ““ < a 

Since a is positive, we get h - < a proving the first 
inequality. 

Again, we have 

3b - 2aa = -3aPy + 2a(aP + Py + Y«) 

= -afty + 2a 2 P + 2a 2 y = a[2a(P + y) - Py] 

= a[-2(P + Y) 2 - PY] ( since « = "(P + Y)) 

= -a(2p + Y)(P + 2y) = -«(P * <*)(Y “ a ) 

Observe that -a < 0, p > a, y - a < 0. Hence 3b - 2a* 
is non-negative. This proves the second inequality, 
* 3 b 
2 a 

10. Draw a line / parallel to BC through A and 
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Observe that CP = PD = AQ = K AQ being the 
altitude through A. We have 

b + c = AC + AB = AD + AB £ BD = JcD^+CB 3 

= ^4/i 2 +a 2 . 

which yields the result. Equality occurs if and only 
if B, A, D are collinear, i.e., if and only if AD - AB 
(as AP is parallel to BC and bisects DC) and this is 
equivalent to AC = BC. 

Alternatively, the given inequality is equivalent to 
(b+cf - a 2 > 4/i 2 = — — > 

where A is the area of the triangle ABC. Using the 
identity 16A 2 = [(b + c) 2 - a 2 ] [« 2 - 0> - c) ] 

we see that the inequality to be proved is 
a 2 - (b- c ) 2 ^ a 2 (here we use a < b + c) which is true. 
Observe that equality holds if and only if b = c. “ 
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a 2 +b 2 


(a) 2/5 (b) 4/5 (c) 6/5 (d) 8/5 

16. The sum of squares of deviation is least when 
measured from 

(a) median (b) mean 

(c) mode (d) none of these 

17. The mean of the binomial distribution 
\x / „ \10-* 


io. 


(a) 4 


(b) 5 


x = 0, 1, 2, ....,10 is 
(c) 6 (d) 0 


18. If sin P = -i sin(2a + P), then , t ? n ( a + P) = 

5 tana 

(a) 5/3 (b) 2/3 (c) 3/2 (d) 3/5 

19. The shortest distanc^^jphe p^int (9, -12) froij 

the circle x 2 + y 2 1 16 
(a) 7 units 1 ^^11 i»its 

(c) 15 units 9 ^40 4 urfts 

20. The equation of the plane perpendicular to the 

line 1-zJ. = = £±1 and passing through the 

point (2, 3, 1) is 


(c) 


(d) - 


(a 2 +& 2 ) 


I istance^he Mint (9, -12) froMU 2 1 

rS:i 7r6'f| 

Statement-2 : f (x) 


b v ~' b 

Directions : This section contains 5 questions numbered 
26 to 30. Each of these questions contains two statements, 
statement-1 (assertion) and statement-2 (reason). Each question 
has four choices (a), (b), (c) and (d) out of which only one is correct. 
Mark your responses from the following options. 

(a) Statement- 1 and statement-2 are true and statement-2 is 
the correct explanation of statement- 1 . 

(b) Statement- 1 and statement-2 are true but statement-2 is not 
a correct explanation of statement- 1 . 

(c) Statement- 1 is true but statement-2 is false. 

(d) Statement-1 is false but statement-2 is true. 

26. Statement-1 • If / (x) = x - x 2 + 1 and 


f <x}, then jg(x) = ^- 


24 


(a) r (i + j + 2k) = l 
(c) r-(i-'j + 2k) = 7 


(b) r -(i - j + 2k) = l 
(d) none of these 


21. If vectors /lB = -3i+4fc and ’AC = 5i -2j +4k 

are the sides of a A ABC, then the length of the 
median through A is 

(a) Vl4 (b) Vl8 (c) V29 (d) 5 

22. If the sides of a triangle are in the ratio 
2:3:4, then the triangle is 

(a) right-angled (b) acute-angled 

(c) obtuse-angled (d) none of these 

23. If / (x) and g(x) are differentiable function in 
[0, 1] such that / (0) = 2,/(l) = 6, *(0) = 0, *(1) = 2, 
then there exists 0 < c < 1 such that 

(a) f'{c) =g'(c) (b) / \c) = -g'(c) 

(c) f\c) = 2g'(c) (d) 2/ '(c) = /(c) 

24. The area bounded by the curve x 2 ^ 3 + y 2 ^ 3 = 1 
is 


(a) y 


(b) M 


(0 f 


(d) i 


25. Let P(asecQ, frtanO) and Q(flsec<(), b tan<|)) where 

2 2 

0 + <t> = 7i/2, be two points on ^ — — = 1. If ( h , k) 

a 2 b 2 

is the point of intersection of normals at P and Q, 
then k is 


(a) 


a 2 +b 2 


(b) - 


(a 2 +b 2 ) 


1-2 : / (x) is increasing in (0, 1/2) and 
decreasing in (1/2, 1). 

27. Statement-1 : The function 

/ (x) = (x 3 + 3x - 14)(x 2 + 3x - 10) 
has a local extremum at x = 2. 

Statement-2 : f (x) is continuous and differentiable 
and/ '(2) = 0. 

28. Statement-1 : If a > 0 and b 2 - 4ac < 0 then the 

value of the integral J — ■ dx will be of the type 

ax 1 +bx + c 

jitan" 1 ^ *^ j+C where A, B, C, n are constants. 

Statement-2 : If a > 0, b 2 - 4 ac < 0, then ax 2 + bx + c 
can be written as sum of two squares. 

29. Statement-1 : (b 2 - ac) 2 + (c 2 - bdj 2 + (ad - bc) 2 = 0 
then a , b, c, d are in G.P. 

Statement-2 : x 2 + y 2 + z 2 = 0, x = y = z = 0. 

30. Statement-1 : If a, b, c e R and equations 
ax 2 + bx + c = 0 and x 2 + 5x + 7 = 0 has a common 

root then - Z . 

b 5 

Statement-2 : If both roots of a^x 2 + b^x + c x = 0 and 
a 2 x 2 + b 2 x + c 2 


0 are identical then h. = h. = Ek , 


where a h b h c } and a% b 2 ; c 2 e R. 


ANSWER KEYS 

1. 

(b) 

2. (b) 

3. (a) 

4. (b) 

5. (a) 

6. 

(c) 

7. (c) 

8. (b) 

9. (b) 

10. (b) 

11. 

(a) 

12. (c) 

13. (b) 

14. (c) 

15. (d) 

16. 

(b) 

17. (a) 

18. (c) 

19. (b) 

20. (b) 

21. 

(b) 

22. (c) 

23. (c) 

24. (c) 

25. (d) 

26. 

(a) 

■ 27. (b) 

28. (a) 

29. (c) 

30. (d) 
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PART - A 


SECTION - I 


Straight Objective Type 

71 Tl ^ *2 ^ 

l Let a = cos — + / sin — , whe|e i =* -1 . 

degree polynomial which has i « 3 ,* 7 a 


urthT 


roots is 


-A 4 a* 0 * 


(a) ^ + x 3 + x 2 + x + 1 = 0 

(b) x 4 - x 3 + x 2 - x + 1 = 0 

(c) x 4 -x 3 -x 2 + x + l = 0 

(d) x 4 + x 3 + x 2 -x-l = 0 

2, The number of solutions of the equation 

sin 3 x + l = 2%/2sinx-l on the interval [0, 2 ti] is 
(a) 1 (b) 3 (c) 5 (d) 6 

3 The vertices of a parallelogram are (3 11 - 1, 
3 12 + 2), (3 11 , 3 12 ), (3 11 + 1,3 12 - 3). There are three 
other points that can be the fourth vertex of the 
parallelogram. The sum of the abscissas of those 
three other points are 


(a) 3“ (b) 3“ + 2 (c) 3 11 (d) 

4 Suppose the diagonals PR and QS of a convex 
quadrilateral PQRS intersect at M and the areas 
of triangle MPQ and MRS are 16 cm 2 and 25 cm 2 
respectively. Let the minimum possible area of the 
quadrilateral PQRS be A(in cm 2 ). Then the sum of 
the squares of the digits in A is 

(a) 37 (b) 39 (c) 68 (d) 65 

x2 y2 

5 There is a point P on the hyperbola — - = 1 

such that its distance to the right directrix is the 
average of its distance to the two foci. Let the 

x-coordinate of P be — with m and n being integers, 
n 

(n > 0) having no common factor except 1. Then 
n - m equals 

(a) 59 (b) 69 (c) -59 (d) -69 

6 The number of subsets {a, b, c] of {-3, -2, -1, 0, 


3 11 + 2 


* ALOK KUMAR, B.Tech, IIT Kanpur 

1, 2, 3} such that line ax + by + c = 0 makes an acute 

angle with the positive x-axis is 

(a) 45 (b) 36 (c) 43 (d) 1 

Six distinct mtege*s. ( are picket at random from 
, 2, 3, 10}. ^/hat is the^prob^pility that, among 


e selected, the second* smallest is 3 ? 

± (b)*J ^ (d) \ 


3 60 v ~ 7 6 w 3 ' ' 2 

g ABCD is a square of side 1 unit. A circle passes 
through vertices A, B of the square and the remaining 
two vertices of the square lie outside the circle. The 
length of the tangent drawn to the circle from vertex 
D is 2 units. The radius of the circle is 

(a) V5 (b) iVlO (c) (d) Vs 

9 The equation of circum-circle of a A ABC is 
? + y 2 + 3x + y - 6 = 0. If A = (1, -2), B = (-3, 2) 
and the vertex C varies then the locus of ortho centre 
of A ABC is a 

(a) straight line (b) circle 

(c) parabola (d) ellipse 

40. The locus of the point of intersection of the 
tangents at the extremities of the chord of the ellipse 
x 2 + 2y 2 = 6 which touches the ellipse x 2 + 4y 2 = 4 
is 

(a) x 2 + y 1 = 4 (b) x 2 + y 2 = 6 

(c) x? + y 2 = 9 (d) x 2 + y 2 = 2 

U The period of the function f(x) = sin3xcos[3x] 
- cos3xsin[3x], where [.] denotes the greatest integer 
function is 

(a) 6 (b) 3 (c) 1/3 (d) 1/6 

I?. Let X and p be real numbers and 

/(*■) = Xsinx + \isfx + 4. If/(log 10 (log 3 10)) = 5 then the 

value of /(logi 0 (log 3 3)) is 

(a) -5 (b) -3 

(c) 3 

(d) dependent on X and p 


* Alok Kumar is an INDIAN NATIONAL MATHS OLYMPIAD WINNER. He currently trains IIT aspirants at 
IIT SPARK ACADEMY, NARAYANA, HYDERABAD. 
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13- The function whose graph is the reflection about 
the line x + y = 0 of the inverse function f~ l (x) of a 
function /x) is 

(a) -/(x) (b) -/(-x) (c) -f~\x) (d) -f~\-x) 

Let the range of the function / : R — > R 
f(x) =lx-ll + lx-al + lxl + lx + ll + lx + 2tf-21l / V 
being a real parameter, be given by [a, «>), then the 
number of integer values of 'a' for which there is 
exactly one x 0 e R such that /(x 0 ) = a,is 

(a) 7 (b) 8 (c) 9 (d) 10 , 

15- If (a, P) is a point on the circle whose centre is 

on the x-axis and which touches the line x + y = 0 
at (2, -2), then the greatest value of a is 

(a) 4-V2 (b) 6 

(c) 4 + 2J2 (d) 4 + V2 . 

16 - If in a AABC, a = 6, b = 3 and cos(A-B) = — 

then 5 

(a) = j (b) /A = sin -1 

(c) area (AABC) = 9 (d) ZC = -| 

17 - A man starts from the points P(- 3, 4) and 
reaches points Q(0, 1) touching x-axis at R such that 
PR + RQ is minimum, then the point R is 

(a) (f'°) (b) (4°) 

(c) (-f,o) (d) (-2, 0) 

The period of the function 

(a) M (b) 3|i (c) 4|i (d) 4|i 

19 ‘ How many roots does the following equation 

possess 3 IJti {(l2 - Ixll)} = 1 

(a) 1 (b) 2 (c) 3 (d) 4 


SECTION - II 


Multiple Correct Choice Type 

20 - Let a quadratic polynomial / satisfy /(0) = 3 and 
3 

J f( x )g( x )dx = 0 for every polynomial g of degree 1 
o 

or 0. Which of the following statements is correct? 

(a) The number of possible polynomials /is exactly 
two 

(b) The number of possible polynomials / is exactly 
one 

(c) /( 3) equals 3 


(d) /( 3) equals 3 or -3, and both these values are 
possible 


• Let/be a function with two continuous derivatives 

/(*) 

and /( 0) = 0. Define a function g by g(x) = « 


-,x*0 


,x = 0 


Then which of the following statements is correct? 

(a) g has a continuous first derivative 

(b) g has a first derivative 

(c) g is continuous but g fails to have a derivative 

(d) g has a first derivative but the first derivative is 
not continuous 


22 - Suppose the quadratic equation whose roots 
are squares of those of x 2 + ax + b = 0, a, b e R is 
identical with the given equation, then which of the 
following is correct? 

(a) The number of ordered pairs (a, b) is 4. 

(b) The number of different possible values that 
a + b can take is 3 

(c) The number of different possible values that ab 
can take is 3 

(d) The number of different possible values that 
a + b can take is 2. 


23 - Let a function / satisfy f(x)f \-x) = f(-x)f \x), 
x e R and /( 0) = 3, which of the following statements 
is correct? 

(a) The value of /(x)/(-x) for all real x is 9 

(b) The value of /(x)/(-x) for all real * is -9 

(c) equa,s 17 

<d) equals 34 

24 - A real valued function/ satisfies/; 10 + x) =/10 - x) 
and/20 - x) = -/20 + x), for all x e R which of the 
following statements is true? 

(a) / is an even function (b) / is an odd function 

(c) / is a periodic function 

(d) / is a non-periodic function 


PART - B 


Short Answer Type 

25, A rhombus has half the area of the square with 
the same side length. Find the ratio of the longer 
diagonal to that of the shorter one. 

26 - Given the base and vertical angle of a triangle, 
find the locus of its orthocentre and incentre. 

27 * Eliminate 0 and cp from the equations 
flsin 2 e + bcos 2 e = flcos 2 (p + &sin 2 (p = l,fltan6 = btancp 
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28. Solve the equation cos3xcos 3 x + sin3xsin 3 x = 0. 

29. Solve the equation 

sin2x + cos2x + sin* + cos* + 1 = 0. 

30. Find all real numbers x such that 

*-Kr«Hr 

31. Let n be a natural number such that n>2. Show 

that ~f 1+ + 4 + "‘ + ^“) 

n + H 3 2n-\) n \ 2 4 In) 

32. Determine all the positive integers n > 3, such 

that 2 2000 is divisible by l + f”j+f” 


33. Find all solutions in real numbers x, y, z to the 
system of equations x + y + (z 2 - 8z + 14) > /x + y-2 = 1 
and 2x + 5y + Jxy + z = 3. 

34. Find all pairwise relatively prime integers l, m, 

n such that (Z + m + n )|7 + — + - is an integer. 

V/ m n ) 

35. Let R + be the set of positive real numbers. Prove 
that there does not exist a function / : R + -4 R + such 
that (/(x)) 2 > f(x + y)(f(x) + y) for every x, y e R\ 

36. Find all integers ( a , b, c, x , y , z) such that 
a + b + c = xyz, x + y + z = abc and 
a>b>c>\,x>y>z>\. 

37. Points D, £ lie on side AB of the triangle ABC 

\2 


and satisfy A2. . \ 

DB EB \CB ) 


Prove that ZACD = ZBCE. 

38. Find all real numbers x such that *[*M*]11 = 88 - 


x 10 -l 


SOLUTIONS 


1. (b) : Use (x - l)(x - a)(x - a 2 ) .... (x - a 9 ) 

and (x - l)(x - a 2 ) ( x - a 8 ) = x 5 - 1 

2. (b) : sin 3 x + l=2 \Z2sinx-l 

sin 3 x + 1 3 /rr r 

=> =v2sinx-l 

2 

Put sin x = ( => = \/2f - 1 

2 v 3 + l 

Let /(f) = \/2t-l =>y 3 = 2f-l=> t = —^— 

The solutions to the original equation is given by 

£±i= ( 

2 

(Recall the concept of inverse functions) 

We get t = + of which only 

lies in [-1, 1] 


two 


3. (a) 

4. (d) : We have xy = 25 x 16 

> ^25x16 , x + y > 40 
Then the minimum area = 40 + 41 = 81 

5. (b) : It turns out that P has to be on the left 
branch, x-coordinate is found to be -64/5. 

6. (c) : The slope of line is -alb. Assume that a > 0 
and b < 0 so that a * b Also a * c * b. 

If c = 0 there are 3 ways to choose a and 3 ways to 
choose b. Note that line x - y = 0, 2x - 2y = 0 and 
3 * _ 3 y = o are the same. Then the number of lines 
= 3 2 - 2 = 7. If c * 0, there are 3 ways to choose a, 

3 ways to choose b and 4 ways to choose c. Then 
the number of lines in this case = 3" x 4 = 36. The 
total number of lines = 7 + 36 = 43. 

7. (c) : There are 10 C 6 ways to pick = 210. There are 
( 2 Ci)( 7 C 4 ) = 70 favourable ways. So the probability 

is is. -i. 

210 3 

8. (b) : Let A = (0, 1), B = (0, 0), C = (1, 0), D = (1, 1). 
Family of circles passing through A, B is x 2 + y 2 - y 

+ Xx = 0, Vl + A. = 2 => X = 3. 

9. (b) : Equation of circum-circle is 

Hl-HB 

c= (f + i? cose 'f + i? sln9 } 

Circum centre of A ABC is ( — r — 1 

\2 2 ) 

Centroid can be obtained. 

In a triangle centroid, circumcentre and orthocentre 
are collinear. 

10. (c) : We can write x 2 + 4y 2 = 4 as 

£i + j/i =1 0) 

4 1 

Equation of the tangent to the ellipse (1) is 

-jcos0 + ysin0 = l (2) 

Equation of the ellipse x 2 + 2y 2 = 6 can be written 

as — + — = 1 (3) 

6 3 
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Suppose (2) meets the ellipse (3) at P and Q and the 
tangent at P and Q to the ellipse (3) intersect at then 
(2) is the chord of contact of ( h , k) with respect to 
the ellipse (3) and thus its equation is 

^ + & = 1 (4) 

6 3 

Since (2) and (4) represents the same line 
h k 

— - — = — 2_ = l. => h = 3cos0, k = 3sin0 
(cos0) sin0 

2 

And the locus of ( h , k) is x 2 + y 2 = 9. 

11. (c) :f(x) = sin3{x}, where {.} is a fractional part 
function. 


12. (c) : Observe that f(x) + /(-x) = 8 
Also logio(log 10 3) = -log 10 log 3 10 

13. (b) :The graph of/ and/ -1 are symmetric about 
the line x = y while the graph of / _1 (x) and the desired 
functions are symmetric about x + y = 0. Then the 
graph of/(x) and the desired function are symmetric 
about the origin. Then the function must be -/(-x). 


14. (a) : Let /(x) = |x-fl 1 | + |x-a 2 | + --- + | :,:_fl n|' fl i <a 2 
< ... < a n . If n is odd, then the function attains its 
minimum value at only one point. If n is even (n = 2m), 
the graph of the function becomes horizontal on the 
interval [a m , and then we require that points 
-1, 0, 1, a, 21 - 2 a must be all distinct and both a 
and 21 - la must lie to the right of 1 on x-axis. Of 
the numbers ' a ' and '21 - 2 a', anyone can be greater. 
Then we have to consider two cases. 



or, 



This gives 7 < a < 10. 

.*. The number of integral values is 7. 

15. (c) : If (a, 0) is the centre C and P is (2, -2), then 
Z COP = 45°, since the equation of OP is x + y = 0. 



OP = 2yfl = CP. Hence OC = 4 
Greatest value of a = 4 + 2\l2. 

16. (c) : tanf^^)=- ! ^cot^ = |cot^ 
V 2 ) a +b 2 3 2 


.•. ■|- = cos(A-B) = 


2 


1 - tan 2 j 

(¥) 

1 + tan 2 1 

4-8 

1 

l 2 ) 

71 


' 2 


= -63 = 

9 

2 



l + -cot 2 - 


Also, sin A = 


V3 2 +6 2 


17. (b) : Let R = (a, 0). For PR + PQ to be minimum 
it should be the path of light and thus we have 
A APR - ABQR 

> AR PA _ a + 3_4_ ta _ 3 
^ RB QB 0-a 1 5 



Period of f(x) = 



6k 3 

8 


3ft 3 

4 


19. (b) : Here, 3 ljtl {(|2 - Ixl)} = 1 => 2 - Ixl = 2r' x '. 
In order to determine the number of roots, it is 
sufficient to find the points of intersection of the 
curves y = 2 - Ixl and y = 3" 1 * 1 , shown as 
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We observe the two curves intersect at two points 
.*. two real solutions e (-2, 2) 

20. (a, c) : ^ et ^ _ ax 2 + bx + 3, a and b are to be 
found. The given condition yields a = 2, b = -6. Then 
fix) = 2X 1 - 6x + 3 

21. (a, b) : One can easily establish from the definition 
of g that g-'(O) = 1/2/ "(0) 

Continuity of g' at 0 is also easy to check. 

22. (a, b, c, d) : j^e four equations that satisfy the 
criteria are 

Roots 


x 2 = 0 0, 0 

x 2 - x = 0 0, 1 

x 2 - 2x + 1 = 0 1, 1 

X 2 + X + 1 = 0 CD, co 2 


23. (a, c) : /(*)/'(_*) =/(-*)/'(*) 

=*./(*)/ 'HO -/(-at)/ '(X) = 0 =>-f {/(-*) /(*)} = 0 


dx 

Then f(x)f(-x) = constant = /(0)/(0) = 9 
51 , 51 

Let / = | dx _, ,1= J 


dx 


-51 3 + f(x) -51 3 + /(-x) 

6 + /(x) + /(-x) 


51 


Adding 2/ = J 


' 51 9 + 3{/(x) + /(-*)} + /(*)/(-*) 

= lU = li51 , / = 17 
3.-51 3 


dx 


24. (b, c) : change x to 10 - x to obtain 
/(20 - x) -f{x). We have /(20 - x) = -/( 20 + x) 
=* /(x) = -/(20 + x). Now change x to 20 + x 
/( 20 +• x) = -/(40 + x), -f(x) = -/(40 + x) 
fix) = /(40 + x), so / is periodic. 

Again /(-x) = -/(20 - x) = -fix). Thus / is odd. 


25, If a is the side of the rhombus, then area of the 


rhombus is ifl 2 sin20x2. 

2 

But by hypothesis, this area is equal to 


— a 2 i.e.,—a 2 =a 2 sin20 => sin20 = -J- 
2 2 2 

=> 20 = 30° or 150° => 0 = # 15° or 75° 

[If the acute angle of the rhombus is 30°, the other 

angle which is obtuse is 150°] 


on 

By sine formula, 

sin 20 

gp _ rtx2sin0cos0 
cos0 


AB 

sin(90° - 0) 
= 2czsin0 


(In A ABD) 


Again r = 

6 sin (180° -20) sinG 

^ _ flsin20 _ 2flsin0cos0 

sin 0 sin 0 


(In A ABC) 
= 2acos0 



AC : BD = cos0 : sin0 

[If 0 = 15°, then AC > BD and if 0 = 75°, BD > AC] 
AC : BD = cosl5° : sinl5° = sin75° : sinl5° 

= sin(45° + 30°) : sin(45° - 30°) 

= sin45°cos30° + cos45°sin30° : sin45°cos30° 
- cos45°sin30° 


= + 1) : V3 - 1) = ( s + 1) : (>/3 - 1) 

° r BD = W^l =(2 + ^ ) ' 

Let ABC be a triangle on the given base BC and 
having its vertical angle is a given angle. 

Let BE and CF be the altitudes from B and C 
respectively meeting at O. O is the orthocentre. 
ZFOE = 180° - ZA 



(as O, E, A and F are concyclic) 

So the locus of O is the circular arc on BC which 
contains an angle whose measure is 180° - A. 

To find the locus of the incentre, let the bisectors of 
ZB and ZC meet at I. 



A 
’ 2 


So, the locus is the arc of the circle on BC containing 

an angle whose measure is 90 ° + A. 

2 

27 ' We have flsin 2 0 + bcos 2 0 = 1, acos 2 (p + bsin 2 cp = 1 
Hence fltan 2 0 + b = 1 + tan 2 0, fctan 2 cp + a = 1 + tan 2 cp 
Consequently (0 - l)tan 2 0 = 1 - b, (b - l)tan 2 cp = 1 - a, 

tan 2 0 _ f 1 -b f 
tan 2 cp ll-flJ 

On the other hand, tan 9 = 

tan 2 cp a 2 

From the last two equalities, we get (assuming that 
a is not equal to b) a + b - lab = 0. 
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28 . Since cos3* = cos 3 * - 3sin 2 *cos*, 
sin3* = -sin 3 * + 3sin*cos 2 * the equation takes the form 
(cos 3 * - 3sin 2 *cos*)cos 3 * + (-sin 3 * + 3sin*cos 2 *)sin 3 * 
= 0, cos 6 * - 3cos 4 *sin 2 * + 3sin 4 *cos 2 * - sin 6 * = 0 or 
(cos 2 * - sin 2 *) 3 = 0, cos2* = 0. 

29 . Since sin2* + 1 = (sin* + cos*) 2 , we have 
(sin* + cos*) 2 + (sin* + cos*) + cos 2 * - sin 2 * = 0 
Hence (sin* + cos*) (1 + 2cos*) = 0 or, cos*(l + tan*) 

(1 + 2cos*) = 0 and so tan* = -1 and cos* = -— are 

2 

the required solutions of our equation. 

30. I s ' solution : * = ( * is the only solution. 


Isolating 

* 2 -2 V * 3 - 


1-1 


and squaring, we obtain 


11-1 

*+*- — = . 

* * 


Isolating 2 V* 3 -* ar *d squaring again, we obtain 
* 4 + 2* 3 -x 2 - 2* + 1 = 4* 3 -4*,* 4 -2* 3 -* 2 + 2* + 
1 = 0, (* - 2)(* - 1)*(* + 1) + 1 = 0. 


1 


This equation is symmetric about * = — , so we 

make the substitution m = *-— , * = m + — to get 

2 2 

„4_5„ 2 + 25 = r«^5f = o. 

2 16 v 4. / 

Therefore, u = and * = ^ • Checking these 

in our original equation, only * = - * is a valid 

solution. 

2 nd solution : From the original equation, we have 

* > 0 and 1>— , thus * > 1. Now isolating /-?— - 
* V * 

and squaring as in the first solution, we obtain 

(* 2 - 1 ) - 2 ( 7*(* 2 - 1 ) + *) = 0 => ( V * 2 - 1 - V * ) 2 = 0 . 

32 We prove that 

J 1+ I + ... + 0> (n+l) (l + i + ... + _Ll 

l 3 2n-\) v2 4 In) 

8 9 

by induction. For n = 2, — . Assume the claim 

* 3 4 

is true for n = k > 2, i.e., we have 


U 4 2fcJ 2 21: + 1 

>|'i+i+...+j-'|+— +— 

1 2 4 21,1 21 + 2 21 + 1 

Ji+1+...+J.t+.LU.. 

1,2 4 2 k} 21 + 2 

Induction is complete as 

(jt+i)fi+-+...+-^— +—^— ) 
l 3 2k -1 2k + l) 

■ k ( 1+ l + '" + 2iM) + ( U 3 + '" + 3^T) t aS' 

,(l+2)(i+i....+-l_) 

\2 4 2k + 2J 

32 , The solutions are n = 3, 7, 23. Since 2 is a prime. 




/c < 2000. We have 


= 2 k for some positive integer 


1 + 


n 1 , _ (n 2 -n + 6) 


= (* + !)- 


t f 1+ i + .... + ^-i >t+1 ri + i + .... + 2-) 

L 3 2n-lJ \2 4 2JU 

Now let n = 1: + 1. 

Note that fl + i + ... + — - — V-. - . itl 
l 3 2k -1 ) 2k + 1 

= (i + i + ... + _ j_U. 

U 3 21; -1 J 2 
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i.e., (n + 1 )(n 2 - n + 6) = 3 * 2 fe+1 . Let m = n +. 1, then 
m > 4 and m(m 2 - 3m + 8) = 3 * 2 fc+1 . We consider 
the following two cases. 

(a) m = 2 s . Since m > 4, s > 2. We have 2^ - 3 x 2 s 
+ 8 = m 2 - 3m + 8 = 3 x 2 f for some positive integer 
fc If s > 4, then 8 = 3x 2*(mod 16) => 2 f = 8 
=> m 2 - 3m + 8 = 24 => m(m - 3) = 16, which is 
impossible. Thus either s = 3, m = 8, t = 4, h = 7, or 
s = 2, m = 4, f = 2, n = 3. 


33. The only answer is (x, y, z) = (4, -1, 4). 

Let u = x + y - 2 and v = z 2 - 8z + 14 = (z - 4) 2 > -2. 

Rewriting the first equation, we have u + 1 = -V\fu < 2 yfu, 

which implies that (Vz7 — l) 2 <0. So, u = 1 ,u = -2, i.e., 
z = 4, x + y = 3. We substitute x = 3 - y into the second 
equation, isolate the square root, and square both 
sides to obtain 91/ 2 + 18y + 9 = y(3 - y) + 4. Solving 

the quadratic equation, we have y = --*,-l. Only 

y = -1 leads to a valid solution (4, -1, 4) to the 
original system. 


34. (1, 1, I), (I, 1, 2), (1, 2, 3) and all permutations. 
Bringing the second term to a common denominator, 
we get lmn\(l + m + n)(lm + mn + n/) and, in 
particular, /!(/ + m + n)(/m + mu + m/) => /l(m + n)mn 
=> / 1 m + m; likewise m I n + / and n I / + m. Now assume 

WLOG that l > m > n. Then + ^ =1 or 2; if the 

latter we have / = m = n = 1. In the case m + n = l, 


we get m > — 


^ ■ < 2 and + * ■ < 3. Moreover / > m 


m m 

so this ratio cannot be 1; hence n + / = 2m giving 
the (1, 2, 3) solution or « + 1 = 3m giving the (1, 1, 2) 
solution. 

35. 1 st solution : We proceed indirectly; suppose 

f(x) 2 

that / exists. Then, /(x + y) < -77- < /(x). 

/W+y 

So, / is a strictly decreasing function. (In particular, 
this means that / is one-to-one.) 

But since /(x) is always positive, / must have some 
fixed point; suppose that f(a) = a for some a. Now 

J2 


we can plug a in for x and obtain : f(a + y) ^ . 

H 5 y y (« + y) 

This means that for some b, all x > b will have j(x) < 1. 
Observe that if we plug /(x) in for y in the given 
equation, then we have /(x) > 2/(x + /(x)). But now 
if we plug b in for x here, we find 
1 >f(b) >2f(b+ J[b)) >2f(b + l). 

Hence f(b + !)<■“• Plugging in b + 1 yields 


i>/(b + l)>2/(b + l + /(b + l))>2/[b + l + ij 

Hence/^ + l + -j j<-j. 

Proceeding in this manner, we find that 


/ 


. f=0 2‘ J 2" 


Therefore, for each quantity s e (0, 1), we can find 
a 5 g ( 0, 2) such that f(b + x) < e for all x < 2 -6. 
This means that f(x) does not exist for x > b + 2, and 
so we are done. 

2 nd solution : This is another way of presenting the 
idea in the first solution. Again, we proceed indirectly; 
suppose that /exists. As in the first solution, we can 
prove that / is a strictly decreasing function. For 
(x, y) = (x, /(x)), we have 

fix) 2 m 

2 


f{x + /(*)) < Jyx> = 


m+nx) 

Let x 0 e R* and f(x Q ) = a. For (x, y) = (Xq, f(x 0 )), we 

have £ = 1^1 > f( Xo + /(x 0 )) = /(*„ + fl ). 

Let JT! = x 0 + a. Then /(*i) < -|. For (x, y) = (Xj, /(Xj)), 
we have £ > > /(x a +/(Xj)) S/fxj +| j. 
Proceeding in this manner, we find that, as n — » ©o 


/(x 0 +3a)</ 


Xo + t — ]< — , 

i=o2 n J 2 n+1 


0, a contradiction. 


So our assumption is false and there is no such 
function. 


36. 1 st solution : First we claim that at least one 
of be and yz has its value less than 3. If be = 3, 
c = l, a + b + c<3fl = abc; if be > 3, then 
abc> 3a>a + b + c. Thus for be > 3, we have abc> a + b 
+ c and 3x>x + y + z = flfrc>fl + fr + c = xyz=>3>yz 
This proves our claim. WLOG, suppose that 
yz = 1 or 2. 

If yz = 1, then y = z = 1. 

We have nbc = x + y + z = x + 2 = xyz + 2 = fl + b + c + 2. 
If c > 2, then be > 4 and 4fl < abc - a + b + c + 2 < 4a; 
thus a = b = c = 2. We obtain the solutions 
(2, 2, 2, 6, 1, 1) and (6> 1, 1, 2, 2, 2). If c = 1, then 
ab = a + b + 3. If b > 3, then 3a < ab = a + b + 3 < 3a 
=> a = b = 3. 

We obtain the solutions (3, 3, 1, 7, 1, 1) and 
(7, 1, 1, 3, 3, 1). If b = 2, we have a = 5 and obtain 
the solutions (5, 2, 1, 8, 1, 1) and (8, 1, 1, 5, 2, 1). If 
b = 1, we have a = a + 4, which is impossible. 

If yz = 2, then y = 2, z = 1. We have 2abc = 2 (x + y + 
z) = 2x + 6 = xyz + 6 = a + b + c + 6<3a + 6. 

If c > 2, then 8a < 2abc < 3a + 6 => 5a < 6, which 
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contradicts the fact that a > c. Thus c = 1, and 

b 7 

2ab = a + b + 7. If b>3, 6a <2ab = a + b + 7 =>(!<- + -, 

D D 

which contradicts the fact that a > b. If b = 2, then 
4rt = 2ab = a + 9 and a = 3. We obtain the solution 
(3, 2, 1, 3, 2, 1). If b = 1, we have a = 8, repeating 
the solution (8, 1, 1, 5, 2, 1). 

2 nd solution : Let A = (ab - l)(c - 1), B = (a - 1) 

( b - 1), X = (xy - l)(z - 1), Y = (x - l)(y - !)• 

Thus A, B, X, Y are non-negative integers such that 
A + B + X + Y = 4. 

Clearly, neither of c and z can be greater than 2; 
that would force either A or Y be greater than 4, 
and contradict the fact that A + B + X+ Y- 4. If 
c = 2, we have a, b > 2 and A > 3, B > 1. Thus A = 3, 
B = 1, X = Y = 0. This yields the solution (2, 2, 2, 
6, 1, 1). Similarly, if z = 2, we have (6, 1, 1, 2, 2, 2) 
as a solution. 

Now we suppose that c = z = 1. We have A = X = 0 
and B + Y = 4. WLOG, suppose that Y < B, (/.£., 
Y = 0, 1, 2.) 

If y = 0, we have B = (a - l)(b - 1) = 4. This leads 
to the solutions (5, 2, 1, 8, 1, 1) and (3, 3, 1, 7, 1, 1). 
By symmetry, we also have the solutions (8, 1, 1, 5, 
2, 1) and (7, 1, 1, 3, 3, 1). 

If Y = 1, then x = y = 2 and B = (a - l)(b - 1) = 3 
=» a = 4, b = 2, but a + b + c = 7 * xyz. 

If Y = 2, then (x - l)(y - 1) = (a - l)(b - 1) = 2 
=>a = x = 3, b = y = 2. We obtain (3, 2, 1, 3, 2, 1) as 
our last solution. 

37. 1*‘ solution Applying the law of sines translates 

, , . . . AD AE ( sin B 

the problem into — • — = ^ 

Let 0 = ZACD , <|> = ZECB, a = ZDCE. Again, application of 

the law of sines yields that ■ ^ and 

sin A sin0 sinB sin0 

Dividing these two equations, - ADsin<^ 


CD sin B _ BP sin 2 B sin 0 
CE sin A AE sin 2 A sin 0 
CD - AEsinA _ sin([) 


CE sin A AE sinG 
CD BP sin B sin ([) 
> CE AEsinAsine 


CEDBsinB sin0 
CD sinB 


_ ^ , AE sin(<() + a) 

But — = — ; c and — = : — - — 

BD sin(<(> + oc) CE smA 

sin A sin B sin (0 + a) sin<j> 

Thus, t- r - — 7 = • » 

sinBsin(<t) + a)sinA sin 6 

« sin(6 + a)sin0 = sin<t)sin((t) + a) 

«=> cos(20 + a) - cosa = cos(2<)) + a) - cosa 

<=» cos(20 + a) = cos(2<(> + a) 

Since (20 + a) + (2<J> + a) = 2ZC < 360°, 20 + a = 2(J> + a 


and hence ZACD = 0 = <t> - ZBCE. 

2 nd solution : Extend AC and let F and G be points on 
the ray AC such that BFI1CE and BGIICD. We have 
ZCGB = ZACD and ZCBF = ZBCE. We claim that 
ZCBF = ZCGB, which implies that ZACD = ZBCE. 

We rewrite our condition as ^ — = BC 2 . 

ADAE 

38. Let /(x) = .v[.v[.r[.v)]]. 

Lemma : Let a and b be real numbers. If a and 
b have the same sign and I a I > Ibl Si, then 

m\ > w- 

Proof : We notice that |[A]|>||b]|>l. Multiplying 
this by IaI > Ibl > 1, we have |a[a]| >|b[b]|>l. 
Notice that a[a] and a[a[a]J have the same signs as 
b[b]andb[b[b]] respectively. In a similar manner, 
|a[a[a]]| > |b[b[b]]| > 1, |[n[fl[fl]]]| ^ |[b[b[bl]]| > 1, and 
I/(a)I > I /(b) I , as claimed. 

We have/(x) = 0 for l.rl < 1,/(1) =/(- 1) = 1. Suppose 
that f(x) = 88. So Ixl >1, and we consider the 
following two cases : 

(a) x > 1. It is easy to check that j= 88 - F rom 
the lemma, we know that /(.v) is increasing for .v > 1. 
So x = -y- is the unique solution on this interval. 

(b) *2-1. From the lemma, /(x) is decreasing for 

x < 1. Since |/(-3)| = 81 </(*) = 88 < ~j =112, 

-3 > a: > and [.v[ atJ . v]]] = -37. 

37 

OO 

But then * = -— >-3 a contradiction. So there is 
37 

no solution on this interval. 

Therefore, x = — is the only solution. 

7 

Note : lland--^=- are found by finding 

[x], [x[jc]] and [.v[*[.v]]] in that order. For example, 
for .v > 1, /( 3) < 88 < /( 4) so 3 < r < 4. Then 
[x] = 3 and [.v[A:[3.t]]] = 88. 


Then/(3) < 88 < /[y ] so [*M] = 9 and 


so on. 
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Challenging problems for 
Olympiads, IIT-JEE 
and other contests. 



ALGEBRA 


1. Determine the number of real solutions a of the 
equation 

2. Let a, b, c be positive real numbers. Show that 
there is a triangle with sides a, b, c if and only if there 
exist real numbers x, y, z such that 

J/+- = - £ + £ + y_c 

2 y x' x z~ y’ y x~z' 

3. Let Xy .v 2 , Xy .v 4 be positive real numbers such that 

* 1 * 2 * 3*4 = 1 . 

Prove that £.vf >max-{Y x it V — 1. 

1=1 1m M*iJ 

4. Let D be a point inside an acute triangle ABC such 
that DADBAB + DB-DC BC + DC DA CA = AB BC CA. 
Determine the geometric position of D. 

5. Suppose a, b are natural numbers such that 
_b \2a-b 

P - 4 \ 2a7b ' S 3 pnme number - What is the maximum 
possible value of p? 



ALOK KUMAR, B.Tech, I IT Kanpur 

10. Prove that the equation x 2 }/ 2 = z 2 (z 2 - r 2 - y 2 ) has 
no solutions in positive integers. 


TRIGONOMETRY 


11. Given a circle of radius 1 unit and AB is a chord 
of the circle with length 1 unit. If C is any point on *the 

major segment, show that AC 2 + BC 2 < 2(2 + V3). 


12. Find x, y, z e R satisfying 
W* 2 -h 1 _ 5yjy 2 +1 _ 6>/z 2 +1 


and xyz = x + y + z. 


13. Letcos 2 0 = ^ / cos 2 cp = ^ / -^ = .^. 

cosp cosP'tantp tany 


Prove that tan 2 -.tan 2 ^ = tan 2 £ 

2 2 2 

14. Eliminate 0 from the equations 
cos(a - 30) = mcos 3 0, sin(a - 30) = msin 3 0. 


15. Let ABC be a non-obtuse triangle such that 
AB > AC and ZB = 45°. Let O and / denote the 
circumcentre and incentre of A ABC respectively. 

Suppose that JlOl^AB-AC. Determine all the 
possible values of sinZZMC. 


NUMBER THEORY 


6. Find the smallest integer n such that among any n 
integers, there exist 18 integers whose sum is divisible 
by 18. 

7. (a) For which positive integers tt do there 
exist positive integers y such that lcm(x, y) = nl, 
gcd(x, y) = 1998 ? 

(b) For which n is the number of such pairs x, y with 
x < y less than 1998? 

8. Find all positive integers n that have exactly 
16 positive integral divisors Ay d 2 , d l6 such that 
1 = di<d 2 < .... < d l6 = n, d b = 18 and d 9 -d g = 17. 

9. Solve the following equation in natural numbers : 
x 2 + y 2 = 1997(x - y). 


16. Let ABCD be a quadrilateral with ZB AC = 40° and 
ZABC = 60°. Let D and E be the points lying on the 
sides AC and AB, respectively, such that ZCBD = 40° 
and ZBCE = 70°. Let BD and CE meet at F. Show that 
the line AF is perpendicular to the line BC. 


GEOMETRY 


17. Points K,L,M,Nlieon theedges/lB, BC, CD, D/4 of a . 
(not necessarily right) parallelopiped ABCDAfifaDy 
Prove that the centres of the circumscribed spheres of 
the tetrahedra A X AKN, B X BKL, CjCLM, D,DMN are 
the vertices of a parallelogram. 

18. A triangle ABC has positive integer sides, 

= 2 ZB and ZC > 90°. Find the minimum length 

of the perimeter of ABC. 

19. . ABC is a triangle. The bisectors of ZB and ZC 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO- 91 ). 

He trains HT and Olympiad aspirants. 
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meet AC and AB at D and £ respectively & BD and 
CE intersect at O. If OD = OE, prove that either 
ZBAC - 60° or the triangle is isosceles. 

20 . In acute triangle ABC, CF is an altitude, with F on 
AB, and BM is a median, with M on CA. Given that 
BM = CF and ZMBC = ZFCA, prove that the triangle 
ABC is equilateral. 

21. Let D, E, F be points on the sides BC, CA, AB, 
respectively of triangle ABC. Let P, Q, R be the second 
intersections of AD, BE, CF, respectively, with the 

BE CF 

circumcircle of ABC. Show that -^ + -^ + — ^9 
and determine when equality occurs. 

22 . Let ABC be a triangle, and draw isosceles 
triangles BCD, CAE, ABF externally to ABC, with BC, 
CA, AB as their respective bases. Prove that the lines 
through A, B, C perpendicular to the lines EF, FD, DE, 
respectively, are concurrent. 


MISCELLANEOUS 


23. The set S = j- : r = 1, 2, 3,...| of reciprocals of the 

positive integers contains arithmetic progressions 

1 11 

of various lengths. For instance, — , — is such a 

20 8 5 ^ 

progression, of length 3 and common difference — . 

Moreover, this is a maximal progression in S of length 
3 since it cannot be extended to the left or right within 

S. | — and — not being members of S ) 

l 40 40 b ) 

(a) Find a maximal progression in S of length 1996. 

(b) Is there a maximal progression in S of length 
1997? 

24. Two players take turns drawing a card at random 
from a deck of four cards labelled 1, 2, 3, 4. The game 
stops as soon as the sum of the numbers that have 
appeared since the start of the game is divisible by 3, 
and the player who drew the last card is the winner. 
What is the probability that the player who goes first 
wins? 

25. Let m, n be natural numbers such that 

. (m + 3) n +1 _ , . . , , 

A = is an integer. Prove that A is odd. 

3 m 

26. A sequence of real numbers x n is defined 
recursively as follows : x 0 , X\ are arbitrary positive 

l + Xy. 

real numbers, and x w+2 = / n = 0, 1, 2,... 

Find x 1998 . X ” 

27. Prove that if cos9 = cosacosP, coscp = cosajcosp, 


28. Find the number of polynomials of degree 5 with 
distinct coefficients from the set {1, 2, ...., 9} that are 
divisible by x 2 - x + 1 . 


SOLUTIONS 


1. There are 30 solutions. Since 


a 

L3J 


, and 


a 

LsJ 


are integers, so it a. Now write a = 30p + q for integers 
p and q, 0 < q < 30. 


a 

L2J 


Then 

<=» 31 p + 


a 

L3J 


<=>? = <?- 


1 

12 

I 

12 


i 

L3J 

4 


= a 

.5. 


= 30p + q 


L3J L5J 

Thus, for each value of q, there is exactly one value of 
p (and one value of a) satisfying the equation. Since 
q can equal any of thirty values, there are exactly 30 
solutions, as claimed. 

2 . If x, y, z exist, then some two of them share the 
same sign: say, x and y. Then z = — r > 0. Thus 


(H)' 


a + b . c = ^l ib + c- a = ^-, and c + «-b = — af e 
z x y 

all positive, ’so a, b, c form a triangle. 

Conversely, if there is a triangle with sides a, b, c, 
then let u = b + c - a, v - c + a - b, w * a + b - c; 
by the triangle inequality, these are all positive. If 
there did exist satisfactory x, y, z, then from above 

u - 9 v = , w = — ^ . Solving these equations 

x y + z 

gives x = J^'y = )J^’ z = )Pf' and ^ ese values 
indeed satisfy the equations. 

3. Let A = ^xf and A { =A- xf , so that A=-^£ A i- 
We claim that A > T — and A > £x,-. From A.MGM 

X 

1 

3 A 2*3*4 = “- 

Combining the analogous inequalities gives A > , 

as claimed. i 

Also, by the power mean inequality, 

since ^Xj >4 by A.M.G.M. So A>^Xj , as claimed. 
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4. Lemma : Let D be a point inside an acute triangle 
ABC. We have 

DA-DB-AB + DB-DC-BC + DC-DA-CA > AB-BC-CA; 

....(4) 

equality holds if and only if D is the orthocentre of 
ABC. 

It is clear that the lemma contains our main result. We 
are going to prove the lemma in two ways. 

1 st solution : Let E and F be points such that BCDE 
and BCAF are both parallelograms. Thus EDAF is also 
a parallelogram. We have AF = ED = BC, EF = AD, 
EB = CD, BF = AC. * 

Applying Ptolemy's theorem to quadrilaterals ABEF 
and AEBD, we have AB AD + BC-CD = AB EF + AF-BE > 
AE-BF = AE-AC; BD-AE + AD CD = BD-AE + AD BE 
> AB ED = AB-BC. 

Now we have DA-DB-AB + DB-DC-BC + DC-DA CA 
= DB(AB-AD + BC-CD) + DC-DA-CA > DB -AE-AC + 
DC-DA-CA > AC(BD-AE + AD-CD) > AC-AB-BC. 
Equality holds if and only if both ABEF and AEBD 
are cyclic, which implies that AFEBD and AFED are 
cyclic. Since AFED is a parallelogram, AFED is a 
rectangle and AD 1 ED. Since BCDE is parallelogram, 
we have ED 1 1 BC and AD 1 BC. Since AEBD is cyclic, 
ZABE = ZADE, which implies that BE ± AB. Since 
BCDE is a parallelogram, we have CD 1 1 EB and CD _L 
AB. Thus £> is the orthocentre of ABC. 

2 nd solution : Let D be the origin of the complex plane 
and let the complex coordinates of A, B, C be u, v, iv 
respectively. We rewrite as 

\uv(ii - v)\ + I vw(v - iv) I + \wu(w - u)\ > l(z/ - v) 
(v-w)(w-u) I. (1) 

But it is easy to check that uv(u -v) + uw(v -w) + wn(iv 
- u) = -(u - v)(v - IV) (w - u), (2) 

which implies (2) and thus (1). Now we only need to 
determine when the equality holds. (3) 

Let = UV z - VW 

1 ( u-w)(v-w Y 2 (v-u)(w~u)' 

IVU 

3 (w-vHu-vY 
We can rewrite (2) and (3) as 
Izi I + lz 2 l + I Z 3 I > 1, Zi + z 2 + z 3 = 1. 

Equality holds if and only if z h z 2 , z 3 are all positive 
real numbers. 

Suppose that z v z^ z 3 are all positive real numbers. 

Since -hh. = f_“Lf _ = # 

Z 1 \u-vJ z 2 \v-w) 

we know - — l - — - and 7 — - — - are pure imaeinarv 
\V-w) (w — li) 

numbers; thus AD 1 BC and BD 1 AC and D is the 
orthocentre of ABC. 


Suppose that D is the orthocentre of the triangle ABC. 
Since the triangle is acute, D is inside the triangle. 
Therefore there are some positive numbers r h r ^ r 3 

, , m v .iv 

such that = - r iL = -r 9 z, = -rw. 

v-w iv -u z u-v J 

Thus Zy Zy z 3 are all positive real numbers. 

From the above, we know that the equality in (1) holds 
if and only if D is the orthocentre of ABC. 

5. The largest p is 5. Note that b is even, so we may 
write b = 2c. 


KT c la-c 4 p 2 a-c 

Now p = —\ or— — = - . 

2 \ a + c c 2 a + c 

2y hi 

Write — = — in lowest terms. If k = gcd(a - c, a + c), 
c n 


then a — c — km 2 , a + c = km 2 , a + c = ktt 2 , 
so 2c = k(n 2 - m 2 ) and 4 pn = km(n 2 - m 2 ). 


In case m, n are both odd, then 81m 2 - n 2 .and 
so p is even, that is, p = 2. On the other hand, 
if m and n are not both odd, n 2 - m 2 is odd, so 
k must be even. Write k = 2 r, so that we have 
2pn = rm(n 2 - m 2 ). Now n is coprime to m and to 
ir - m 2 , so n divides r. Writing r - ns, we have 
2 p = s(n - m)(n + m)m. 

Suppose p > 2. Since m + n and n - m are odd, m + n = p 
and n- m = 1. Thus s, m are each at most 2. This leaves 
only the possibilities (m, n) = (1, 2) or (2, 3). In either case, 
p<5, and fortunately this can be achieved with m =2 ,n= 3, 
s = 1, r = 3, k = 6, c = 15, b = 30, and « = 39. 


6. The minimum is n = 35, the 34-element set of 
17 zeroes and 17 ones shows that n > 35, it remains 
to show that among 35 integers, there are 18 whose 
sum is divisible by 18. In fact, one can show that for 
n, among In - 1 integers there are n whose sum is 
divisible by n. 

We show this claim by induction on n, it's clear for 
n = 1. If n is composite, say n = pq, we can assemble 
sets of p integers whose sum is divisible by p as long 
as at least 2p - 1 numbers remain, this gives 2^ — 1 
sets, and again by the induction hypothesis, some q 
of these have sum divisible by q. 

Now suppose n = p is prime. The number a: is divisible 
by p if and only if a^" 1 * 1 (mod p). Thus if the claim is 
false, then the sum of (rtj + ... + a ^ over all subsets 
{a x , ...., dp} of the given numbers is congruent to 

j = l (mod p). On the other hand, the sum of 

flj .... dp for ei + ... + e p < p - 1 is always divisible 
by p : if k < p - 1 of the e, are non-zero, then each 
, (2p-l-k) 

product is repeated times, and the latter 


2p-l 

P-1 
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is a multiple of p. This contradiction shows that the 
claim holds in this case. (Note : to solve the original 
problem, of course it sufficies to prove the cases 
p = 2, 3 directly). 

7. (a) Let x = 1998 a, y = 1998b. So a, b are positive 
integers such that a < b, gcd (a, b) = 1. We have 
lcm ( x , y) = 1998flb = 2.3 3 .3 lab = n\. Thus n > 37 and it 
is easy to see that this condition is also sufficient. 

(b) The answers are n = 37, 38, 39, 40. We only need 
to consider positive integers n > 37. For 37 < n < 41 , 

n I 

let k = ab = — — . Since gcd (a, b) = 1, any prime factor 

of k that occurs in a cannot occur in b, and vice-versa. 
There are 11 prime factors of k, namely 2, 3, 5, 7, 11, 
13, 17, 19, 23, 29, 31. For each of those prime factors, 
one must decide only whether it occurs in a or in b. 
These 11 decisions can be made in a total of 2 n = 2048 . 
ways. However, only half of these ways will satisfy 
the condition a < b. Thus there will be a total of 1024 
such pairs of (x, y) for n = 37, 38, 39, 40. Since 41 is a 
prime, we can see by a similar argument that there 
will be at least 2048 such pairs of (x, y) for n > 41. 

8. Let integer n = p J 1 p a 2 2 • • • p“ t \ n with p v ..., p m distinct 
primes. Then n has ( a ^ + 1)(a 7 + 1) ••• ( a n + 1) divisors. 
Since 18 = 2-3 2 , it has 6 factors : 1, 2, 3, 6, 9, 18. Since d 
has 16 divisors, we know that d - 2-3 3 p or d- 2-3 / . If 
b = 2.3 7 , d 8 = 54, d 9 = 81 and d 9 -dg*\l. Thus d = 2-3 3 -p 
for some prime p > 18. If p < 27, then d 7 = p, dg - 27, 
d 9 = 2p = 27 + 1 7 = 44 => p = 22, a contradiction. Thus p > 27. 
If p < 54, d 7 = 27, d 8 = p, d 9 = 54 = dg + 17 => p = 37. 
If p > 54, then <f 7 = 27, d 8 = 54, = d 8 + 17 = 71. We 
obtain two solutions for the problem : 2-3 3 -37 = 1998 
and 2*3 3 *71 = 3834. 


9 . The solutions are (x, y) = (170, 145) or (1827, 
145). 

We have x 2 + y 1 = 1997(x - y) 

2(x 2 + y 2 ) = 2 * 1997(x-y) 
x 2 + y 2 + (x 2 + y 2 - 2 * 1997(x - y)) = 0 
(x + y) 2 + ((x + y) 2 - 2 x l997(x - y)) = 0 
(x + y) 2 + (1997 - x + y) 2 = 1997 2 . 

Since x and y are positive integers, 0 < x + y < 1997 
and 0 < 1997 - x + y < 1997. Thus the problem 
reduces to solving a 2 + b 2 = 1997 2 in positive integers. 
Since 1997 is a prime, gcd(a, b) = 1. By Pythagorean 
substitution, there are positive integers m > ti such that 
gcd(m, n) = 1 and 1997 = m 2 + n 2 , a = 2 inn, b = m 2 - n 2 . 
Since m 2 , n 2 s 0, 1, - 1 (mod 5) and 1997 = 2 (mod 
5), in, n = ±1 (mod 5). Since w 2 , n 2 = 0, 1 (mod 3) and 
1997 s 2 (mod 3), m > m, m, n = ± 1 (mod 3). Therefore 


m, « = 1, 4, 1 1 , 14 (mod 1 5). Since m > n, 



< 1997. 


Thus we only need to consider m = 34, 41, 44. The only 
solution is (in, n) = (34, 29). Thus (a, b) = (1972, 315), 
which leads to our final solutions. 


10. We begin by proving the following lemma. 

Lemma-1 : The equation s 4 - f 4 = u 4 (1) 

has no solutions in positive integers. 

Proof : We proceed indirectly; suppose that there 
exists a non-empty set S of integers such that if a e S 
then there exist natural numbers b and c such that 
a 4 « = c 2 . By the Well Ordering Principle, there exists 

a minimum element of S; suppose that in our equation 
a 4 _ = c 2 , a is equal to the minimum. Thus gcd(a, b, c) 

= gcd(a, b) = gcd(b, c) = gcd(c, a) = 1. 

We consider the following cases : 

(a) c is even. Then a and b are odd and a 2 + b 2 s 2 

(mod 4). Since #cd(tf, b) = 1, 41c 2 , and 

(a 2 + b 2 )(a 2 - b 2 ) = c 2 , #cd(fl 2 + b 2 , a 2 - b 2 ) = 2. 

I(a 2 + b 2 ) j l(a 2 -b 2 ) 

Let 2 ~ and y=v — 2 — ‘ 

Then x and y are both integers, and we have 
x A -y A = (ab) 2 . Since a > b, x < a; therefore this violates our 
assumption that our choice of a yields a minimal 
solution. 


(b) c is odd. Then c 2 = 1 (mod 4). Since fl 4 , b 4 = 0 
or 1 (mod 4), a is odd and b is even. We rewrite 
our equation : (a 2 ) 2 + (b 2 ) 2 + c 2 . We use Pythagorean 
substitution. There exist positive integers r and s such 
that gcd(r, s) = 1, fl 2 = r + s 2 , b 2 = 2 rs, c = r 2 - s 2 . 

We are only going to use the first identities. (Both are 

symmetric with respect to r and s.) Since 21b, 41b" 
and exactly one of r and s is even. We denote by r' 
the even one and by s' the odd one. Then there exist 


positive integers x, y for which — = x 2 and s' = y . Thus 


a 2 = 4x 4 + y 4 . By Pythagorean substitution, there are 
positive integers in, n such that gcd(m, n) = 1 and a 
= 7 /z 2 + H 2 , 2.x 2 = 2 inn, y 2 = in 2 - n 2 . Since x 2 ^ inn and 
gcd(in, n) = 1, /// = p 2 and n = q 2 . So y 2 = ;// 2 - n 2 = 
p 4 - g 4 . Thus (p, q, y) is a new solution of (1) with 



< r' < a, and so again we violate our 


extremal assumption. 

Therefore, our assumption is false and there is no 
solution for (1) in positive integers. 

Now we apply the lemma to our problem. Solving the 
given equation for z 2 , we find that the discriminant 
of the resulting quadratic is .v 4 + 6rj/ 2 + j/ 4 . Proceed 
indirectly again; suppose that .r 4 + 6.vV +y' 1 is a perfect 
square. Let a = x 2 + y 2 and b = 2xi/ . But now a 2 + b 2 
and a 2 - b 2 are both perfect square, and a 4 - b 4 must 
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therefore be a perfect square as well! By our lemma, 
this is impossible, and we are finally done. 

11. To solve this problem we use the sine 
formula from trigonometry. In the diagram, 

ZACB = - ZAOB = — = 30° 

2 2 

If ZCAB = 0 then ZABC = (150° - 0) 

n . . AB BC AC 

By sine rule = = 

sin 30° sin0 sin(15O°-0) 

=> AC = 2 x AB sin(150° - 0) = 2sin(150° - 0) 

and BC = 1 AB sin0 = 2 sin0 

ac 2 4. nr 1 = 



V 2sin 2 i4 = (1 - cos2A) 

Therefore 2[2sin 2 0 + 2sin 2 (150° - 0)] 

= 2[2 - cos20 + cos(300° - 20)] 

= 2[2 - (cos20 + cos(300° - 20)] 

= 2^2 - (2cos^.cos(l50° - 20))] 

cos A + cos B = 2 cos jcos )] 

= 2(2 - 2cosl50°.cos(150° - 20)] 

= 2[2 + \/3.cos(150 o - 20)] 

<2(2 + V3) v cos(150° - 20) < 1 

Again AC 2 + BC 2 is a maximum when cos (150° - 20) 
takes the maximum, value, i.e., when 150° - 20 = 0 
=> 0 = 75° 

Then ZABC= 75 ° therefore ZBAC = 0 = 75° 

Thus C takes the position at the mid-point of the major 
segment and AC = BC. 

12. Let x = tana,y = tan p, z = tan Y, < a,p,y< y- 

W(tan 2 q + l) 5\[{ tan 2 (3 + 1) _ 6>/(tan 2 Y+l) 
tan a tan p tan y 

4 _ 5 _ 6 
sin a sin p sin y 

Again tanatanptany = tana + tanp + tany 

=> tana(tanptany - 1) = (tanP + t^ny) 

(tan P + tany) x 

=> -tana = - — - — - = tan(p + y) 

1 - tanp tany ^ 

=> tan(/cn - a) = tan(P + y)=»a + p + y = A:7i 


Taking k = 1, we get a + P + y = n which implies that 
there exists a A whose angles are a, P and y and whose 
sides opposite to these angles are proportional to 4, 5 
and 6 respectively. 

Let the sides of such A be 4 k, 5k and 6k. 

15k 

s = semiperimeter of the A = y- 


a_ f 


x = tan a = 


is-5k)is-6k) 


sis -4k) 


5k 3k 
— x — 
2 2 


15 k 7k 
2 X 2 


4 


it 


i-r 


2 ^7 _V7 
„ 1 3 


1 -- 
7 

5 V7 r- 

Similarly, y- tanp = — — and z = tany = 3v7 


[«n|-7 


is -4k)is-6k) 
sis -5k) 


and tan 


t-t 


is-4k)is-5k) 


sis -6k) J 

where a, P, y are measures of the angles A, B and C 
of A ABC. 

13. Wehavel + tan 2 0 = -^P,l + tan 2 <p = ^£P 
cosa cosy 

Hence tar * 2 e = cos P- cosot cos T 

tan 2 <p cosa cosp-cosy 


On the other hand, it is given that 


tan 2 0 tan 2 a 


tan 2 cp tan 2 y 

Therefore, we have c °sp- cosa cosy = tan^a 
cosp-cosy cosa tan 2 y 
From this equality we get 


_ cos 2 a sin 2 y- cos 2 ysin 2 a 


sin 2 y- sin 2 a 


cosp = 

cosasin 2 y- sin 2 acosy cosasin 2 y- sin 2 acosy 

rj . . 2 P 1-COSp 

But tan — = - 

2 1 + cosP 

_ cosasin 2 y- sin 2 acosy- sin 2 y-f sin 2 a 
cosasin 2 y-sin 2 acosy + sin 2 y-sin 2 a 
_ sin 2 a(l- cosy) -sin 2 y(l-cosa) 

sin 2 y(l + cosa) - sin 2 a(l + cosy) 

8 sin 2 ^ cos 2 — sin 2 --8 sin 2 - cos 2 - sin 2 — 

2 2 2 2 2 2 

8 sin 2 - cos 2 - cos 2 — -8 sin 2 — cos 2 — cos 2 - 
2 2 2 2 2 2 


. 2 a . 2 Y ( 2 a 2 Y^ 

sin —sin* - cos z cos^ - 

2 2V 2 2) 


2 a 2 Y 
cos —cos — 
2 2 


= tan 2 — .tan 2 - 
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2<X 2 Y . 2 Y 2 a 

Since cos cos- = sin- - sm — . 

2 2 2 2 

14. Expanding the given equalities, we get 
cosacos30 + sinasin30 = mcos 3 0, sinacos30 - cosasin30 
= msin 3 0. Multiplying the first equality by cos30, the 
second by -sin30 and adding them term by term, we 
find cosa = m{cos 3 0cos30 - sin 3 0sin30} 

But it is known that cos30 = 4cos 3 0 - 3cos0, 
sin30 = 3sm0 - 4sin 3 0. 

Consequently cos 3 0cos30 - sin 3 0sin30 
= 4(cos 6 0 + sin 6 0) - 3(sin 4 0 + cos 4 0). 

But squaring the original equality and adding, we get 

cos 6 0 + sin 6 0 = -At. 

m 2 

Compute cos 4 0 + sin 4 0, we have 

cos 6 0 + sin 6 0 = (cos 2 0 + sin 2 0)(cos 4 0 + sin 4 0 - cos^sin 2 ©) 

= cos 4 0 + sin 4 0 - cos 2 0sin 2 0 

1 2 

Therefore — = (cos 2 0 + sin 2 0) - 3 sin 2 cos 2 0, 
m 2 

3sin 2 0cos 2 0 = 1- — — 
m 2 

sin 4 0 + cos 4 0 = 1 - 2sin 2 0cos 2 0 

-iBHB) 

Thus cosa = m{4(cos 6 0 + sin 6 0) - 3(sin 4 0 + cos 4 0)} 

[4 , 2 1 2- m 2 . 2 0 

Lm 2 m 2 J ™ 

15. 1st solution : Let a = BC, b = CA, c = AB, 
a = /.CAB, P = /ABC, y = /BCA, and let R and r be 
the circumradius and inradius of ABC, respectively. 
Applying law of sines to ABC, we have 

a = IRsina, b = 2RsinP, c = IRsiny. 

Since p = 45°, sinp = ^y-, tan^ j = (V2 -l), 

, . . x >/2 (sina + cosa) /1X 

sin y = sin (135° - a) = . (1) 

Thus r = ^ — tan ^ j = R (yfl - l)(sin a + sin y - sin P). 

From Euler's formula O/ 2 = R(R - 2 r), we have 

01 2 = E 2 (l-2(sina + siny-sinP)(V2 -l)) (2) 

Since V2 OI = AB-AC. 

01 2 =(c-2(sina + siny-sinP)(V2 -l)). ( 3 ) 

From (1) and (2), we obtain 
2 (sin y - sin P) 2 = (1 - 2 (sin a + sin y - sin P) ( V2 - 1)) 
<=>1-2 (sin y - sin P) 2 = (sin a + sin y - sin p) (V2 - 1) 


<=> 1 - 2 sin 2 y + 2 V2 sin y - 1 

= 2(sina + siny)(V2 — l) — (2 — >/2 ) 

<=> -(sin a + cosa) + 2 (sin a + cosa) 

= (2V2 - 2) sin a + (2 - yfl) (sin a + cos a) - (2 - ) 

<=>-l-2sinacosa = (Vi- 2) sin a -V2 cos a- (2-V2) 
<=> 2sinacosa- (2- V2)sina-V2cosa + (%/2 -l) = 0 
<=> (V2sina-l)(V2cosa- V2 +1)= 0 
- . Vi , Vi 

Thus sina = — or a = l-— , 


sina 


=vn 


cos a = ■ 


VWi-2 


2nd solution : Let l a I a , I b be the feet of perpendiculars 
from I to AB, BC, CA respectively Let D be the foot 
of the perpendicular from O to BC. Thus OD is the 
perpendicular bisector of BC and BD = CD. From equal 
tangents, we have AI C = AI b , BI a = BI C , CI a = CI b . We 
have 

Viol = c-b = BI a - 1„C. 

= (AI c+ I c B)-(AI b+ I b C) = I c B-I b C 
Since c > b, D is on BI n . We have BI a = BD + Dl a , 
l a C = CD- Dl a . So Vio/ = 2 Dl a , i.e., OI = -JlDI a . Thus 
line OI and line DI a form a 45° angle, which implies 
that either OI 1 AB or OI II AB. 

(a) OI 1 AB. Then OI is the perpendicular bisector of 

Vi 

AB. Thus AC = BC, a = P = 45°, and since = — . 

(b) OI 1 1 AB. Let E be the foot of the perpendicular 
from O to AB. So /AOE = ZC - y, Rcos/AOE - Rcosy 
= OE = II C = r. 

a B y 

Since r = 4Rsin— sin — sin— , we have 
2 2 2 

..a.p.y ..pf-.a.y 

cosy = 4sm— sm-sm- = 2smH 2 sin— sin ^7 


2 • 2 


21 


= 2smS(-cos(^).cos(^)) 

= 2sin sin ^ + cos )) 

= -2 sin 2 - + 2sin - cos ( — ) 

2 2 V 2 / 

„ „ . fa + p-y'l • fP + Y-°0 

= cosp-l + sin(^ J+sin^ - J 

= cosP - 1 + sin(90° - y) + sin(90° - a) 

= cosP - 1 + cosy + cosa, which implies that 

V 2 

cosa = 1 - cosP = 1 - — 


and sina = Vl-cos 2 a = 


V4V2-2 
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16 . Note that ZABD = 20°, ZBCA = 80° and ZACE = 10°. 
Let G be the foot of the altitude from A to BC. 

Then ZB AG = 90° - ZABC = 30° and 
ZCAG = 90° - ZBCA = 10°. 

. _ sin ZB AG sin ZACE sin ZCBD 

Now, 

sin ZCAG sin ZBCE sin ZABD 

_ sin 30° sin 10° sin 40° 

~ sin 10° sin 70° sin 20° 


(i) si 


(sin 10°)(2 sin 20° cos 20°) 


• = 1 . 


sin 10° cos 20° sin 20° 

Then by the trigonometric form of Ceva's Theorem, 
AG, BD, and CE are concurrent. Therefore, F lies on 
AG so AF is perpendicular to the line BC, as desired. 


17 . Introduce coordinates with ABCD parallel to 
2 = 0. Let £, F, G, H be the circumcentres of triangles 
AKN, BKL, CLM, DMN and let W, X, Y, Z be the 
circumcentres of tetrahdra A^AKN, BfiKL, CiCLM, 
DjDMN. Also for each point Q we have labelled, let 
Qi, C? 2 / Q 3 denote the x, y, z-coordinates of Q. 

We first show that EFGH is a parallelogram, by solving 
that the midpoints of EG and FH coincide. It sufficies 
to show this for the projections of the segments in two 
different directions ( e.g ., introduce coordinates along 
those directions). But this is evident for the projections 
onto AB, as E and F project onto the midpoints of AK 
and BK, respectively, so the segment between them has 
length AB! 2, as does the corresponding segment on 
CD. Likewise, the claim is evident for the projections 
onto CD. 


We now have E 1 + G] = F r + H } and E 2 .+ G 2 = F 2 + H 2 . 
Also, since W and £ are equidistant from AKN, WE 
is perpendicular to AKN and thus to the plane 2 = 0. 
Thus W] = E ! and W 2 = E 2 , and likewise for X, Y, Z. 
Thus Wj + Yj = X 1 + Z\ and W 2 + Y 2 = X 2 + Z 2 . All 
that remains is to show W 3 + Y 3 = X 3 + Z 3 . Notice 
that W and X both lie on the plane perpendicular to 
ABB^Ai and passing through the midpoints of AA ^ 
and BB^ Thus W 3 = aW A + bW 2 + c and X 3 = aX ^ + 
bX 2 + c for some constants a, b, c. Similarly, Y and Z 
both lie on the plane perpendicular to CDDjC} and 
passing through the midpoints of CC\ and DDj. Since 
DCCiD ! is parallel and congruent to ABB } A, we have 
Y 3 = nY \ + bY 2 + d and Z 3 = aZ x + bZ 2 + d for d another 
constant, but a and b the same constants as above. 
Therefore W 3 + Y 3 = X 3 + Z 3 , completing the proof that 
WXYZ is a parallelogram. 


18. 1st solution : Let = a, CA = b, AB = c. We 
have A = 2B and C = 180° - 3 B. By the law of sines, 

b _ a _ c 
sinB sin A sinC 


Since sinA = sin2£ = 2sin£ cosB, sinC = sin3B = 3sin£ 
- 4sin 3 B, we have a = 2frcosB, c = b(3 - 4 sin 2 B) = 
b( 4 cos 2 B - 1) and hence a 2 = b(b + c). Since we are 
looking for a triangle of smallest perimeter, we may 
assume that gcd(a, b, c) = 1. In fact, gcd(b, c) = 1, since 
any common factor of b and c would be a factor of 
a as well. We notice that since a perfect square a 2 
is being expressed as the product of two relatively 
prime integers b and c, it must be the case that 
both b and b + c are perfect squares. Thus, for some 
integers m and m, with gcd(m, m) = 1, we have b = m 2 , 

b + c = n 2 , a = mn, 2 cos B = — = Since C > 90°, we 
r m b n 

have 0 < B < 30° and v 3 <2cosB = --<2. 

m 

It is easy to check that (m, n) = (4, 7) is the smallest 
pair that generates a triangle (a, b, c) = (28, 16, 33) that 
meets all the conditions. 

2nd solution: We use same notations as those in the 
first solution. Let the angle bisector of ZCAB meet BC 
at D. Since ZBAD = ZABD, we let AD = BD = x. We 
have ZACD = B, ZACB = ZACD, so triangles ABC and 

DAC are similar. We have - = - = ^ 

c a b 

which leads to ax = be, b 2 = a 2 - ax =* a 2 = b(b + c), and 
the rest is the same. 


19. Join AO. In ZAOD, 

mZOAD = mZODA = mZBDA = C + - 

2 ■ 2 

(exterior Z = sum of the remote interior Zs) 

ZAOD = 180° ----- C 
2 2 

= 180° - i(180° - C) - C = 90 ° - -C 
2 2 

Similarly in A AOE, B 

ZOAE = — , mZOEA = mZCE/l = B + - 
2 * 2 

(exterior Z = sum of the remote interior Zs) 

and ZEOA = 180° ----- B 
2 2 

= 180° - Ll80° -B)-B = 90° — — B 
2 2 



Using sine formula for the two triangles ADO and A EO, 

. OD AO OD AO 

we get 


sin ZOAD sin ZADO 


=> OD = 


Again 


AO sin — 

OE 


sin y sin | C + 

(i) 


f) 


AO 


sin ZOAE sin ZOEA 
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OE 


AO 


■ A 
CM sin — 

- 2 - ( 2 ) 


^ . A~ . f C) => ° E ~ . f C) 
sin — sin(B + -J sm|B + -J 

But OD = OE (given). From (1) and (2), we get 

sin ( c+ f) =sin ( B+ f) 


=>C + - = B + - 
2 2 


or C + 




....(3) 

....(4) 


=> — = — from (3) 

2 2 

=*ZB = ZC =>-(B + C) = 180° 
2 

from (4) 

ZA = 180° - 120° = 60°. 


B + C = 120° 


20. Let ZACF = ZCBM = A, let CM = AM = m. 
Then MB = CF = 2mcosA. By the Law of Sines, 
CM MB 

sin ZCBM sin ZMCB ' 
and so sinZMBC = 2cosAsinA = sin2A. 

This leaves two possibilities. If ZMCB + 2A '= 180°, 
then ZCMB = A = ZMBC. 

Then CB = MC and MB = 2MCsii\A Also MB = 
CF = AC cosA = 2MC cosA. Therefore sinA = cosA 
so A > 45°, ZMCB > 90°, a contradiction. 

Thus we conclude ZMCB = 2A, so ZACF = ZBCF. 
Therefore triangle ACF is congruent to BCF and 
AC = BC. Now triangle ACF is congruent to CBM, 
so ZCAF = ZBCM. Therefore BC = AB, so ABC is 
equilateral. 


21. Fix ABC and note that , which 

PD d(P, BC) 

has a constant numerator and so is minimized when 
the denominator is maximized, which occurs when 
P is the midpoint of the arc BC; and analogously 
for Q and R. Hence it suffices to prove the result 
when rays AD, BE, CF are angle bisectors. We have 


/RAC 

ZPBD = = ZPAB and so triangles PBD, PAB 


are 


... , PA PA PB (PAX (ABX 

similar and = = — = — . 

PD PB PD { PB) \BDJ 


But using the angle bisector theorem, ^ B_(b+_c) 

BD a 

, n BC (c + fl) CA (fl + b) r 

and likewise — = . — = ; now either 

CE b AF c 

expanding, regrouping, and using A.M. G.M. or, more 


elegantly, using RMS-A.M. and A.M. G.M. as shown 


PA 

below, gives Y = 

& ^ PD 




^12 and subtracting 3 from sides gives 


our result. Equality requires that AD, BE, CF be angle 
bisectors and (because of the A.M. G.M. step) that 
ABC be equilateral. 


22. First solution : We first show that for any four 
points W, X, Y, Z in the plane, the lines WX and YZ 
are perpendicular if and only if 

WY 2 - WZ 2 = XY 2 - XZ 2 (*) 

To prove this, introduce Cartesian coordinates such 
that W = (0, 0), X = (1, 0), Y = {x v y : ), and Z = y 2 ). 

Then (*) becomes X? + Y 2 -X\- Y 2 = (x x - 1) 2 + y] 

_ (x 2 — l) 2 — y| , which upon cancellation yields 
Xi = x 2 . This is true if and only if line YZ is perpendicular 
to the A:-axis WX. 

If P is the intersection of the perpendicular from 
B and C to lines FD and DE, respectively, then 
the fact noted above yields PF 2 - PD 2 = BF - BD 2 
and PD 2 - PE 2 = CD 2 - CE 2 . 

From the given isosceles triangles, we have BF = AF, 
BD = CD, and CE = AE. .\ PF 2 - PE 2 = AF 2 - AE 2 . 
Hence line PA is also perpendicular to line EF, which 
completes the proof. 

Second Solution : Let Q be the circle with centre D 
and radius BD, C 2 the circle with centre E and radius 
CE , and C* the circle of centre F and radius AF. The 
line through A and perpendicular to EF is the radical 
axis of circles C 2 and C3, the line through B and 
perpendicular to DF is the radical axis of circles Q 
and C3, and the line through C and perpendicular to 
DE is the radical axis of circles Q and C 2 . The result 
follows because three radical axes meet at the radical 
centre of the three circles. 

Third solution : Let A', B', C be points on EF, 
DF, DE respectively, with AA' ± EF, BB' J_ DF and 
CC 1 DE. In addition, let D', E', F' be points on BC, 
AC, AB, respectively, with DD' _L BC, EE' ± AC, and 
FF' _L A B. Because DD', EE', and FF' are the perpendicular 
bisectors of the sides of triangle ABC, these three 
lines are concurrent, meeeting at the circumcentre 
of triangle ABC. Thus, by the trigonometric form of 
Cevas Theorem applied in triangle DEF. 

23. There is a maximal progression of length n, 
for all n > 1. Dirichlet's theorem implies that there 
is a prime number p of the form 1 + dn for some 
positive integer d. Now consider the progression 

1 1 + d l-t-0z-l)d 

(p-l)!' (p-l)l (p-l)! 
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Since the numerators divide the denominators, each 
fraction is the reciprocals of an integer, but this is 
(1 + nd) p 

since p is prime. 


not the case for 


(P-1)! ' (P-1)! 

Therefore this sequence is a maximal progression. (To 
solve (a), simply take p = 1997). 

24. 1st solution : Let P be the desired probability. 
For positive integers n, let b n be the probability that 
the n - th card has been drawn and the sum of the 
numbers on the first n cards is 1 modulo 3; let c n be 
the probability that the n - th c<yrd has been drawn 
and the sum of the numbers on ;Jhe first n cards is 2 
modulo 3; and let a n be the probability that the game 
ends immediately after the n - th card has been drawn. 

1113 

We notice that a. = b. = c, ;= - , b, = — , and we 
4 2 1 4 2 16 

have the following relations: 


b - h JL + C JL 
°n + 1 “ - + 


c n + 1 


c n c n 


C„ 

i tx ^ 

2 T' ” 


4 4 2 4 ' ”‘ ri 4 2 

Subtracting the first two equations from each other, 


we obtain that c n+1 = 


4 + b, 


n + 1 


Subtracting this back 


to the first equation, we have 16 b n + 2 = 8 ^Vi + K- Solving 
the characteristic equation 16* 2 = 6x + 1 we have 


fi , t 


We have 


a n+ 2 


Vn + 1 + c ’ 


”±L 

2 


424. 2 48 

To solve our problem, we only need to calculate four 
convergent infinite series. In fact, 

p = fli + + ... + + •••• 

1 3(b 2 +b 4 +...) b l +b 3 +... 1 21 2 13 

4 4 4 4 92 23 23* 

2nd solution : Let a 2 be the probabilities that player 

one will win given that when he starts a turn, the 

sum is 1 or 2(mod 3), respectively (in other words, as 

if the sum were 1 or 2 at the beginning of the game.). 

Let and b 2 be the probabilities that player one will 

win given that when his opponent starts a turn, the 

sum is 1 or 2(mod 3), respectively. We wish to find 

11 1 
P=± + ±u +L b 

4 2 1 4 2 

Now, we have the following relations: 

_ 2 + + b 2 
4 '• 


1 + b] + 2b 2 


1 4 

(li 4 - 2(l< 
h \=- 


a n =- 


2 L _«i+«2 
/ "o — 




We multiply the first two equations by 4 and the 
last two equations by 16, then substitute the first 
two equations into the last two equations to get two 
equations in b i and b 2 . These equations have solution 

by = b 2 = — , which implies that P = — . 

1 23 1 23 r 23 

25. 1st solution : Let p be a prime and 'a' a positive 

integer. Let j be the Legendre symbol, i.e., j 

will have value 1 if a is a quadratic residue module 
p, -1 if a is a quadratic non-residue modulo p, and 0 

if -. For odd primes p and q, we have LQR (Law of 
a 

Quadratic Reciprocity): 

(Ell) (p\(q\ , (P-ttf-l) 

-1) 2 , p =(-D i . 

If m is odd, then (m + 3) n + 1 is odd and A is odd. 
Now we suppose that m is even. Since A is an integer, 
0 = (m + 3)” + 1 = m n + 1 (mod 3), so n = 2k + 1 is odd and 
m = -l(mod 3). We consider the following cases. 

(a) m = 8m' for some positive integer m'. Then 
(m + 3)” + 1 s 3^ +1 + 1 = 4(mod 8) and 3m = 0 (mod 8). 
So A is not an integer. 

(b) m = 2m' for some odd positive integer m\ i.e., 
m = 2(mod 4). Then (m + 3)” + 1 = (2 + 3) n + 1 = 2(mod 
4) and 3m = 2 (mod 4). So A is odd. 

(c) m = 4m! for some odd positive integer m! . Since 
m = -1 (mod 3), there exists an odd prime p such 
that p = -1 (mod 3) and p I m. Since A is an integer, 
0 = (m + 3)" + 1 S 3 2 ** 1 = 1 (mod m) and 3 2 ** 1 = -1 
(mod p). Let a be a primitive root module p\ let b 
be a positive integer such that 3 = a b (mod p). Thus 

a {2k+l)b = -1 (mod p). Note that i-^\= f— )= -1. We 
consider the following cases : v ^ / 

(i) p s 1 (mod 4). From LQR, j= 1, so a 2c = -1 = 

fl (2A+1)& (mod p) for some positive integer c. Therefore 

b is even and [ — 1=1. Again, from LQR, we have 
\V) 

(3-l)(p-l ) 

(ii) p = 3(mod 4). From LQR ; 



= 1, a contradiction. 

= -1 = (mod p) for some positive integer c. 
Therefore b is even and j= -1. Again, from LQR, 
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we have 1 = | - ](J^ |= (-1) 


(3-l)(p-l) 

4 ’ =-l, 


a contradiction. 

Thus for m = 4 m' and m' is odd, A is not an integer. 
From the above, we see that if A is an integer, A is 
odd. 

2nd solution : We prove by contradiction. Assume, on 
the contrary, that A is even. Then m is even. Since A 
is an integer, 0 = (m + 3)" + 1 = m n + 1 (mod 3) yields 
ii = 2k + 1 and m = 3t + 2. Let m = 2 l m y where / > 1 and 
mi is 0( id. In fact / > 1, as otherwise m = 2 (mod 4), 

„ (m + 3)"+l 

(m + 3)" + 1 = (2 + 3)" + 1 = 2(mod 4) and A = ^ 7 — 

is odd. 

Since A is an integer, we have 
0 = (m + 3)" + 153 ^ + 1 (mod m) (i) 

From (i), we have 2 1 1 (3 21 * 1 + 1)1. But 3 2 ** 1 + 1 = 9* x 1 = 
4 (mod 8), so / = 2, m = 4m!, and m x = m = 2 (mod 3), 
From (i), we also have m 1 l(3 2 ^ 1 + 1), which implies that 
mi I# 2 + 3, where a = 3 fc+1 . Since gcd(m v 2) = gcd{my 3) 
= 1 and m! = 2(mod 3), mi = 6s + 5. Since gcd(mi, a) 
= gcd{my 3) = 1. Thue's lemma implies that there 

exist integers x and y such that 1 < x, \y\ < [Vmj"] and 
mi \ax + y. Since mi = 2 (mod 3), mi is not a perfect 
square and 1 < x, \y\ < yfm J~. Now 
m 2 1 a 2 + 3 <=> a 2 + 3 = 0 (mod m 2 ) 

m l \ax + y <^> ax = -y (mod m^) 

imply that 3X 2 + y 2 = 0 (mod m^, i.e., 3 x 2 + y 2 = fcmi. 
But 3X 2 + y 2 < 4m! gives k = 1, 2, 3. 

(a) If /c = 1, then 3X 2 + y 2 = m 2 = 6s + 5 yields y 2 = 2(mod 3), 
which is impossible. 

(b) If k = 2, then 3 x 2 + y 2 = 2mi = 12s + 10 yields 
3X 2 + y 2 = 2 (mod 4), which is impossible. 

(c) If k = 3, then 3 x 2 + y 2 = 3m! yields y = 3y a and 
x 2 + 3y 2 i = mi. 

We are back in the first case, which is impossible. 
Thus our assumption is wrong and A is odd. 


1 + Xi 

26. We have x 2 = x 3 = 


x 0 + *! + 1 
*0*1 


, *4 =- 


l + * n 


x 5 = % and x 6 = x a . Therefore, x k periodically repeats 


every 5 terms and x 1998 = x 3 = 
8 (0 

27. Puttan- = x,tan- = y 
2 2 


x 0 + x a + 1 
*0*1 


Then cos 0 = 


l-x z 
1 + x 2 


= cosacosp,cos(p = 


_ i-r 


i+y 


1 -y 2 o 

coscp = — — = cosai.cosp 

i+y 2 • 

^ 1 -cosacosP 2 l + cosajcosp 

Further x = ^,y = r, 

1 + cosacosp 1 + cos^cosp . 

therefore 

99 (l-cosacospXl-cosa-, cosp) 

2 ^ (l + cosacosp)(l + cosa! cosp) 

Add unity to both members of the equality. We find 
2 2 (l + cos a cos a a cos 2 p) 

1 + cosp (1 + cosacosp)(l + cosc^ cosp) 

Assuming cosP * 0, we obtain 
cosa + cosai = 1 + cosacosai cos 2 p, 
cosa + cosai = 1 + cosa cosai(l - sin 2 P) 

cosa + cosa! sin 2 P = 1 + cosacosa! - cosa - cosa! 

= (1 - cosa)(l - cosai) and consequently, indeed 

sin 2 P = ( — 1 ¥— 1 ) 

Vcosa y^cosa! ) 

28. Let the 5 th degree equation be ax 5 + bx 4 + cx 3 + 
dx 2 + ex + f= 0. The roots of x 2 - x + 1 are the non- 
real roots of x 3 + 1, namely e m/3 and e 5m/3 . Therefore 
the 5 th degree equation is divisible by x 2 - x + 1 iff 

ae 5m/ 3 + b Am/3 + ce ni + de 2nt/ 3 + ee m/3 + / = 0. 

In other words, so zsin60(-tf -b + d + e) = 0, or a-d = e-b, 

and — - — -c- — + — + / = 0 , one + 2 /+ a = b + 2c + dor 

2 2 2 2 

9 since a-d = e-b,a-d = c -f = e-b. It follows that 
exactly ^ of the polynomials will have coefficients 

p + k, q, r + k, p, q + k, r for k > 0 and p < q <r. 

(9-k\ 

For a given k, there are I ^ I values of p, q, r such that 

r + k<9. However, the coefficients must be distinct, so 
we must subtract those with 2 of p, q, r differing by k. 
There are 9-2 k ways to select two numbers differing 
by k, and 7 -k ways to select the remaining number. 
However, we have counted those of the form x, x + d, 
x + 2d twice, and there are 9 - 3k of these. 

Therefore, for a given k, there are 


(V)- 


2Jt)(7-/c) + 9-3fcpolynomials. Adding, 


we have (1 + 4 + 10 + 20 + 35 + 56) - (42 + 25 + 12 + 3) 
+ (3 + 6) = 53 polynomials of the prescribed form, and 
5312 = 636 polynomials in total. 
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SECTION-1 


This section contains 80 multiple choice questions numbered 1 to 80. 
Each question has four choices of which one is correct. Each question 
carries +1 mark for correct answer and -1/3 for wrong answer. 

1. The solution of the differential equation 

on 


(a) y = * tan 


(b) x = ytan 


(c) x = ytan 


x 2 +y 2 

( 2 2 
x +y +c 

2 

2 2 
x + y +c 


c-x-i 


(d) none of these 


If 1, cd, co 2 are cube roots of 

1 + CD 2cd 

-2cd -b 

+ 

a -cd 

3cd 2 

= 

i 1 

8 o 

^ 8 
t i 


, then a 2 + b 2 is 


equal to 

(a) 1 + cd 2 (b) co 2 - 1 (c) 1 + cd (d) (1 + go) 2 

3. If A + B = 45° then (cotA - l)(cotB - 1) is equal 
to 

(a) 1 (b) 1/2 (c) -1 (d) 2 

4. In triangle ABC if /LA = 60°, a = 5, b = 4 then c is 
a root of the equation 

(a) c 2 - 5c - 9 = 0 (b) c 2 - 4c - 9 = 0 
(c) c 2 - 10c + 25 = 0 (d) c 2 - 5c - 49 = 0 

5. Let/ and g be two continuous and differentiable 
functions satisfying f (x + y) = f (x) + f (y) 
V x, y € R. Also / (x) = x 2 g(x). Then 
1/(15)-/ (-15) I is 

(a) 30 (b) -30 

(c) 0 

(d) cannot be determined 


6 . 2 


m-n , lf m-n X , lfm-nY , 
m + M 2>\m + n) 5 \m + n) 


is 


(a) log^ 

(c) log mn 

j .v + (cos" 1 3 a:) 2 


(b) log-T 
m 

(d) none of these 




dx- 


9x z 


(a) c-^yll-9x 2 +(cos l 3x) 3 j 

(b) c -t- Vl-9x 2 + (cos -1 3x) 3 j 

(c) c - |Vl-9x 2 + (cos -1 3x) 3 j 

(d) none of these 

8. Let r be a relation from R (set of real numbers) to 

R defined by r = {(a, b) : a, b e R and a-b + J 3 
is a rational number}. The relation r is 

(a) an equivalence relation 

(b) reflexive only (c) symmetric only 

(d) transitive only 

9. If P m stands for m P m then 1 + 1-Pj + 2 -P 2 + 3-P 3 * + 
.... + n-P n is equal to 

(a) «! (b) (h + 3)! 

(c) (n + 2)! (d) (n + 1)! 

10. If J (log x) 2 dx = x[f(x)] 2 + Ax[f(x) - 1 ] + C , then 

(a) / (x) = log*, A - 2 

(b) /(*) = log*, A = -2 

( c ) / (x) = -log*, A - 2 

(d) / (*) = -log*, A - -2 

1 log^y log* 2 

11- The value of log y * 1 log y z 

lo Sz* lo g 2 y 1 


By : Sankar Ghosh, HOD (Math), Takshyashila. Mob : 9831244397 
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tu/4 

79. /„ = J tan” xdx, n> 2, then l n + l n _ 2 forms 

0 

(a) A.P. (b) G.P. 

(c) H.P (d) A. G.P 

80. If/(x) is continuous function such that/(x) > 0 

8 

V x e [2, 10] and J f(x)dx = 0 , then / (0) = 

4 

(a) 2 (b) -2 

(c) 0 (d) 1 


SECTIOIVI-2 


This section contains 10 descriptive questions numbered 1 to 10. 

. If each term of a series in A.P be multiplied by 
3, would the series so obtained be again in A.P? 



Give reasons for your answer. 

1. 

(C) 

2. 

(c) 

3. 

(d) 

4. 

(b) 

5. (c) 

2. 

Prove that the product of n geometric means 

6. 

(a) 

7. 

(a) 

8. 

(b) 

9. 

(d) 

10. (a) 


between a and b is (ab)” 12 . 

11. 

(c) 

12. 

(b) 

13. 

(b) 

14. 

(a) 

15. (c) 



16. 

(d) 

17. 

(a) 

18. 

(b) 

19. 

(b) 

20. (d) 

3. 

Show that cos^- + isin^- cos^ + isin-^ 

21. 

(a) 

22. 

(d) 

23. 

(a) 

24. 

(d) 

25. (c) 


\ 1U 1U J\ 1U 1U J 

26. 

(a) 

27. 

(b) 

28. 

(b) 

29. 

(d) 

30. (a) 


fcosf + ( sinf )fcos^ + isinf 

31. 

(d) 

32. 

(c) 

33. 

(c) 

34. 

(b) 

35. (b) 


io io A io 10 j 

36. 

(a) 

37. 

(c) 

38. 

(a) 

39. 

(d) 

40. (c) 

4. 

If there is no real roots of the equation 

41. 

(d) 

42. 

(b) 

43. 

(c) 

44. 

(b) 

45. (d) 


x 2 - (k + 2)x + (k + 2) = 0, then prove that 

46. 

(d) 

47. 

(c) 

48. 

(a) 

49. 

(b) 

50. (b) 


-2<k<2. 

5i: 

(c) 

52. 

(b) 

53. 

(d) 

54. 

(d) 

55. (c) 

5. 

Find the rank of the word ’LAND’ when its letters 

56. 

(c) 

57. 

(c) 

58. 

(b) 

59. 

(c) 

60. (b) 


are arranged as in a dictionary. 

61. 

(c) 

62. 

(b) 

63. 

(d) 

64. 

(d) 

65. (d) 

6 . 

Find the coefficient of x 2 in 

66. 

(b) 

67. 

(b) 

68. 

(c) 

69. 

(b) 

70.. (a) 


loe,,(l + X + x 2 + x 3 + ... + oo) 

71. 

(b) 

.72. 

(a) 

73. 

(d) 

74. 

(a) 

75. (c) 



76. 

(a) 

77. 

(b) 

78. 

(a) 

79. 

(c) 

80. ( C ) 

7. 

If the system of equations x - ky - z - 0, 











kx-y-z = 0 r x + y- z = 0 has a non-zero solution. 





SECTION-* 





then find the possible values of k. 

5. 

14 

6 . 

1/2 

7. 

1, “I 

8 . 



8 . 

Find the value of a and b, such that the function 




A ~ 




6 

12 


/ (x) defined by 

10 . 

y = ( i 

+ 4x)e 







/(*) = 


x + ayjl sinx, when 0 < x < 4 

4 

2xcot x + b, when -^<x< — 

4 2 

acoslx-bsinx, when ^<x<n 


is continuous for all values of x in 0 < x < n. 

9. Prove that the tangent to the curve y - x 2 - 5x + 6 
at the points (2, 0) and (3, 0) are at right angles. 

10. Solve: ^ + 8^ + 16y = 0 with y = 1, ^ = 0 at 


dx L 


x = 0. 


dx 


Answer keys 
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IfCHIHESE— ' 

Olympiad Problems . 


PAPER I 


1. Prove that sin 30 = 4sin0sin^ + 0 Jsin^ + 0 j. 

2. Determine the equation of a hyperbola whose 
vertices are at a distance 2 apart, and whose 
asymptotes have equations x + y = 0 and 
x-y = 0. 

3. Find the smallest circle which covers triangle 
ABC if ZA is obtuse. 


4. 


Prove that two intersecting chords of a circle 
cannot bisect each other unless both are 
diameters. 


6 . 


5. Solve the system of equations x - y .+ z = 1, 

y - z + u = 2, z - u + v = 3, u - v + x = 4 and 

v - x + y = 5. 

6. Solve the equation 5x 2 + x- x^5x 2 - 1 -2 = 0. 

7. Prove that a line / on a plane n is perpendicular to 

a line m not in FI if and only if it is perpendicular 

to the projection of m onto U. 


Let 0 < a < — and 0 < B < — . 

2 , 2 

(a) Prove that sec^a + cosec^a cosec 2 (3 sec 2 (3 > 9. 

(b) Determine when equality holds. 

If a curve joining two points on the perimeter of 
a unit square bisects its area, prove that its length 
is not less than 1. 

For a given positive integer m, define the sequence 

ci n _ | 

[a n ] as follows : a 0 = m and n > 1, a n = — — if 

a„ _ i is even, and a n = a„ _ j + 3 is a„ is odd. 

(a) Prove that for any m, at least one term of 
the sequence is equal to 1 or 3. 

(b) Determine all values of m for which at least 
one term of the sequence is equal to 3. 

(c) Determine all values of m for which at least 
one term of the sequence is equal to 1. 


Two circles and £t 2 intersect at A and B. A line 
through B intersects £2] at C and Q 2 at £• A second 
line through B intersects £2 X , at D and Q 2 at F* 

(a) If ZABC = ZABD, prove that CE = DF. 

(b) If CE = DF, prove that ZABC = ZABD. 

In a mathematics competition, all scores are 
integers and their total is 8250. The highest three 
scores are 88, 85 and 80, and the lowest score is 30. 
No four students have the same score. Determine 
the total number of students with scores not less 
than 60. 


8. In triangle ABC, ZA, ZB and ZC form an 

11 l 

arithmetic progression and — , and 

BC CA AB 

also form an arithmetic progression. Determine 
ZA, ZB and ZC. 

9. Find the equations of all circles which passes 
through the point (3, 1) and tangent to the lines 

+ 2y + 3 = 0 and x + 2y - 7 = 0. 

10. In triangle ABC, BC > CA > AB. Determine which 
is the largest among the three squares whose 
vertices are all on the perimeter of triangle ABC. 


PAPER II 


1. Let f(x) = x 2 - 6x + 5. Mark on a diagram the 
set of points (x, y) for which f(x) + f(y) > 0 and 
f(x)-f(i,)> 0. 

2. Consider the following proposition : "In a 
quadrilateral, if one pair of opposite angles are 
equal to each other, and one pair of opposite sides 
are equal to each other, then the quadrilateral is a 
parallelogram." If this is true, give a proof. If this 
is false, give a counter example. 


2 . 

3. 


5. 


6 . 


8 . 


9. 


10 . 


1. 


2 . 


3. 


5. 


7. 


ANSWERS 
PAPER I 


x 2 -y 2 = ± 1 , 

circle with diameter BC. 

(x, y, z, u, v) = (0, 6, 7, 3, -1). 

± Vio 

5 

ZA = ZB = ZC = 60°. 


the square with two vertices on AB. 


(x - 4)“ + (y + 1) 2 = 5 and 


H 



PAPER II 


Divide the circle (x - 3) 2 + (y - 3) 2 = 8 into quadrants 
by the lines x = y and x + y = 6. The desired set 
consists of the "east" and "west" quadrants, 
false. 

(b) a = arctan yfl and p = — . 

4 

(b) all multiples of 3; (c) all non-multiples of 3. 

61. 
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Best Problems in Algebra 


Problem 1. 

Find all functions/: R->R such that the equality 
fflx) + y) =f(x 2 - y) + 4 f(x)y 
holds for all pairs of real numbers (x, y). 

Problem 2. 

Solve the system of equations : 

3 x-y „ x + 3v 

1 r = 3 ; y — 5 — tt = 0. 

j r+y 


x + 


x 2 +y 2 


Problem 3. 

Mr. Fat and Mr. Taf play a game with a polynomial of 
degree at least 4 : 

x ln + _x 2n_1 + _x 2n ~ 2 + ... +_ x + l. 

They fill the real numbers to empty spaces in turn. 

If the resulting polynomial has no real root, Mr. Fat 
wins; otherwise, Mr. Taf wins. 

If Mr. Fat goes first, who has a winning strategy? 

Problem 4. 

Find all positive integers k for which the following 
statement is true : if F(x) is a polynomial with integer 
coefficients satisfying the condition 

0 <: F(c) <; k for c - 0, 1 ,...., k+ 1, then F( 0) - F( 1) 
F(*+l). W 

Problem 5. 

The Fibonacci sequence F n is given by 

Fi=F 2 = l/F „ +2 = F n + i+F n (ne N). 

Prove that 


Setting x - a, it follows from above that either f(a) = 0 
or /(<*) = 0 or f(a) = a 2 . 

The latter is false, so f(a) = 0. 

Now, let * = 0 and then X = a in the functional equation 
to find that f(y) =/(-y),/(y) = f(a 2 - y) 

and so /(y)=/(-y)=/(« 2 + y); 
that is, the function is periodic with non-zero period a 2 . 
Let y = a 2 in the original functional equation to obtain 
/</(*)) =f(f(x) + a 2 ) —f(x 2 - a 2 ) + 4i? 2 /(a) =f(x 2 ) + 4a 2 f(x). 
However, puttingy = 0 in the functional equation gives 
f(f(x)) =.f(x 2 ) for all x. 

Thus, 4a 2 f(x) = 0 for all x. Since a is non-zero, fix) = 0 for 
all x. Therefore, either /(x) = x 2 or /(x) = 0. 

2. Alternative 1 

Multiplying the second equation by i and adding it to 
the first equation yields 

x + yi + (^Z±±±M = 3 

x 2 + y 2 


: , 3 (x - yi) i(x - yi) 


x + yi + 

y 2 2 

x +y 2 


x 2 +y 2 


= 3. 


Let z = x + yi. Then I = 

= -r 2 2 * 


x 2 + y z 


F J -l 
r 2n + 2 + t 2n-2 


- 2 F 2 3 „; for all n > 2. 


SOLUTIONS 


1 . Clearly, /(x) = x 2 satisfies the functional equation. 
Now assume that there is a nonzero value a such that 
f(a) * a 2 . 

2 ^ 

Let y = - ^ the f unctiona| equa ti on t0 find 

that 


/ 


{*£44 


f{x) + x : 


+ 2/(x)(x 2 -/(x)) 


or 0 2f(x)(x 2 -/(x)). Thus, for each x, either f(x) = 0 

or /(x) = x 2 . 

In both cases, /(0) = 0. 


Thus the last equation becomes 
3-i , , 

2 + — - = 3 or z 2 - 3z + (3 - i) = 0. 

Hence 2 = £±^4/ _ 3±a + 2i) 

2 2 

that is, (x, y) = (2, 1) or (x, y) = (1, -1). 

Alternative 2 

Multiplying the first equation by y, the second by x, 
and adding up yields 

3 

x +y z 

or 2xy- 1 = 3 y. It follows that y* 0 and x = + 1 . 

2 y 

Substituting this into the second equation of the given 
system gives 

or 4y* - 3y 2 - 1 = 0. 

It follows that y 2 = 1 and that the solutions to the 
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system are (2, 1) and (1, -1). 

3. Mr. Taf has a winning strategy. 

We say a blank space is odd (even) if it is the coefficient 
of an odd (even) power of x. 

First Mr. Taf will fill in arbitrary real numbers into one 
of the remaining even spaces, if there are any. 

Since there are only n - 1 even spaces, there will be at 
least one odd space left after 2n - 3 plays, that is, the 
given polynomial becomes p(x) = q(x) + _ X s + _ x 2 * ~ 

where s and 2t - 1 are distinct positive integers and 
q(x) is a fixed polynomial. 

We claim that there is a real number a such that 
P(x) = q(x) + ax s + _x 2t - 1 

will always have a real root regardless of the coefficient 
of AT 2 *" 1 . 

Then Mr. Taf can simply fill in a in front of X s and win 
the game. 

Now we prove our claim. Let b be the coefficient of 
* 2 '' Mn PW- Note that -±- p{ 2 ) + p (_i) 

~[ 2 2<-i ^ 2 ) + 2 2 ‘ lfl + ^j + [<?(-!) + (~l) s a-b] 

= (^TTT'K 2 ) + <7(-l)j+«[2 s " 2,+1 + (-1/J. 

Since s * It - 1, 2 S ~ 2 ' + 1 + (_i) s * o. 

Thus 

a ~~ 2S -2» + i +( _ 1)S 


where G(x) is a polynomial with integer coefficients. 
Consequently, 

k > I F(c ) - F(0) I = c(k + 1 - c) I G(c) I ,..(l) 
for each c e {1, 2, ..., k). 

The equality c(k + 1 - c) > k holds for each c e {2, 3,..., k 
- 1), as it is equivalent to (c - l)(k - c) > 0. 

Note that the set {2, 3, .... , k - 1} is not empty if k > 3, 
and for any c in this set, (1) implies that I G(c) I < 1. 
Since G(c) is an integer, G(c) = 0. Thus 
F(x) - F( 0) = x(x - 2)(x - 3).... (x-k+l)(x-k- l)H(x), 

...(2) 

where H(x) is a polynomial with integer coefficients. 

To complete the proof of our claim, it remains to show 
thatH(l) = tf(Jfc) = 0 . 

Note that for c = 1 and c = k, (2) implies that 
k> IF(c)-F(0)l = (k-2)! -k- IH(c)l. 

For k > 4, (k - 2)! > 1. Hence H(c) = 0. 

We established that the statement in the question holds 
for any k > 4. But the proof also provides information 
for the smaller values of k as well. 

More exactly, if F(x) satisfies the given condition then 
0 and k+1 are roots of F(x) and F(0) for any k > 1 and if 
k>3 then 2 must also be a root of F(x) - F(0). 

Taking this into account, it is not hard to find the 
following counter examples : 

F(x) = x(2 — x) f or k=\, 

F(x) = x(3-x) ' fork = 2, 

F(x) = x(4 - x)(x - 2) 2 fork = 3. 

5- Note that 


is well defined such that a is independent of b and 
— Trp(2) + p(-l) = 0. 


It follows that either p(-l) = p(2) = 0 or p(-l) and p(2) 
have different signs, which implies that there is a real 
root of p(x) in between -1 and 2. 


In either case, p(x) has a real root regardless of the 
coefficient of x 2> ~\ as claimed. 

Our proof is thus complete. 


The statement is true if and only if k > 4. 

We start by proving that it does hold for each k £ 4. 
lonsider any polynomial F(x) with integer coefficien 
satisfying the inequality 0 5 F(c) < k for each c 6 (0 


vJote first that F(k + 1) = F(0), since F(k + 1) - F(0) is a 
nultiple of k + 1 not exceeding k in absolute value, 
fence F(x) - F(0) = x(x-k- l)G(x), 


F 2n + 2 3F2„ -F 2ni . 1 - 2F2„ = F 2n . 1 -F 2 „ = -F 2 „_ 2 , 
whence 3F 2n -F 2nt2 -F 2n _ 2 = 0 
for all n > 2. 

Setting a = 3 F 2 „, b = - F 2n + 2 , and c = - F^ . 2 i n the 
algebraic identity 

a 3 + l> 3 + c 3 -3cibc = (a + b + c)(a 2 + b 2 + c 2 -ab-bc-ca) 

gives 27Fl-Fl + 2 -Fl_ 2 -9F 2n + 2 F 2n F 2n _ 2=0 . 
Applying (1) twice gives 

F ln + 2 F 2n - 2 ~ F 2n = (^ F 2n ~ F 2n - 2 ) F ln - 2 ~ F 2n 
~ F 2n^ F 2n-2 ~ F 2n)~ F 2n-2 = F 2n F 2n-4 ~ F 2n-2 

= ... = F 6 F 2 -F 4 2 =-1. 

The desired result follows from 

9F 2n + 2 F 2n F 2n-2 ~ 9F 2n = 9F 2n( F 2n + 2 F 2n-^2 ~ F 2n)=~ ^hn- 
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MATHS 


MUSING 


SOLUTION SET - 99 


1. (b) : a 5 = " a 3 + a 2 ~ a \ * 23 - 20 + 75 - 11 = 67 

#6 = ” ^4 + a 3 ” a 2 = ” a l 

a 7 = a 6 -a 5 + a 4 -a 3 = -ci 2 

ag = - a$, dg ~ *io = “ fl 5 

flu = fl l7 fli2 = #2/ fl 13 = fl 3z fl 14 = fl 4/ a 15 = a 5 

<I 3 , - fl 53 + fl 7 5 = «1 - + «5 = 11 - 20 + 67 = 58 - 

6 (V 


2. (d):*^|^f-S ((1+ “ )6 -« 

a = cis^ => 3 c = ^(l-*V3)^l + cis— j -1 


= 1(1 - iV 3)(-27 - 1) = -14(1 - ;V3) 

1x1=28 

3. (b) : A = (-2, 0), B = (2, 0) 

C = (1, 2V2), D = (-l, 2-Jl) 3 ‘ 

If the desired circle has centre 

(0, r) and radius r, then 14 * 

4 + r 2 = (r + 2) 2 , l + (r-2>/2) 2 =(r + l) 2 

_ , . r+4 

Subtracting, r = ^J^ 

■ (Lilli = r 2 + 4r => 7r 2 +24r-16 = 0 
8 

=> r = f 


4. (b) : fa =x y +x y 


„3.,3 
dx 

^_A^ + 2i = -2x 3 

y 3 y 

Solving the linear equation in 
_L e * 2 = - j 2x 3 • e* 2 dx = (1 - x 2 )e* 2 +c 

y 2 

1 / • ( 0 ) = 1 => c = 0 . • • y-± 2 ' 

Area = J . ^' Y ~ = 11 




5. (a, d) : 

£ + 2(1 = 1 
2 1 



If PQ is the latus rectum of the parabola, PQ - 2. 
V^xis (o,^4}, (0,^4} 

The parabolas are 

x 2 =_ 2 ^y _ 4~ 2 ) Le " x2+1 y =^ +1 311(1 

x 2 =2 u " x2 ~ 1 y =l ~'fc- 

6. (d): 2 (r + R) = 2 (s-a)tany + c = 2s-c = fl + b 

a + b = 31 => (a + b) 2 = 961 
25 2 + 4A = 961 => A = 84 

7. (b) : r i + r 2 = 4Rcos2 f = 2R = 25 

_ A _ 84 _ no 

8. (c) : r 3 _ s - c “ 28 - 25 

9 . (a) -* p, (b) -> (q), (c) -> (q)/ to) -» (q< r ) 

(a) /(x) = 1 + 4 77- /(*>-» ~ as x->±~- 
Let/(x) has minimum at x = a. 


4! 


/(x) > 0 for all x. 



= — => sec = 

12 4 12 


and Q = |l, -jj |- 


( C ) 5 ( 2 cos 2 0 - 1 ) + 1 + cos 0 + 1 = 0 

1 3 

lOcos 2 0 + cos0 -3 = 0 ==> cos0 - 2 • 5 * 

Two values of 0 in (0, n). 

(n + l) Q 2 

(d) 3 2 " + 2 - 8n - 9 = (1 + 8)" + 1 - 8« - 9 = ^ 2 J 8 +• 
which is divisible by 8 2 = 2 6 => m = 6. 

10 ( 4 ) . Writing numbers from 0 to 999 

000,001,002 997,998,999 

Writing these in the reverse order 

999, 998, 997 002, 001, 000 

Adding these 2000 numbers, we get 

9x3 °00 = 13500 
2 

Omitting 0 and adding 1000 to the above numbers, 
get N = 13501. 
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PART-A 


SECTION - 


Single Correct Answer Type 

1. If in a right angle triangle ABC , 4sin A cos B - 1 = 0 
and tan A is finite, then 

(a) angles are in A.P. (b) angles are in G.P. 

(c) angles are in H.P (d) none of these 

2. If a 2 + b 2 + c 2 - lab = 0, then the point of 
concurrency of family of lines ax + by + c = 0 lies on 
the line 

(a) y = x (b) y = * + 1 

(c) y = -x (d) 3 x = y 

3. If in an isosceles triangle with base ‘a’, vertical 
angle 20° and lateral side each of length 'b' is given 
then value of a 3 + b 3 equals 

(a) 3 ab (b) Bab 2 (c) 3 a 2 b (d) 3 

4. If the positive integers are written in a triangular 
array as shown 

1 


10 


Then the row in which the number 2010 will be, is 
(a) 58 (b) 61 (c) 63 (d) 65 

5. The values of k for which the inequality 
/ccos 2 x-/ccos x + l>0,Vxe (-«>, «>) holds is 


(a) k<~ 

2 

(c) -~<k < 4 
2 


(b) Jt>4 
(d) ±<k < 5 


6. Let two non-collinear vectors a and b inclined 
at an angle be such that \a 1 = 3 and I b\ = 2. If 


* ALOK KUMAR, B.Tech, IIT Kanpur 

a point P moves so that at any time t its position 
vector OP (where O is the origin) is given as 

OP = |^ + - jrt + - - lb / then least distance of P from 

the origin is 

(a) V2Vl33-10 

(c) 'J 5 + Vl33 (d) none of these 

7. Let k be a fixed positive integer. The n th derivative 

of — ? — has the form — — ^ 


(b) V2VI33 + IO 


x k -l 


k 11 +1 where Pn(x) is a 
( X * _!)«+! 


polynomial of degree n with p„( 1) = 1. Then the value 
of p„( 1) is 

(a) (m- 1) !(-*)» (b) n!(-fc) n_1 

(c) («-!)! (- Jt)" - 1 (d) «!(-&)" 

8. Number of triangles with each side having integral 
length and the longest side is of 11 unit is equal to 
k 2 . Then the value of k is equal to 

(a) 3 (b) 4 (c) 5 (d) 6 

9. If "C 0 -"C, + n C 2 -"C 3 +... + (-l) r .'’C r =28, then 
n is equal to 

(a) 6 (b) 7 (c) 8 (d) 9 

10. The length of the sub-tangent to the hyperbola 
x 2 - 4y 2 = 4 corresponding to the normal having slope 

unity is — , then k is equal to 


(a) 1 

11. If xe 

“ COS MX 


(b) 2 


(c) 3 


(d) 4 


I „ 

n=0 3 


M) 


and cos* = — then the value of 
3 


is equal to 


(a) 1 (b) -1 (c) 2 

12. Let Sj and S 2 denote the circles 
x 2 +y 2 +10x-24y-87 = 0 and 
x 2 + y 2 - 10* - 24y + 153 = 0 respectively. 


(d) -2 


* Alok Kumar is an INDIAN NATIONAL MATHS OLYMPIAD WINNER. He currently trains IIT aspirants at 
IIT SPARK ACADEMY, NARAYANA, HYDERABAD. 
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(Let m be the smallest positive value of ' a ' for which 
the line y - ax contains the centre of a circle which 
touches S 2 externally and S x internally). Given that 

m 1 = - , where p and q are relatively prime integers, 
9 

(P + 9) is 

(a) 169 (b) 256 (c) 144 (d) 81 

13. The number of values of k for which the equation 
x 3 -3x + k = 0has two distinct roots lying in the 
interval (0, 1) are 

(a) three (b) two 

(c) infinitely many 

(d) no value of k satisfies the requirement 

14. If ^ = /(*) + J/(x)*/x, then the equation of the 

dx o 

curve y = /(x) passing through (0, 1) is 


(a) f(x) = 


(c) /(*)» 


2e —e + \ 
3-e 

; x -2e + l 


( b ) f(x) = 


e + l 


3e x -2e + l 
2(2 -e) 

(d) none of these 


15. A staircase has 10 steps. A person can go up the 
steps one at a time, two at a time, or any combination 
of l's and 2's. The number of ways in which the person 
can go up the stairs is 

(a) 89 (b) 144 (c) 132 (d) 211 

16. Let / be a function such that f(xy) = f(x)-f(y) 
for all x, y e R + and /(I + x) = 1 + x(l + (g(x))), 

where lim v(x) = 0 • The value of f 1 , dx is 

x-o 6 | fix) l + x 2 

~ logj, | ~ | where a & b are co-prime. Find a + b. 

(a) 7 (b) 8 (c) 9 (d) 10 

X 

17. If J /(x)sinf dt = constant, 0 < x < 2n and 

o 

/( 7 t) = 2 then find the value of f(n/ 2). 

(a) 2 (b) 4 (c) 6 (d) 8 

18. For a e R if lx + a - 31 + \x-2a\ = I2x - a - 31 
is true for all x e R, then exhaustive set of a is 

(a) «G [-4,4] (b) [-3,2] 

(c) ae 1-2,2} (d) ae {1} 

19. If A is a skew symmetric matrix, then B = (I - A) 
(I+A)~ l is (where I is an identity matrix of same order as 
of A) 

(a) idempotent matrix (b) symmetric matrix 
(c) orthogonal matrix (d) none of these 


20. If function /(*) = cos (nx) sin — satisfies 


5x 


f(x + 3n) = f(x ), then find the number of integral 
values of n. 

(a) 8 (b) 9 (c) 10 (d) 11 

21. Find the number of integral values of ' a ' for which 
the inequality 3 - I x - a I > x 2 is satisfied by at least 
one negative x. 

(a) 1 (b) 3 (c) 6 (d) 8 

22. A(Z|), B(z 2 ), C(z 3 ) are three points in the 
argand plane where \z^ +z 2 | = ||zi|-|z 2 || and 
|(1 - i)z i + iz 3 1 = |z t | + |z 3 - Zj | , then 

( z 2 + z 3 

(a) A,B,C lie on a circle with centre — - — 

(b) A,B,C are collinear ^ 

(c) ABC form an equilateral triangle 

(d) ABC form an obtuse angle triangle 

23. j^cof 1 xj^cos -1 xj = 0 where V is a non negative 
and [.] is the greatest integer of x, then all solutions 
of x belongs to 

(a) (cos 1, 1] (b) (cos 1, cot 1) 

(c) (cot 1,1] (d) none of these 

24. Let OA, OB, OC be coterminous edges of a cuboid. 
If /, m, n be the shortest distances between the sides 
OA, OB, OC and their respective skew body diagonals 


to them, respectively, then find 


fi 2 w) 

tCM 2 OB 2 OC 2 ) 


OA x 

(a) 1 (b) 2 (c) 3 (d) 4 

25. If the median AM, angle bisector AD and altitude 
AH drawn from vertex A of a A ABC divide angle A 
into four equal parts and D lies in between H and 
M, then 


(a) ^4 = § 

(c) = 

AB 


(b) ZA = 90° 

(d) 1 

AB ^2+2 


26. If /(x) = x + sin x, then find 
7 2n 

—■ j if V) + sin.t)d.t 

^ 71 

(a) 2 (b) 3 (c) 6 (d) 9 

27. Find number(s) of point(s) whose perpendicular 
distances from yz, zx and xy planes are in A.P. and 

whose distances from x,y,z axes are >/l3,VlO and 

s 
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(a) 2 


(b) 4 


(c) 6 


(d) 8 


28. If f(x) = max ( — cos VcosJtxM*} ) and 

l* ) 

g(x) = min — cos ' (cosiu'),|x) (where (.) represents 
V 11 ) 2 

j/(x)dx 

fractional part of x). Then find the value of 

\g(x)dx 

(a) 1 (b) 3 1 

(c) 5 (d) 7 

29. If sin (sin a: + cos x) = cos(cos x - sin x) and largest 

possible value of sin * is — , then the value of k is 
k 

(a) 4 (b) 8 (c) 5 (d) 6 

30. The number of solution(s) of the equation 

z 2 -z- \z\ 2 - - 0 is/are 

1 Izl 5 


(a) 0 


(b) 1 


(c) 2 


(d) 3 


SECTION - II 


Multiple Correct Answer Type 

1. If f(x) is continuous in [0, 2] and /( 0) = /( 2), then 
the equation f(x) = f(x + 1) has (where /(l) */( 0)) 

(a) non-real root in [0, 2] 

(b) at least one real root in [0, 1] 

(c) at least one real root in [0, 2] 

(d) at least one real root in [1, 2] 


2. I f 


^) and 

D (3 cos 0,2 sin 0) are four points. If the area of 

quadrilateraMBCD is maximum [ where 0e [ — ,2rc 
then \ V ^ 

(a) maximum area is 10 sq. units 

(b) 0= t 

(c) 9 = 2jt-sin _1 | -^= 

^ v85 

(d) maximum area is 12 sq. units 
3. The solution of the differential equation 

+/'(% = ! 


(a) x = yf(x) + c 

x + c 


(c) y = 


/(*) 


(b) xf~\x) + c = 0 
(d) y = xf(x) 


4. The function f(x ) = cos 


-1 


2^ |sin at| -+- |cos a:| ] 

~2 IT 

sm r + 2sinr + — 
4 


is 


defined if X belongs to (where [.] represents greatest 
integer function) 


(a) 

(c) 


*T 


1 Ik _ 

,271 

6 


»> N] 

(d) [7c, 2 tt] 


5. A function / : R -» R + satisfies f(x + y) = /(*)•/( y), 
for all x, y e R,/( 0) = l,/'(0) = 2, then 

ln3 

(a) j [ f(x)e~ x ^dx = In 4.5 (where [.] denotes greatest 
0 

integer function). 

(b) lim [/(a:)] does not exist (where [.] denotes greatest 
integer function) 

(c) f~ 1 (x) = InVx, Vac >0 

(d) f(x) < e x ~ 4x has infinite solution in (0, 6) 

2 

6. If a,b,c,d are in A.P. and j f(x)dx = - 4 where 


/(*) = 


x + a 

x + b 

x + a-c 

x + b 

x + c 

x-l 

x + c 

x + d 

x-b + d 


then the common 


difference of the A.P. may be 

(*) l (b) - 1 (c) 2 (d) 4 

7. Let Z\ and 22 be two complex numbers such 
that z 2 -4z 2 =16 + 20/ . If oc and p are roots of 
x 2 + z 1 x + z 2 + M = 0 (where M is complex number) 
and |(a-P) 2 | = 28, then 

(a) maximum value of IMI is 7 + V41 

(b) maximum value of IMI is 5 + ViT 

(c) minimum value of IMI is 7-^41 

(d) minimum value of IMI is 5 -Til 

8. Vertex of parabola(s) having common chord to the 

circles (x - 1) 2 + (y - 1) 2 = 5 and (x - 3) 2 + (y - 4) 2 = 25 ; 
as directrix, center of either as the focus, is/are 

(a) I fl>) It^T 1(c) I T'T I (d) (5,6) 


HM 


!:) 


9. If f(x + y) = f(x)-f(y) for all x,y and /( 0) * 0 and 
_ /(*) 

1 + (/(*)) 2 


F( x ) = - — ~ v v then 


2011 

(a) J F(x)dx = J F{x)dx 
-2010 


2011 

i 

0 
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2011 2010 2011 

(b) J F(x)dx- J F(x)dx = J F(x)dx 

-2010 0 0 

2011 

(c) J F(x)dx^ 0 
-2010 

2011 2010 

(d) J (2F(-x) - F(x))dx = 2 J F(jc)dbc 
-2010 0 


10. Let a, p and y be the unit vectors such that a and p 
are mutually perpendicular and y is equally inclined 

to oc and (3 at an angle 0. If y = xa + yP + z(ax[3) , 
then 

(a) z 2 = 1 - 2x 2 (b) z 2 =l-2y 2 

(c) z 2 =l-x 2 -y 2 (d) x 2 =y 2 


PART - B 


Short Answer Type 

1 Equations of the diagonals of a rectangle are 
y + Sx - 17 = 0 and y - 8* + 7 = 0. If the area of the 
rectangle is 8 sq. units find the equations of the sides 

of the rectangle. 

2. Two sides of a triangle have the joint equation 
x 2 - 2 xy - 3y 2 + 8y - 4 = 0. The third side, which is 
variable, always passes through the point (-5, -1). Find 
the range of values of the slope of the third side, so 

that the origin is an interior point of the triangle. 


3 Let P(sin0, cos0) (0 < 0 < 2n) be a point and let OAB 
be a triangle with vertices 
Find 0 if P lies inside the A OAB. 


^ zJi ) ue ct puuu ciiiu ici uau 

(0,0)jjf,ojand 


4 Consider two lines L x : x - y = 0 and 4 : x + y = 0 
and a moving point P(x, y). Let d{P, L ,), I s * 1, 2 
represents the distance of point P, from the line L,. If 
point P moves in certain region R in such a way that, 

2 < rf(P,Lj) + d (P, L 2 ) < 4. Find the area of region R. 

5 Consider the circle x 2 + y 2 = fl 2 . Let A = (fl, 0) and 
D be a given interior point of the circle. If BC be any 
arbitrary chord of the circle through point D, prove 
that the locus of the centroid of triangle ABC is a 

circle whose radius is less than a/3. 

g Consider the inequation x 2 + \x + a \ - 9<0, find 
the values of the real parameter ' a ' so that the given 

inequation has atleast one negative solution. 

7 If x 2 + px - 444 p = 0 has integral roots where 
p is a prime number then find the value(s) of p. 


8. Find the value(s) of 'a' for which the inequality 
tan 2 x + (a + 1) taru: - (a - 3) < 0, is true for at least 

one xe 

9. If t be a real number satisfying the equation 
2 1 3 - 9t 2 + 30 - a = 0, then find the values of the 

parameter 'a' for which the equation x+— = t gives 
six real and distinct values of x. 



10. (a) Sum the series 

£(fc+l)j2- ( * +1) *(k 

Jk=0 o 


i 

X- 


n=0 


n\ 


(b) Find the value of Y V Y , ^ - . 

i=o i- o k = o 3 ! 3 ; 3 


11. Find the remainder when 1690 2608 +2608 1690 is 
divided by 7. 

12. (a) In a knockout tournament, 2" equally skilled 
players namely Sj, S 2, S3, .... S 2 n are participating. In 
each round, players are divided in pairs at random 
and winner from each pair moves in the next round. 
If S 2 reaches semi-finaL then find the probability that 
Si will win the tournament. 

(b) Let A = 10, 5, 10, 15, ..., 195}. Let B be any subset 
of A with atleast 15 elements. What is the probability 


that B has at least one pair of elements whose sum is 
divisible by 15 ? 


SOLUTIONS 


1 ( a ) . 4sin A cos B = 1, so A and B cannot be — 

fas if B = - , then cos B = 0 and if A = — , tan A is net 
2 2 

defined] 

=> C = -,B = — ~ A=> 4sinA cos 
2 2 


i-4 


1 


*5 1 «iil A n n n 

> sin 2 A = — =>sin A = -=* A = -=>B = - 
4 Zoo 


so angles are in A.P. 

2 . (c) : ( a ~b) 2 - c 2 = 0 => (a - b - c)(a - b + c) = 0 

If a - b = c =$ ax + by + (a - b) = 0 

=> a(x + 1) + b(y - 1) = 0 => x = - 1, y = 1 
If a - b = - c => ax + by + (b - a) = 0 
=$ a(x-l) + b(y + l) = 0 => x = l, y = -l 

3. (b) : sinl0° = — => sin 30° = 3 sin 10° -4 sin 3 10° 
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=> I = 3£_ifi => l = ^-^=> a * + b 3 =3ab 2 

2 2b 8b 3 b b 3 

4. (c) : Let 2010 be in k ih row 

=> k ih term of series 1,2,4,?,.. . < 2010 
and ( k + l) th term of series 1,2,4,7,... > 2010 
S n = 1 + 2 + 4 + 7 + ... + T n 
S n =l+2 + 4 + ...+r„_ 1 +T n 

=> 0 = 1 + (1 + 2 + 3 + ...(n - 1) terms) - T n 

_ n 2 -n + 2 

=> T„ = 

" 2 

k 2 -k + 2^„„ n ,k 2 +k + 2 .... 

• < 2010 and > 2010 


2 2 
>k 2 -k- 4018 < 0 and k 2 +k- 4018 > 0 


-HI 


^ 16073 . 

< and 


H 


>k-—< 63.3 and k + — > 63.3 
2 2 


16073 

4 

A: = 63. 


5. (c) : Accos 2 *-fccos* + l>0 V*e( — oo / oo) 


1 


=> fc(cos 2 * - COS*) + 1 > 0 

But cos 2 *-cos* = [ cos*- — I - — 
l 2 J 4 

1 2 

=> — < cos * - cos* < 2 
4 

From (i), we get 2k + 1 > 0 =» Jk > -- 

k i 2 

=*-- + l:>0=* Ar<£4 => — — £ k ^ 4 

4 2 

6. (b) : We have 


I 12 

OP = 


(i) 


HI 


|OP| 2 =9ff + i 


? 19 

= 7f 2 +-J + 10 



=> |op| 2 > 2^7f 2 .|| + 10 (v AM. > G.M.) 

Minimum value of |op| = Vl0 + 2\/l33 


7. (d) : For n > 1 


(** - ir" _1 p B (*) = £[(** - ir> ( „-D w] 

=(-n)(x k -l)-'- 1 (kx i - 1 )p„_ 1 (x)+(x k -irV„-i(x) 


or p„(x) = (x k -l)p'„_ 1 (x)-n(kx k ~ 1 )p„_j(x) 
atx=l, p„(l) = -nkp ( „_ 1) (l) 

=> P„(l) = -nk[-(n-l)kp„_ 2 (l)] 

By doing so on we get p n (l) = n\(-k) n p Q ( 1) 

8. (d) : Let the three sides befl<b<c = ll 

Then 6 < b < 11 and c - b < a <b. Asb decreased by 1 
unit the range of a decrease by 2. 

When b = 11, we have 1 < a ^ 11. 

Hence the total number of triangles is 11+9 + 7 + 5 + 
3 + 1 = 36 


9. (d) : n C 0 - n C 1 + n C 2 -”C 3 +... + (-l) r . n C r 
=" _1 C 0 -(" -1 C 0 +"' 1 C 1 )+(" _1 C 1 + "“ , C 2 ) 

-(" _1 C 2 +" _1 C 3 ) + ...+(-l) r .( n - 1 C r . 1 +" _1 C r ) 

= (-l) r ."- 1 C r 

(-l) r . ” _1 C r = 28 => r must be even 

" -1 C r = 28 => " -1 C r = 7x 4 = ^y- = 8 C 2 =» n -1 = 8 => n = 9 

5/3 

10. (c) : The corresponding normals are y = * ± . 



Point of contact is 
Length of sub tangent 


(i'^) 


= NQ = NC - QC = -4= - n/3 = -L => 1: = 3 
v3 V3 


/ v t ~ , cosx cos2x 

11. (a) : Let C = l + + — — +. 

3 3 2 

, 0 sin* sin 2* 
and S = + — — + 


ix 2 ix 

C + iS = l + — + — + . 
3 3 2 


=> C + /S = - 


1- 


e 1 * 3 -cos* -/sin* 


Comparing real parts 

3(3 -cos*) 
22 

(3 - cos*) + sin * 


C = 1 v cos* = - 
3 
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12. (a) : S l : Q (- 5, 12), S 2 : C 2 (5, 12), 


T\ * 16, r 2 = 4 

CC 2 = r + 4 (whwe C is the centre of circle touching C 2 
externally and Q internally) 

CCj = 16 - r (Not r - 16, Y S 2 is contained by Sj) 

=> CQ + CC 2 = 20 

. Locus of C is the ellipse with foci at Q and C 2 and 
length of major axis = 20 
Locus of C is 


T , (y- 12) 2 _ 1 

100 75 


•••(>) 


According > question y = aa is tangent to this ellipse 
from (0, 0) 

Equation of tangent to (i) is 

v- 12 = WA + ^100m 2 +75 
but this is passing through (0, 0) 

=> -12 = JlOOw 2 +75 => m 2 =— => p + g = 169. 
v i nn r n 


13. (d) : Let there be a value of k for which 


a* 3 - 3a + k = 0 has two distinct roots between 0 and 
1 . Let a, b be two distinct roots of a 3 - 3a + k = 0 lying 
between 0 and 1 such that a < b. 

Let f(a) = f(b) = 0. Since between any two roots of a 
polynomial /(a) there exists at least one roots of its 
derivative /'(a). Therefore /'(a) = 3a 3 - 3 has at least 
one root between a and b. But /'(a) = 0 has two roots 
equal to ± 1 which do not lie between a and b. Hence 
/(a) = 0 has no real roots lying between 0 and 1 for 
any value of k. 


14. (a): /'V) = /'(x)=>LM = 1 

On integrating, /'(a) = Ce x 

Which gives /(a) = Ce x + D 

But /(0) = 1 => C + D = 1 .*. /(a) = C^ + 1-C 

l 

So, f\x) = Cc x . Putting itin /'(*) = /(a) + J/(a)^a 

1 0 2 
=> Ce x = Ce x + 1 - C + J ( Ce x + 1 - C ) d x => C = - — 


So, f (a) — 


2e x -e + l 
3-e 


15. (a) : a + 2y = 10, where a is the number of times 
he takes single steps, and y is the number of times 
he takes two steps 



Cases 

Total number of ways 

1 

X = 0, y = 5 

5!/5! = 1 

2 

x = 2, y = 4 

6!/2!4! = 15 

3 

a = 4, y = 3 

7!/4!3! = 35 


4 

■ x = 6, y = 2 

8!/2!6! = 28 

5 

x = 8, y = 1 

9!/8! = 9 

6 

x = 10, y = 0 

101/10! = 1 


.-. p = 89 

16. (a): 



^ [ /(*> dx = f ^ — rfy = -logf - 1 

/'(*) ■ j/'Wl + x 2 ]l + x 2 2 \l) 

=> a = 5, b = 2 

17. (b) : Differentiate both side, we get 
/'(a) (1 - cos a) + /(a) sin a = 0 

J /(A) ^ COS A — 1 


In I/(a) I = - 2 In sin a/2 
e 


/<*)= 


f • *f 

l 2 ) 


f(n) = 2 


c = 2 


’/It | = 4 


18. (d) : Ixl + ly I = lx + yl 

=> xy > 0, therefore (x - (3 - a)) (x - 2/7) > 0, V x e R 
=> x 2 - x(3 + a) + 2 <j(3 - a) > 0 Vxe R 
=> (<j + 3) 2 - 8n(3 - n) < 0 =>(<J-1) 2 <0 =>a = 1 
which is true, Vag R. 

19. (c): B=(I-A)(I + A)- l =>B T =(I + A t )-'(I-A t ) 

= (I-A)-\I + A) 

BB t = (I - A)(l + A)~'(I - A)' 1 (I + A) 

= (/ - A)(I - Af\l + Ay 1 (I + A) = I 

(As (I - A)-(I + A) = (7 + A)(Z - A)) 

20. (a): / (x + A.) =/(x) 


=> cosm(a + X)sin 
atA = 0, cos wA. sin 


fir 1 )- 

-(?)-• 


cos (w a) sin 


-I?) 
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if cos nX = 0 , nX = rn + — ,re / 

2 

n(3n) = rn + ^ (v X=3n) 

(3 n - r) = i [not possible] 

i n • f5JO n 5A. , n 15 

cos nX * 0 .*. sin — = 0 => — = pn(pe I)=> n = — 
V n J n p 

Forp = ± 1 , ±3, ±5, ± 15 
n — ± 15, ±5, ± 3, ± 1 

21 . (c) : |* _ < 3 _ x 2 => -3 + x 2 < x - a < 3 - x 2 

=> x 2 -x + a- 3<0 and x 2 + x-(a + 3) < 0 

both equation .v 2 - a* + a - 3 = 0 and x 2 + * - (a + 3) = 0 

should have real & unequal roots, then 

13 . 13 

a < — and a > roots are 

4 4 


1 ± >/l3 - 4« . -1± Vl3 + 4rt 

and 

2 2 _i3 

one of the roots is negative if a < 3 => -j- <a<3 
Integral values of V = - 3, - 2, - 1, 0, 1, 2 
22. (a) : According to given conditions 

(i) | z 1 +z 2 | = ||zi|-|z 2 || we can conclude that 
OA and OC are anti parallel 

(ii) \z 1 + i(z 3 - 2 ^)\ ajzjl + |z 3 -Zi|:CM and AD are 
perpendicular 

=> (z 2 ~ z, ) and (z 3 - Z! ) are perpendicular 
Hence (a) is true. 

( 2 3) 



23. (a) : Given equation is valid only in [- 1, 1] 

r k 3k 
=> cot xe — , — 

4 4 

The possible solution is 

[cot -1 xj = 0=> cot' 1 JT€ ^,1 j=» (COt 1) < A' < 1 

Similarly [cos -1 = 0 => (cosl) < x < 1 
=» Option (a) is correct, as cos 1 < cot 1. 

24. (b) : Let i,j, k be the unit vectors along OA, OB, 
OC. CN, BM are diagonals skew to OA. 


Let 1 be the S.D between OA and CN 
and let OA = xi ; OC = zk ; OB = yj => ON = xi + y; 
equation of OA and CN are r = xi and 
r = zk + p (xi + yj - zk) respectively The shortest distance 
between those two lines, 

;2 


/ = 






1 i 

2 + 2 
y z 


c . ... l l i i l i 

Similarly, — = — + — ; — = _ + _ 
m z x n x y 

=> 1 , 1 , 1 _ 2 f 1 | 1 | 1 ) 

^ l 2 + m 2 + n 2 [ OA 2 + OB 2 + OC 2 j 

25. (b) : According to given question consider A ABC; 
as shown in figure 

A 



From sine rule in A AMB 

AM _ sin B _ sin(7c/2-0) _ cos0 
BM sin 30 sin 30 sin 30 

Similarly from sine rule in A AMC 
AM _ sinC _ sin(jc/2-30) _ cos30 
CM sin0 sin0 sin0 

BM = CM {as AM is the median} 
From (i) and (ii), we get 
cos0 cos 30 




...(ii) 


sin 30 sin0 


► sin 20 = sin 60 = 


2cos40sin20 = 0 


Either cos 40 = 0 => 40 = — => ZA = — 

2 2 

or sin 20 = 0 (not possible for a triangle) 
26. (b) : LetA: = f(t) => dx = f'(t)dt 


2k 


2k 


2k 


2k 


j r\ X )dx= j tf\t)dt=(t[f(t)])* - j f( t )dt 

n k 

2k 

= (47t 2 -7i 2 )- J f(t)dt 

K 

2k 2k 

/ = J (f~'(x) + sinx)dx= J f~\x)dx+ J sinA'd.r 

n k k 

2k 2k 

= 3 k 2 - J f(t)dt+ J sin a dx 

K K 

2k 

— 3 k 2 — J (f(x) — sin x)dx 
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= 3k 2 - J xdx = 3n 2 --(An 2 -k 2 )--k 2 


=>~2 I = 3 
7T 


27. (d) : Co-ordinates of required point can be taken 
as ( ±(a-d),±a / ±(a + d )) 

Also according to question 

(a - d) 2 + a 2 = 5 / (fl - d) 2 + (fl + d) 2 = 10 
and rt 2 +(tf + rf) 2 =13 
Solving these equations we will get 
a-d = \,a = 2, a + d = 3 
So 8 points are possible. 

28. (b) : 



29. (a) : sin (sin x + cos x ) = cos ( cos * “ sin x ) 


cos (cos x - sin x) = cos 


^-(sinx + cosx) j 

( K 

— smx-cosx 

l 2 


cosx-sinx = 2wi± 

Taking +ve sign 

n . • 

cos x - sin x = 2wi + — sinx-cosx 
2 K 

cosx = nn + - , for n = 0, cos x = - , which is the only 
4 4 

possible value 


sinx = 


(Vl6 — 7t 2 ) 


Taking -ve sign 


K 

sin x = — 
4 


...(ii) 


From (i) and (ii), we get - as the largest value 
Hence k- 4 


TT 2 I |2 64 

30. (b): Here 2r-2 = 2 + — 


...( 1 ) 


z 2 - 2 = 2 1 - 2 (Y 2 2 - 2 is purely real number) 


=* (2 — 2 ) (2 + 2 — 1) = 0 
=> 2 = 2 as 2 + 2=1 is not possible 
=> 2 = x 

. 2 I |2 64 _ 

.*. Equation ( 1 ), given as x - x - |x| + — - = 0 

=* x = 2 |*| 

.*. Only one solution. 


SECTION - II 



1 . (b, c) : Let G(x) =/(x) -/(x + 1) 

G( 0) =/(0) -/(l) and G(l) =/(l) -/(2) 
Since /(2) =/(0) => G(0) + G(l) = 0 
=> G(0) and G(l) are of opposite sign 
=> /(x) =/(x + 1) at least once in [0, 1] 


2. (b, d) : Ar ea of quadrilateral ABCD is maximum 

when area of ACD is maximum 
=> Distance of D from AC is maximum 
i.e., cos 0 - sin 0 is maximum 


= V2cos[ 0 + — is maximum 

4 J 


^ 

0 = — and area = -t=*2v2 =12 sq.units 

4 

(Since ABCD is a rectanele^ 


3. (a, c) : The given differential equation can be 

written as f(x) dy + /'(x)ydx = dx 
i.e.,d(f(x). y) = d(x) 


X + c 

Integrating, we get y./(x) = x + c or /(x) = 

y 

4. (a, b, c) : l<lsinxl + lcosxl< 


=* [|sinx| + |cosx|] = l 

2 11 

/(x) is defined if sin x + 2sinx + — >2 

=» (sinx + l) 2 > — => sinx + l>iorsinx + l<-i 
4 2 Z 

1 3 

=> sinx > — or sinx ^ — , which is not true. 

2 2 


5. (a, b, c) : fix ) = <?* 

In 3 

(a) | [e x ]dx = In 2 + 2(ln 3 - In 2) = In 9 - In 2 = In 4.5 
0 

(b) lim [e 2x ] = l; lim [e 2 *] = 0 => lim [e 2x ] does not 

*->0 + x->QT *->° 

exist 

(c) f~ 1 (x) = \njx, V x >0 

(d) e 2x <e x -4x ;2x<x 2 -4x 

=> x 2 -6x> 0 => x<0orx>6* 

6. (a, b): b-a = c- b = d- c = X (say) 
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x + a-c 
-1 + 2X 
1 + 2X 


Q> - Cj) 


x+a x+b x+a-c 
f(x)=x + b x + c x-l 

x+c x + d x-b+d 
x+a x+b x+a-c x+a X 
X X -1 + 2X = X 0 

X X 1 + 2X X 0 

i i 

(R2 —> R2 - Rf, R3 — » R3 - R2) (C 2 - 

=* f(x) = -X(X + 2X 2 +X-2X 2 ) = -2X 2 

= Jj-a 2 *-- *»a 2 [x]J -4 

=> 2X 2 xl = 4=>X 2 = l=>X = ±l 

7. (a, c) : 

(a - p) 2 = (16 + 20 i - 4M) => |l6 + 20 i - 4M| = 28 
=» |M-4-5?j = 7 

8. (b, c) : The common chord to the circles will be 

* + y = 0 

=> Equation of Axis of the parabolas will be 
x - y + 1 = 0. As vertex is the mid point of focus 
and point of intersection of axis and directrix 
of the parabola. Hence required points will be 


— |and 
4 4 1 


(H) 


9. (b, d) : We can conclude that F( x) is an even 

function 

2011 2010 2011 

J F(x)dx= J F(x)dx + J F(x)dx 


-2010 

2010 


-2010 

2011 


2010 

2010 


2011 


= 2 J F(x)dx+ j F(x)dx = J F(x)dx+ j F(x)dx 
0 2010 0 0 

Hence (b, d) are correct. 

10. (a, b, c, d) : a.y = x(a-a) + y(a- P) + za-(axP) 

=> x = cos 0, similarly y = cos 0 

Now, y-(axp) = z(axp)-(axp) => z = [aPy] 


=» [apy] 2 = 

1 0 cos0 

0 1 cos0 

COS0 COS0 1 

= 1-2cos 2 0 

PART - B 


1. Points of intersection of the diagonals is E 



(H 


Now, A AEB = A BEC = A CED = A DEA = 2 sq. units 
Let ZAEB = 0 and EA = EB = I 

. o 16 . 0 16 , . 63 

tan0= — => sin0= — and cos0= — 

63 65 65 

=> Area of AAEB = 2 =—-I 2 -— 

2 65 

= 

4 2 

Now equations of bisectors of diagonals are 
y-8x+7=±(y+8x-\7) or x=^,y=5 
AB 2 = 2/ 2 (1-cos0) 

=> AB 2 =2-^^l-||j => AB = 1 =»BC = 8 

Since the sides of the rectangle will be parallel to the 

3 1 

bisectors of the diagonals, their equations are *=— ±— 
and y = 5±4orx = l, 2 and y = 1, 9. 2 2 

2. Combined equation of lines is 
x 2 -2xy-3 y 2 +8y-4=0 
=> ( x-y ) 2 =4y 2 -8y+4 =*x-y=±2(y-l) 

Thus two sides of the triangle are; 

Lj :3y - x -2 = 0 and L 2 : y + x - 2 = 0 
and these intersect at A = (1, 1) 

Let the third side be (y+l)=m(*+5) 

=> L 3 :y=mx+5m- 1 

Let L 3 meet the lines Lj and L 2 at B and C. 

15m-5 . V j ^ f 3— 5m 7m-l 


Then 5 = 


l-3m 


, - 1 jdnd C =^- 


1+m ' 1 +m 

Now the origin has to be the interior point of triangle 
ABC. 

Hence O and A should lie on the same side of side BC 
=>(l-5m)(l-m+l-5m)>0=>2(l-5m)(l-3m)>0 

1 1 

=> m>- or <- 
3 5 

Similarly, points O and C should lie on the same side 
of line AB. 


...( 1 ) 


=> -2 


3(7m-l) 3-5 m 


1 +m 


1+m 


-2 


>0 


=> -1 <m<- n>i 

3 *( 2 ) 

Finally points O and B should lie on the same side 
of line AC. 

-2| +(-!)- 2 |>0 


1-3 m 


if 

m — 

3 J 


...(3) 


>0 =>meR 

From (1), (2) and (3) we get me| 
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3. Equations of lines along OA, OB and AB are 


y = 0, x = 0 and x + y 


I 


respectively. 


Now P and B will lie on the same side of y = 0 if 


cos0 > 0. 

Similarly P and A will lie on the same side of a: = 0 
if sin 0 > 0 and P and O will lie on the same side of 


x + 


y- JE if sin0+cos0<^ . 


Hence P will lie inside the AABC if sin0 > 0, cos0 > 0 
and sin0+cos0<. 


4 



„ . K Tt IK _ 71 

i.c., O<0H — < — or — <0 +— <n 
4 3 3 4 

Since sin0>O and cos0>O, so O<0<— or 12 < ^ < 2 


\x-y\ \x+y\ 

4. d(P, L, ) = and d(P, L 2 )= 

Now we have 2 <d(P, L [ )+d(P / L 2 )<4 
=> 2V2 <|x-j/|+|x+y|<4\/2 ...(1) 

Now let us consider the four regions, namely 
Ri, R v R 3 and R 4 in the lines L ] and L 2 divided the 
coordinate plane. 


y 



In Ri , we have y < x, y > - x. In R 2 we have y>x,y>- x. 
Similarly in R 3 , we have y>x,y<- x . 



y * 

272 

/ 


\ 






d\ 

' 4 / 


-271 


-72./ 

,•■■■'-72 

\..72 


272 



\ 

./ 


-272 


Finally in R 4 we have y <x,y <- x. 

Thus for Ri equation (1) becomes 

l4l<x-y+x+y<A^2 =>y[2<x<2-j2 
Similarly for R 2 equation (1) becomes 

2\[2<y-x+x+y<4yjl =>>/2<y<2\l2 
In R 3 equation (1) will becomes 

2\[2<y-x-x-y<4'j2 =>- \[2<y<-2\f2 
Finally in R 4 equation (1) will become 

2\f2<x-y-x-y<4\[2 =>- y/2<y<-2\[2 
Thus region 'R' will be the region between concentric 
squares formed by the line 

x=±2\l2 ,y=±2\fl and x=±2s/2,ij==±j2 
Thus the required area 

= (4\/2) 2 -(2\/2) 2 = 24 sq. units 

5. Let D = (cx, P), where ct 2 + p 2 - rt 2 <0 
B=(rtcos0j, asinQ}), C=(rtcos0 2 ,flsin0 2 ) 

Equation of line BC, 

f 0i+0 2 ) . fe,+0 2 \_ 

x cos — — - H- y sin I - - -- 
V 2 J l 2 J 
It passing through (a, P) 

0j + 0 2 
2 

Let centroid of A ABC be (h, k) 


-a cos 


| 9 1~ 9 2 


a cos 


- j= j-W 


3/i= rtcos©! +flcos0 2 +2?, 3k=asinQ l +flsin0 2 


— = cos0i +cos0 2 +1, — =sin0! +sin0 2 
a a 


2 cos 


0j + 0 2 

2 


cos 




and 2 sin 


0 ] + 0 2 


cos 


Multiplying (1) with 2 cos 
0 1 -• 


9 i~ 9 2|_3/» 1 

2 J « 

Gj-02 \3k 

2 fa 
0,-e 


...( 2 ) 

...(3) 


J \ 


, we get 


„ / , 0i+e^ 

a 2 cos — — - 






21 0,-0 ' 
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Now from (2) and (3) we get. 



=> 6a h - 2aa + 6 $k = 9 k 2 + 9 h 2 + a 2 - 6 ah 


=» Locus of centroid is 

9 x 2 + 9 y 2 - 6 a(a + a) - 6yP + a 2 + 2«a = 0 
which is clearly a circle of radius 


W + ^_^2«a = i rr^< 

9 9 9 3 V 


a . 
3 


6. 9 - x 2 > I* + a\ 

As per the question, we have to make sure that for 
atleast one negative a, graph of y = 9 - x 2 must lie 
above the graph of y = I a + a I 



Case - 1 : x + a > 0, let us take up the limiting case when 
y= Ia + aI touches the parabola y = 9 — x 2 =» 9 - x 2 = x 
+ a should have equal roots 

=> x 2 +x+(a - 9) = 0 has equal roots 

=* 1-4(a-9) = 0 => a = — => 0 < a < — 

4 4 

Case -II: x + a < 0 

In the limiting case the left branch of y = I x + a I i.e., 
y=-x-a will pass through the vertex of the parabola. 



=> 9 = 0 -a => a = -9 => a>-9 


That means required set of values of a is 

Alternative Solution : x 2 +1 x+a 1-9 <0 

Case - I : Let x + a > 0 => For all x < 0, a > 0 

Alsox 2 +x+fl-9<0 => a<9-x 2 -x 

37 f if 37 . 37 

=> a < \x+-\ =>a< — i.c. , 0 < a < — n) 

4 f 2 J 4 4 U 

Case - II : Let x + a< 0 => «<0 



Also A' 2 -x-a-9 <0 =>a> x 2 -x~9 

=» a > - 9, so - 9 < a < 0 (2) 

From (1) and (2), -<9 <(l <—. 

4 

7. The equation has integral hence 

_ -p±yjp 2 + 4x444p 
X 2 

Since p = 2 does not give the integral roots 
=> D must be perfect square of an odd integer 
i.e., D 2 = p 2 + 177 6p = p(p + 1776) 

Since D is perfect square 

=> p + 1776 must be a multiple of p 

=> 1776 must be a multiple of p 

Now 1776 = 2 4 3-37 whence p = 2 or 3 or 37 

(i) p = 2 then p(p + 1776) = 2(2 + 1776) = 3556 

= 4 x 7 x 127 which is not a perfect square. 

(ii) p = 3 then p(p + 1776) = 3(3 + 1776) = 5337 which is 
not a perfect square as its last digit is 7. 

(iii) p = 37 then p(p + 1776) = 37(37 + 1776) = 37 2 7 ? 
which is odd 

Hence p = 37. 


8. The required condition will be satisiieu ii 

(1) The quadratic expression (quadratic in tan v) 

/(*) = tan 2 A+(fl+l)tanA -(a— 3) has positive discrimi 
nant, and 

(ii) Atleast are root of /(a) = 0, is positive, as 
tam->0, Vxe|o,^j 

For (i) Discriminant > 0 or (a + l) 2 + 4 (a - 3) > 0 
=> a > 2\f5-3 or a < - (2>/5+3) --(l) 

For (ii), we first find the condition, that both the roots 
of t z + (a + 1 )t - (a - 3) = 0 (f = tan a) are non-positive, 
for which sum of roots < 0 and product of roots > 0 
=> - (a + 1) < 0 and - (a- 3)>0=>-l <n<3 and 
Condition (ii) will be fullfilled if a < - 1 or a > 3 (2) 

Required values of a is given by intersection of (1) and 

(2) . Hence a e (-<», - 3 - 2\f5) u (3, °o) . 

9. We have, 2t 3 -9t z +30-a = 0 

Any real root t 0 of this equation gives two real and 
distinct values of a if 1 1 0 \ >2. Thus, we need to find 
the condition for the equation in t to have three real 
and distinct roots none of which lies in [-2, 2]. 

Let /(f) = 2f 3 -9t 2 +30 - a 
/'( f) = 6f 2 -18f = 0=>f=0,3 
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So the equation f(t) = 0 has three real and distinct roots 
if/(0)*/(3) < 0 

=> (30-<?)(54-81 + 30 + a) < 0 => (30 - a ){ 3 - a) < 0 
=» (a-3)(a-30) < 0=> a e (3, 30) ...(1) 

Also, none of the roots lies in [-2, 2] if /(- 2) > 0 and 
/( 2)>0 

-16 - 36 + 30 - a > 0 =>a + 22 < 0 and a - 10 < 0 
-22 - a > 0 and 10 - fl > 0 => a + 22 < 0 and a - 10 < 0 
=> a < -22 and a < 10 

=> a < -22 —(2) 

From (1) and (2) no real value of a exists. 

10. 


f 2“ (k+1) * dx = 1 

" 0 -(fc+ l)x“ 

L 

o < fc+1 > 

In 2 


(k+1) 


--(*+!) 


In 2 


1 

ln2 


Now required sum “ j^t Jj t ('-JSi) 


l 

In 2 
1 

In 2 


1 

In 2 


1 

In 2 


^ M + l 1 ^ ( 1 

£ 0 ^. k %[ 2 


11=0 


v 1 + V 1 _ yi.fi !_ 

„= 0 («- 1 ) ! + n =o M! „=o w! l 2" +1 


infill 




1 5 

2e-e+-e 2 

2 


= -}—{2e+y[e) 
21n2 v 


27 

8 


26 


oo oo oo - 00 1 

In this case XXX:^F = Xl* 
i=0 j=0k=0 3 3 y 3 ^-=0^ 


s i 

Xi 

fc=0 3 

k*i 


"•~o3 2 'U 3'J 2 8 26 8- 


(b) XXX i'T' 

l^ojmokto 33 , 3 k 

Let us first of all find the sum without any restriction 

i,j,k. 

OO OO OO 1 °° 1 

XXXri= X| 

1 = 0 ; = 0Jt = 0 d d d ^ = o^ , 

For the requirement sum we have to remove the cases 
when i = j = k or when any two of them are equal and 
not equal to other variable (say i=j * k) 

Case - 1 : When i=j = k 

oo oo oo i OO ^ i-\ rj 

In this case XXX 1 l ~ X T57 = 
ito jTokto 3 3 ; 3 fc i=o3 3 

Case -II: i=j*k 


135 
26 

„ . . 27 27 f 135 ] . 81 

M 8 26 ^ 8-26 ) 208 

11. 1690 = 7 x 241 + 3, 2608 = 7 x 372 + 4 
Let S = 1690 2608 + 2608 1690 

= (7 x 241 + 3) 2608 + (7 x 372 + 4) 1690 
= a number multiple of 7 + 3 2608 + 4 1690 
Let S'® 3 2608 + 4 1690 

Clearly remainder in S and S' will be the same when 
divided by 7 

S' = 3 x 3 3 * 867 + 4 x 4 3x563 ® 3 x 2 7 867 + 4 x 64 563 
= 3(28 -1) W7 + 4(63 + 1) 563 
= 3[multiple of 7 - 1] + 4[multiple of 7 + 1] 

= multiple of 7 + 1 
Hence remainder is 1. 

12 . (a) Let Ei be the event that Sx wins the tournament 
and E 2 be the event that S 2 reaches the semifinal. We 
have to obtain P(E 1 /E 2 ). 

Since all players are of equal skill and there will be 
four persons in the semifinal 

2 n -\f 

^P(E 2 ) = - 


C 3_4 


2 ", 


2” 


P(Ex n E 2 ) = Probability that Si and S 2 both are in the 
semifinal and then Sj wins in semifinal and also in 

2 n -2 r 
final = . 


d C 7 1 1 


2" c 2 2 2”(2”-l) 


Hence, P(E 1 IE 2 ) 


P(E 1 nE 2 ) _ 3-2” _ 3 

P(E 2 ) ~~ 2” (2” -1)4 4(2” -1) 

(b) The elements of A are all multiples of 5. Sum of 
every pair of elements of A is divisible by 5. Therefore, 
we have to find the probability that B has two distinct 
elements whose sum is divisible by 3. 

Let A 0 « set of elements of A of the form 
3k ={0,15, 30,..., 195} 

Ai = Set of elements of A of the form 
3A: + 1 = {10, 25, ..., 190} 

A 2 = Set of elements of A of the form 
3/c + 2 = {5, 20,35, ..., 185} 
n(A 0 ) = 14, n(Ai) = n(A 2 ) = 13 

If B has at least two elements from A 0 , then we are 
done. If B contains at most one element of A 0 , then it 
must have at least one element from each of Ai and 
A 2 for which the sum of these two elements will be 
divisible by 3. 

So, required probability = 1. ■■ 
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PROBLEMS 

FROM NATIONAL 

OLYMPIADS 


1 . Determine all non-negative integral pairs (*, y) 
for which ( xy -7? = x 2 +y 2 

2. ProvethatK j^-+-^ 2 +^ 3 +.... + 3 ^-<y. 

3. Determine all functions f:R \ {0,1} — R (here 
R denotes the set of real numbers) satisfying the 

functional relation f(x) + /( p~r) = - X ) ' * or x * 0 

and x* 1 . 

4 . Let p(x) = x 2 + ax + b be a quadratic polynomial 
in which rt and b are integers. Given any integer 
n, show that there is an integer M such that 
p(M)p(n + l) = p(M). 

5. Suppose a and b are two positive real numbers 
such that the roots of the cubic equation x 3 - ax + b = 0 
are all real. If a is a root of this cubic with minimal 

b 3b 

absolute value prove that < a < -jj. 

6 . Given a triangle ABC in a plane £ find the set of all 
points P lying in the plane £ such that the circumcircles 

of triangles ABP, BCP and CAP are congruent. 

7. Suppose P is an interior point of a triangle ABC 
and AP, BP, CP meet the opposite sides BC, CA, AB in 

AF AF AP 

D, E, F respectively. Show that -gg- + = -gjj . 

8 . A triangle ABC has incentre 7. Its incircle touches 
the side BC at T. The line through T parallel to IA 
meets the incircle at S and the tangent to the incircle 
at S meets sides AB, AC in points C, B' respectively. 
Prove that triangle AB'C' is similar to triangle ABC . 

9. Suppose AiA 2 A 3 .... A n is an H-sided regular 

polygon such that + Determine 

n, the number of sides of the polygon. 


11. There are two urns each containing an arbitrary 
number of balls. Both are non empty to begin with. We 
are allowed two types of operations : 

(i) Remove an equal number of balls simultaneously 
from both urns; 

(ii) Double the number of balls in any one of them. 
Show that after performing these operations finitely 
many times, both the urns can be made empty. 

12. How many increasing 3-term geometric 
progressions can be obtained from the sequence 1, 2, 
2 2 , 2 3 , ..., 2 ” ? 

( 1 e.g ., (2 2 , 2 5 , 2 8 9 10 ) is a 3-term geometric progression for 
n> 8.) 

13. There are seventeen distinct positive integers 
such that none of them has a prime factor exceeding 

10. Show that the product of some two of them is a 
square. 

14. Show that the number of 3-element subsets 
{a, b, c ) of the set {1, 2, 3 , ..., 63) with a + b + c < 95 is less 

than the number of those with a -» b + c > 95. 


15. For which positive integral values of n can the set 
{1, 2, 3 , ..., 4 n) be split into n disjoint 4-element subsets 

(b + c + d) 

{a, b, c, d) such that in each of these sets a = 5 . 


16. A staircase has n steps. A man climbs either one 
step or two steps at a time. Prove tha t the number of way s 
in which he can climb up the staircase, starting from 


the bottom, is yjr 




17. Let A = {1, 2, 3, ..., n). If a, is the minimum 
element of the set A, (where A, denotes the subset of A 
containing exactly three elements) and X denotes the 
set of Aj s, then evaluate ^ a, / 

A j ex’ 


10. Let P be an interior point of a triangle ABC and let 
BP and CP meet AC and AB in £ and F respectively. If 
[BPF] = 4, [BPC] = 8 and [CPE] = 13, find [AP PE]. (Here 
[ ] denotes the area of a triangle or a quadrilateral as 
the case may be.) 


18. Two players Pi and P 2 are playing the final of 
a chess championship, which consists of a series of 

2 

matches. Probability of Pj winning a match is -j 
and for P 2 is -g. The winner will be the one who is 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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ahead by 2 games as compared to the other player and 
wins atleast 6 games. Now, if the player P 2 wins first 
four matches, find the probability of Pi winning the 
championship. 

19. Prove that cot 2 cot 2 cot 2 


are the roots of the equation 

2/i + lp 2n + lp 

x" - ' 2n-H ^ 3 l + 2/t + 1 /- 5 *”~ 2 ~ - ~ 0 . And hence show 
Q Ci 

20. Let the area of a given triangle ABC be A. Points 
A h Bj and Ci are the mid points of the sides BC, CA 
and AB respectively. Point A 2 is the mid point of CA V 
Lines QA] and AA 2 meet the median BB] at points E 
and D respectively. If Ai be the area of the quadrilateral 
A\A 2 DE, using vectors or otherwise prove that 

Ai__ li 
A ~ 56* 

21. Find the number of elements in the range of 
fix) = [x] + [2x] + [-|x] + [3a] + [4a] + [5a] for 0 < x < n 
where n e N and [•] denotes the greatest integer 
function. 


SOLUTIONS 


1. We have the obvious solution (7, 0) and (0, 7). So 

suppose x 0 and y * 0. We have (xy - 7) 2 = x 2 + y 2 

or, (xy) 2 - 14xy + 49 = x 2 + y 2 

or, (xy) 2 - 12 xy + 36 + 13 = x 2 + y 2 + 2 xy 

or, (xy - 6) 2 + 13 = (x + y) 2 

or, 13 = [(x + y) + (.vy - 6)][(x + y) - (xy - 6)] 

Since 13 is a prime number the only possible factors are 
±1 and ±13, i.e., 

(i) (* + y) + (*y ~ 6) = 13 and (x + y) - (xy - 6) = 1 

or 

(ii) (x + y) - (xy - 6) = -13 and (x + y) + (xy - 6) = -1 
When solved, these alternatives give the solutions 
(3, 4) and (4, 3). Thus, (7, 0), (0, 7), (3, 4) and (4, 3) 
are all the solutions (in non-negative integers) of 

( x y - 7) 2 = at 2 + y 2 . 


2. Consider 2001 numbers p 1001 <k< 3001. 

Using A.M. - H.M. inequality, we get 
/ 3001 \/ 3001 , \ 

I* I i X2001) 2 . 

u=iooi/U=iooi / 


3001 

But Zk = ( 2001) 2 . 

it =1001 3001 , 

Hence we get the inequality Z > 1. 

it =1001 K 


On the other hand grouping 500 terms at a time, we also 


havo e- 3 V 1 ■ 500 . 500 . 500 . 500 . 1 

S “ , T™, k 1000 1500 2000 2500 3001 

it =1001 

1 , 1 , 1 , 1 


< ^ + .^ + ^ + ^ + _L_ = 385I < 4 
< 2 3 4 5 + 3000 3000 < 3 * 


Note : We can sharpen the above inequality. Consider 
3n + l , 

the sum S = Z 

it=«+i K 

There are 2n + 1 terms in the sum and the middle 
term is 2n + i m We can wr ^ te sum i n form 


S = _J— + y [ 1 + 1 \ 

* 2n + 1 ", V2w + l + lt 2n + l-k) 

n , 

-+i 


it = i 

2 


2 * 


2w + l (2n + 1) ' L " „ / k V- 

* 'Manr; 

i i 

For 0 < a < we have 1 + a < * <1+2 a. 

+ 1 -a 

Thus we get the bounds 


J--.+ 2 


2 n + 1 2n + 


Ti,| 1+ (siTrf] <Sa " d 

k = 1 

it = 1 

This on simplification gives 
1 + ,. 2 3 tk 2 <S< l + - - - -,v 3 ffc 2 . 


( 2 »+i)%r, 


(2»+i)%r, 


xt ^ . A l2 h(w + 1)(2h + 1) r 

Now using the identity Z k - g the 


it=l 


inequality simplifies to 


1 + 


n(n + 1) 


< S < 1 + o" 


2 n(n + 1) 


3(2w + l) z ' " 3 3(2 h + 1) 2 ’ 

But for n > l, we also have -i- < — — Hr < 4*. 

9 (2w + 1) 2 4 

This leads to ^ < S < -g-. 

3. Putting y = the given functional equation 

can be written as f(x) +/(y) =2 (y - y ) 

If we set z = 11 yy then x ~ f\^z)‘ Hence we a ^ so 

have the relations f(y) + fiz) = 2| - - z ] 

i\ \ vy ) 

and fiz) + fix) = 2^ — xj 

Adding the first and third relations, we get 
2 (/(*) + m + /(*)) = 20 - *)- 2y + 0 
Using the second relation, this reduces to 

vw - 2(H- 2 HM z+ ;). 
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X 


XT • 1 1 1 X-l X 

Now using y + — = + l-x,z + - = + 

y 1-x z x x-l 

we get f( x ) = ^~ y- 


Thus / (x) = ' s ^e only function satisfying the 

given functional equation. 


4. 1 st Solution : We can write p(n)p(n + 1) 

= (n 2 + an + b)((n + l) 2 + a(n + 1) + b) 

= n 2 (n + 1) 2 + a{n(n + l) 2 + n 2 (n + 1)| + b{n 2 + (n + l) 2 } + 

ctnin + 1) + b 2 + ab(2n + 1) 
= n\n + l) 2 + a 2 n 2 + 2nn\n + 1) + 2 bn(n + 1) + + 

+ an(n + l) + ab + b 

= (h(h + 1) + an + b) 2 + rt(w(n + 1) + an + b) + fr 
= p(n(n + l) + an + b) 

2 nd Solution : If a and P are the roots of the equation 
p(x) = 0 we can write : p(x) = (x- a)(x - P). 

Then p(n)p(n + 1) = (n - a)(n - P )(n + 1 - a )(n + 1 - P) 

= (n - a)(n - P + 1) (n - P) (n - a + 1) 

= { n(n - P) + m - a(n - P) - a) x { n(n - a) + n - P(n - a) - P) 
= (M - a)(M - P) = p(M) 

where M = n 2 - n ( a + P) + aP + n = n 2 + na + b + rt. 
Remark : Another way is to consider the quadratic 
equation M 2 + nM + b = (n 2 + an + b)((n + l) 2 + a(n + 1) 
+ b) and to show that this equation has integer roots of 
equivalently, that the discriminant a 2 - 4 [b - ( n 2 + an + 
b)((n + 1 ) 2 + n(n + 1 ) + b))] is a square. 


5. Let a, P, y be the roots of the given cubic 
x 3 -ax + b = 0, where a > 0 and b > 0. We have then 
a + p + y = 0 

aP + py + ya=-n ►. (*) 

apy = -b 

From the last of these equations, we see that either all the 
roots are negative or two are positive and one negative. 
However the second equation in (*) shows that all three 
cannot be negative. So two of a, P, y are positive and 
the remaining root is negative. The first equation in (*) 
implies that the negative root is numerically larger than 
the other two positive roots. Hence we may assume that 
y < 0 < a < P where lal < ipi < lyl. 

We have b-aa = -aPy + a(aP + Py + yet) 

= a 2 (P + y) = - a 3 < 0. 

Since a is positive, we get - < a proving the first 

inequality. a 

Again, we have 3b - 2aa = -3apy + 2a(aP + Py + ya) 

= - aPy + 2oc 2 p + laty = a[2a(P + y) - Py] 

= a[-2(P + y) 2 - Py] (since a = -(P + y)) 

= - a(2p 2 + 5Py + 2Y 2 ) = - a(2P '+ y)(P + 2y) 

= -a(P-a)(y-a) 

Observe that -a < 0, P > a, y - a < 0. Hence 3b - 2na is non- 


negative. This proves the second inequality, a < 


3b 

2a 


6. 1 st Solution : We shall show that the locus of all 
such points is the union of the circumcircle and the 
orthocentre of the triangle ABC. 

Let P be any point in the cone determined by two sides, 
say, BA and BC. Using the sine rule in the triangles PAC 
and PBC, we get Z CAP = a or 180° - a. 

Similarly, using the triangles CAP and BAP , we also get 
ZACP = P or 180° - p. 

Consider the case ZCAP = a and ZACP = 180° - p. 



Here we get, ZAPC = 180° - (a + 180° - P) = P - a 
Again the triangles BPC and BPA gives ZBAP = ZBCP 
or ZBAP = 180° -ZBCP. 

If ZBAP = ZBCP = y, then the sum of the angles of 
the quadrilateral is equal to 2P + 2y. This implies that 
p + y = 180°. Since P and y are angles of a triangle, this 
is impossible. If ZBAP = 180° - ZBCP = 180° - y, then 
we get -2p + 360° = 180°. Hence p = 90°. This forces that 
ZPCA = 90° and AP is a diameter of the circle through 
A, B, C and P, i.e. f P is on the circumcircle of ABC. 
Similarly, we can dispose off the case ZCAP = 180° - a, 
ZACP = p. Finally consider the case, ZCAP = 180° - a and 
ZACP = 180° - p. Considering the triangle ACP, we see 
that ZAPC = 180° - ZABC. 


Similarly, the case ZCAP = a, ZACP - P gives that ZAPC 
and ZABC are supplementary angles. Thus, A, B, C and 
P are concyclic. 

On the other hand, suppose P is in the cone determined 
by the lines, say, CB and AB extended. Since ZPBC + 
ZPAC = ZPBA + ZPCA = 180°, it follows that ZABC 
and ZAPC are supplementary angles. Thus, triangles 
ABC and APC, and hence triangles ABC and BPC, have 
the same circumradii. Now sine rule gives ZCPB = p or 
180° - P, ZAPB = y or 180° - y. 

Also, if ZBAP = a, then ZBCP = a or 180° - a. Consider 
the case, then ZAPC = p + 180° - y, ZPAC + ZPCA = 
P + y + 2a and hence P + y + 2a = y- Pora + P = 0 
which is impossible. If ZBCP = 180° - a, then we haye 
ZAPC = P + 180° - y, ZPAC + ZPCA = p + y + 180°, which 
is impossible. Similarly we can dispose off the cases 
ZCPB = 180° - P, ZAPB = y, ZBCP = a or 180° - a. 
Finally if ZCPB = P, ZAPB= y, ZBCP = 180° - a, then again 
we get ZAPC = P + y, ZPAC + ZPCA = 180° + P + y. 

This forces 2(P + y) = 0 which is impossible. We conclude 
that the only possibility is ZAPB = y, ZCPB = P and 
ZBCP = a. 

In this case, we get ZAPC = P + y, ZPAC + ZPCA = 2a 
+ P + Y- 
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This gives us a = 90° - (P + y). 

Thus P + a = 90° - y and a + y = 90° - (3. These imply that 
AP is perpendicular to CB and CP is perpendicular to 
AB. Hence P is the orthocentre. 

Similarly we can consider other regions determined by 
BA and CA or BC and AC. 

Finally if P is a point inside the triangle, we can show 
that P is the orthocentre of the triangle ABC in the 
similar way. 

Thus if P is any point satisfying the hypothesis, then 
either P is the orthocentre of the triangle ABC or P must 
be on the circumcircle of the triangle ABC. 

2 nd Solution : 

We need to know the following facts about three 
equal circles intersecting in a common point. If three 
congruent (that is, equal) circles C lr C 2 , C 3 have a 
common point P and A, B, C are the other three points 
of intersections, then 

(a) the circumcircle of triangle ABC has the same 
radius as the three circles; and 

(b) the point P is the orthocentre of triangle ABC. 

A brief proof of (a) and (b) follows : 

Let X, Y, Z be the centres of the circles C lr C 2/ C 3 
respectively. Complete the quadrilaterals PXBZ and 
PXCY, join AP and ZY. Observe that PXBZ and PXCY 
are rhombuses and so ZB is parallel and equal to YC. 
Hence so are BC and ZY. Since AP is perpendicular to 
ZY, AP is perpendicular to BC. Similarly BP and CP are 
perpendicular to CA and AB respectively. Hence P is the 
orthocentre of triangle ABC. This proves (b). 



To prove (a), complete the parallelogram AYCQ, which 
is in fact a rhombus. So AQ = CQ. It is easily seen 
that AZBQ is also a rhombus. So AQ = BQ. Thus Q is 
circumcentre of triangle ABC and its radius (= AQ = CY) 
is the same as that of each of the three circles. Note that 
we can have a configuration of three equal circles such 
that P falls outside triangle ABC , but statements (a) and 
(b) are still true. 

Coming to the problem, let (XYZ) denote the circle 
through any three non collinear points X, Y, Z. It is 
given that three equal circles pass through P. Hence by 
(a) above, the four circles (PAB), (PBC), (PCA) and (ABC) 
are congruent to one another. Observe that either the 
three circles (PAB), (PBC), (PCA) coincide [and hence 


coincide with (ABC)] or the three circles are all distinct 
passing through the point P. Thus either P is on the 
circumcircle of ABC of P is the orthocentre of ABC. 

7. 1 st Solution : We use the fact that the areas of 
two triangles having the same height are in the ratio 
of their bases. We also use some simple properties of 
equal fractions. 

a c 

Specifically, if - = — , then each fraction is also equal to 

b d 

(a+c) (<?-c) 

' ' as well as 


(b+d) 


(b-dy 



XI [ ACF 1 

Now 7 r = = 

[BCFl FB 

„ AF [ACFl-iAPF] 

° FB~ lBCF]-lBPF] 

Similarly from [A^El _ _ 

[CBEl EC 


[BP Fl 

I lACP] 

[BCP] 

AE [APE] 


( 1 ) 


..( 2 ) 


( 3 ) 


Again, 




[CPE] 

, L . AE [ABE]— [APE] [ABP] 

EC [ CBE]-[CPE ] [CBP] 

From (1) and (2), by addition, we get 
AF AE [ACP]+[ABP] 

FB + ~EC~ [BCP] 

AP _ [ABP] _ [CAP] _ [ ABP ] + [AC P] 

PD “ [DBPl “ [DCP] ” [BCP] 

From (3) and (4), we have the desired result. 

2 nd Solution : Applying Ceva's theorem to the Cevians 
AD, BE, CF which are concurrent at P, we have 
AF BC CE 

FB' DC' EA 

( AE AF BD 

Therefore, = — . . 

EC FB DC 


= 1 . 


„ AF AE 
Hence — + 


_ AFf + BD}AF_ BC (1) 

FB AC~ FB{ + DC) FB ' DC 

Now applying 'Menelaus' Theorem to triangle 
ABD, whose sides are cut by the line FPC, we have 
AF_ BC DP 
FB' DC' PA ~ + 

Consequently, AF BC_ = AP ( 2 ) 

FB ' DC PD 

Comparing (1) and (2), we have the desired relation. 
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8 . Let Al meet BC in K. Join IS. We do some angle- 
chasing now. Since AK is parallel to ST, we have 

ZSTB = ZAKB = ZKCA + ZKAC = C + -. 



But ZTSI = ZSTI since SIT is an isosceles triangle. 

Therefore ZC'ST = 90° - ZTSI = C + j 
In the quadrilateral BTSC'. 

ZSC'B = 360° - ( ZC'BT + ZBTS + TSC') 

= 360°-(b+C+|+C+|) 

= 360° -(A + B + C + C) = 180° - C. 

Hence ZAC'B' = 180° - ZSC'B = 180° - (180° - C) = C. 
Similarly, ZAB'C' = B. Thus it follows that triangles ABC 
and AB'C' are similar. 

9. 1 st Solution : From the given relation, we have 
AiA 2 -A } A 3 + A x A 2 'AiA a = A 1 A 3 -A 1 A 4 (1) 



Also in the cyclic quadrilateral AiAyA 4 A 5 , we have, by 
Ptolemy's theorem, 

A 4 A 5 A ^3 + AyA^-A 1 A 5 = AyA 5 -AiA 4 (2) 

Since A } A 2 .... A„ is a regular polygon, we have 
AiA 2 = A 4 A 5 , AjA 2 = A 3 A 4 , A\A 3 - A 3 A 5 . 

Comparing (1) and (2), we have AjA 4 = A X A 5 . 

Since the two diagonals A x A a and A X A 5 are equal, it 
follows that there must be the same number of vertices 
between A] and A 4 as between A x and A 5 . That is the 
polygon must be 7-sided, that is n = 7. 

2 nd Solution : 

If O is the centre of the circle in which A X A 2 ....A„ 
is inscribed and 0 is the angle which each side of 
the polygon subtends at O then using the relation 
111 

= + obtain an equation in 0. Solve 

A]A 2 a x a 3 AjA 4 


the equation to get 0 = — . This means n = 7. 

10. More generally, let [BPF] = u, [BPC] - v and 
[CPE] = w. Join AP. Let [AFP] = x and [AEP] = y. 



Using the triangle AFC and BFC, we get 
x FP _u 

y +10 PC v 

This gives the equation vx - uy = uw. 

Again using the triangles AEB and CEB we get another 
equation zvx -vy = - uw. 

Solving these equations, we obtain 

uzv(ii+v) uw(zv+v) 

x = — , y = — 

v 2 - uw v 2 - uw 

uw(u+2v+w) 

Hence we obtain x + y = . 

v 2 - uw 

Putting the values u = 4, v = 8 , w = 1, we get 
[AFPE] = 143. 

11. If both the urns have the same number of balls, 
then we can empty both the urns in one operation. 
Else, we remove the same number of balls from each 
of the urns so that one of the urns contains exactly one 
ball. (If m and n denote the number of balls in the urns, 
and say m > n, then take out n - 1 balls from each.) 
We now double the number of balls of the urn which 
contains only one ball and remove one ball from each 
of the urn. This process decreases the number of balls 
in the other urn by 1. Continuing this way we reach a 
stage when both the urns contain one ball each whence 
we can empty the urns removing one ball from each of 
the two urns. 

12. Let us start counting 3-term G.P/s with common 
ratios 2 , 2 2 , 2 3 , ... 

The 3-term G.P.'s with common ratio 2 are 
1 2 2 2, 2 2 2 2 3, • 2" " 2 2"" 1 2 ” 

They are (w - 1) in number. The 3-term GP's with 
common ratio 2 2 are 1 , 2 2 , 2 4 ; 2 , 2 3 , 2 5 ; ... ; 2 ” ~ 4 , 
2 ” " 2 2 ". 

They are (n - 3) in number. Similarly we see that the 
3 -term GP's with common ratio 2 3 are (n - 5) in number 
and so on. Thus the number of 3-term GFs which can 
be formed from the sequence 1 , 2 , 2 2 , 2 3 , ..., 2" is equal 
toS = (w - 1) + (n - 3) + (tt - 5) + ... 

Here the last term is 2 or 1 according as n is odd or even. 
If n is odd, then S = (n - 1) + (n - 3) + (n - 5) + ... + 2 
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_(, n-l'j n 2 - 1 

— 2 1+2+3+.. .H = . 

I 2 J 4 

n 2 

If n is even, then S = (w-1) + (h-3)+...+1 = — . 

Here the required number is — — — or — according 
as n is odd or even. 


13. Since none of the 17 integers has a prime factor 
exceeding 10, all of them have the form 2 a 3 b 5 c 7 d , where 
a, b, c and d are non-negative integers. The product 

of two such numbers, say 2 a 3 b 5 c 7 d and 2 a '3 lt '5 c '7 d, / is 
2 a+a' 3 b + b' 5 c+c' 7 d+d' Thus if a + a ' r b + \f t c + (f and d + d', 

are all even then the product would be a square. For 
this to happen the 4-tuples (a, b, c, d) and (a', b\ d, d') 
should have the parity (that is to say a and a' should 
both be odd or both even, b and b' should be both odd 
or both even etc.). Since each of the numbers a, b, c 
and d can either be odd or even, the total number of 
patterns of the 4-tuples (a, b , c, d) is 2 2 = 16. As we have 
seventeen 4-tuples (a, b, c, d), each corresponding to 
the 17 given numbers, it follows, by the pigeon-hole 
principle, that at least two of these seventeen 4-tuples 
should have the same parity. The product of the 
numbers corresponding to these 4-tuples will then be 
a square. 

14. Suppose that (a, b, c) is a subset of {1, 2, 3, ..., 63} 
with a + b + c < 95. Then (64 - a, 64 - b, 64 - c) is a subset 
of {1, 2, 3, ..., 63} with (64 - a) + (64 - b) + (64 - c) = 192 - {a 
+ b + c) > 192 - 95 = 97. Conversely, if (a, b, c) is a subset 
of {1, 2, 3, ..., 63} with a + b + c < 97, then (64 -a, 64 - b, 
64 - c) is such that (64 - a) + (64 - b) + (64 - c) = 192 - 
(a + b + c) < 95. Thus there is a one-one correspondence 
between 3-element subsets (a, b, c) with a + b + c < 95 
and those such that a + b + c > 97. Hence the number 
of subsets with a + b + c < 95 is equal to that with a + b 
+ c > 97. Thus the set of 3-element subsets (a, b, c) with 
a + b + c > 95 will contain those with a + b + c>97 and 
a few more. 

15. Suppose {a, b, c, d\ is a group in which 
a = (b + c + d)/ 3. Then a + b + c + d = 4a. Hence, if such 
an n exists, then 4 divides 1 + 2 + ... + 4 n. However 
this sum is 2n(4n + 1). Thus a necessary condition for 
existence of such a set is that n be even. 

We show that this condition is also sufficient; i.e., if 
n = 2k for some k, then it is possible to partition 
{1, 2, 3, ..., 8 k) into groups of 4 elements { a , b, c, d] such 
(b+c+d) 

that a = - — - — - . To this end, divide {1, 2, 3, ..., 8 k) in 

to groups of 8 integers such that each group contains 
8 consecutive integers. If [a + 1, a + 2, a + 3, ..., a + 8} is 


one such set, we can divide this set into two sets of 4 
integers each as follows : [a + 4, a + 1, a + 3, a + 8}, 

+ 5, (i + 2, (i + 6, (i + 7}. 

The desired partition is obtained since 

tf+l+fl+3+fl+8 

a + 4 = 

3 

fl+2+rt+6+rt+7 
and a + 5 = . 

16. For climbing up the n stairs, let the number 
of ways be f(n). All these ways can be divided into 
two categories, depending on whether the last leap 
includes one stair or two stairs. 

Number of ways of climbing first (n - 1) stairs (when 
the last leap is that one stair) =/ (n - 1). 

Number of ways of climbing first (n - 2) stairs (when 
the last leap is that two stair) = f(n - 2). 

Since the total number of ways =/(«). 

/(») =/(n-l)+/(M-2). 

Here we can see that/(l) = l,/(2) = 2 
For n = 1, 


1 

(1+75? f l-Ts ¥ 

i 

6+75 6-71’ 

75 

A 2 J l 2 ) \ 

= 75 

L 4 4 J 


= 1 






V5 

I+3V5 + 3X5+5V5 1+3 >75+3 X5-5V5 


8 8 

Hence the result is true for n = 1 and 2 
Let the results be true for n<m i.e. 

\m + 1 / r~\tn + 1 




.(¥)-(¥)" 


2V5 
: 7s : 


For n = m + 1 ,f(m + 1) =/(m) + /(m - 1) 

+[(¥r-(¥n 

+[(¥ H ¥) 
[(¥f(¥4(¥f(¥ 




+1 ) 


+[(¥ r (¥) 2 -(¥)'(¥)1 
[(¥¥(- 


7s 


i-TsT * 2 


Hence, by the method of mathematical induction, the 
result is true for all n e N. 
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17. Since we can take three elements out of n in "C 3 
ways, X will contains "C 3 subsets. There are exactly 
” _1 C 2 elements of X having 1 as least element; exactly 
n ~ 2 C 2 elements of X having 2 as least element and so 
on. In general there are exactly "~ r C 2 elements of X 
having r(l < r < n - 2) as least element. 

Thus, X min (n, ) = 1 ('- J C 2 ) + 2 (’- 2 C 2 ) + 3( n ' 3 C 2 ) + .... 

qeX 

+ («-2)( 2 C 2 ) 

r=l r=l Z 

=\ S r l/ 2 -(2n-l)r+n(n -1)] 

Z r= 1 

,[n - 2 «-2 n-2 

=-| Xr 3 -(2H-i)Xr 2 +n(«-i)Xr 


r=l 


r=l 


r=l 


= iJi(«-l) 2 (n-2) 2 -±(2n-l)(»-2)(»-l)(2»-3) 

+i«(M-l)(n-2)(«-l)j 

= ^(n-2)(n-l)[3(n-2)(«-l)-2(2n-l)(2)i-3)+6/i(n-l)] 

= ^(„_2)( n -l)[3n 2 -9n+6-2(4n 2 -8«+3)+6n 2 -6«] 

= ^ ( « " 2)(n-l)(« 2 +«) = T(«+l)n(fi-l)(«-2) = " +1 C 4 

18. ?! can win in the following mutually exclusive 
ways 

(a) Pi wins the next six matches 

(b) Pj wins five out of next six matches, so that after 
next six matches scores of Pj and P 2 are tied up. This 
tie continues up to next ' 2n' matches (n > 0) and finally 
Pi wins 2 consecutive matches 

Now probability of case (a) = ( — J and probability of tie 
after 6 matches (in case (b)) = 6 C 5 


ereH- 


5 2 6 


now probability that scores are still tied up after another 

2 112 4 

next two matches = = — 

3 3 3 3 9 

[1 st match won by Pi and 2 nd by P 2 or 1 st by P 2 2 nd by 
Pi] 

Similarly probability that scores are still tied up after 
V* 

another 2 n matches = — 

\9 ) 

total probability of Pj winning the championship 


-nmm) 


1088 

3645 


(2\ 6 2 6 (2) 2 f 1 l_17f2f _ 

U + 3 5 V3 J 4 5 U J 

V 9i 

19. From DeMoivre's Theorem, we know that 
sin(2« + l)a= 2n+1 C 1 (cosa) 2 ” sina- 2 ” +1 C 3 (cosa) 2 

sin 3 a+...+(-l)” sin 2 ” -1 a 

=>sin(2n+l)a =sin 2 " +1 a[ 2,,+1 q cot 2 ' 1 a- 2n+1 C 3 


cot 


2/1-2 „ , 2n+l 


a+ Cccot 


2n-4 


a-....] 


It follows that for <x= 
_ 2n+l 


7C 271 


YIK 


2w+l 2tt+l 2 h + 1 

2n 2/1+1 ^4.2/i- 2 ^ 2/1+1^ ^«.i2/i - 4 , 


q cot zn a- zn+1 C 3 cot z "’ z a+ Z " +1 C 5 cot^" - a 

-.... = 0 

=> cot , cot ,...., cot are the roots of 

2h+1 2m+1 2n+l 

the equaHon 2 " +1 C,x" - 2 " +1 C^ 2 + .... = 0 ifO < 6 < " 
sinG < 0 < tan0. 

=> cot 2 0 < — < cosec^ 0 

e 2 


XT 2 71 .2 271 .2 WJl f 2/1 + 1) 

Now COt 2 hCOt -+.... +COt < 

2n+l 2n+l 2n+l ( n j 

t 271 ) { 3n ) { nn J 


2 K 2 271 2 tin 

< cosec r+cosec - — r +...+cosec 


2n+l 


2w + l 


2n+l 


«(2m- 1) (2n-l) 2 ( 1 ^ 1 


i-l) f. 1 1 1 'j 

7-rrr-^J- 


2«(n+l) 


( . 2 K .2 2 71 o ^71 m 

smce cot , cot -, ....,cot are the 

^ 2m+1 2h+1 2n + \ 

roots of given equation j 

- fi — !-Yi — 5-K < f,-UU.„ + -L) 

l 2n + lX 2n+l J 6 V 2 2 3 2 n 2 J 

\ 2w+l ) 6 


< 1 - 


2n+l 

Taking limit n — > <» and applying Sandwitch theorem, 
we get the desired result. 

20. Let position vector of A, B and C be 0,b and c 
respectively. 
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3 c+b 


Equation of lines BB V AA& and C\A\ are respectively 
r = b+l 1 r = X 2 ^^andr = | + X 3 ||j. 

For point D, we have ^ + ^i(^ - ^)=^2 (~j~^ ) 

=> ^ i _Xi_^.) + £( 2 X 1 -3X 2 ) = 6 

=>X =-,X 2 =-=*AD = ^^ 

1 7 2 7 7 

For point £ we have b + X 1 j = ^ + -^-c 

=> ) + 2^ — ^3) = ® 

, ^ 1 -rz 2 b+c 

=> Ai =Ao =— => AE = 

1 3 2 4 


x — 3c+b-2b-c 2c -b 

Now EA 2 = = , 


— b+c 3 c+b 5b+c 

DA\ = = 

2 7 14 


Area of quadrilateral EA l A 2 D = i|EA2 xDAi| 

^|(2c-b)x(5b+c)| = ^|lOcx& -bxc\ 

= -^-Icxfrl = — .-Icxfrl = — area of A ABC. 

112 1 56 2 1 1 56 

Thus required ratio is — . 

56 

21. Given /(x) = lx] + llx] + + [3x1 + [4x1 + [5x1 

Since [kx] changes its value at every integral multiple 

-1 

=> [x] will change at every integral multiple of 1 

=» [2x] will change at every integral multiple of y 

=> [3x] will change at every integral multiple of y 


=> [4x] will change at every integral multiple of -|* 
=> [5x] will change at every integral multiple of y 


^ [ 3x ] at ev ery integral multiple of y 

They will change simultaneously at every multiple of 

LCM of jl, , —1 = 3 ' 

1 2 3 4 5 2j 


Number of total points at which/(x) will change its value 
in the interval [0, 3) will depend on the total number of 
different terms in the following series: 


[*1 = 0 , 1 , 2 , 


M - 4 f ~ 

5 

••'2 


8 

"'3 

M - o - H - 

11 

4 

N - o , y .. 

14 

5 

[ 2 , 1 - 1 , 2 1 


U J ' 2'2 



Total number of different terms in (1) = (9 + 12 + 
15) - (2 + 2 + 2) 

Hence number of terms in the range of f(x) for 
0 < x < 3 is 30. 

If x e [0, n], then: 

(i) If n = 3 k, then number of terms in the range 
= 30/c + 1 

(ii) If n = 3k + 1, then number of terms in the range 
= 30/c + (3 + 4 + 5 + 1) - 2 = 30/c + 11 

(iii) If n - 3k + 2, then number of terms in the range 
= 30/c + (6 + 8 + 10 + 1) - (2 + 2) = 30k + 21. 
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90. 


(4) : Jx 5 (l - xfdx = X => I = 


X 7 • 8 • 9 • 11 


=> X = 7 • 2 3 • 3 2 • 11 
=> Number of prime factors = 4 

P 

91. (8): Let J\/(x - a)(P - x)dx = -(a-0) 2 
„ 8 


OD, OE, OF are the diagonals of the cube. 


k + 1 
n 

\ 

kin 


x - k -Vi±i- x \ dx 


nj\ ti 


8l« n J 



(a a) 


A a) 



OD = u 

i±i 

;OE = 2u 

/+* 

; Of = 3 m 

/+ k 


k v2 J 


U2 J 




12-1 


Now, lim £ £ • 4- = ^ lim - V tax 
>'->°° k=0 8 8 «->~m £0 

n .. n n 
= — lim — = 

8 H— >oo U 

92. (1) : Put x = taivl, y = tan# 

93. (5) 




-5 





| 



■ j 



//// 



H 

4 -3 

-2 






„„ 


• 




94. . (5).: OA, OB, OC are along *, y and z axes 
respectively. 


A A A 


Let OA = i, OB = j, OC = k 


95. (5)&±h(x)=f(x)-g(x) 
h\x) =/|t)l/M 

i'(x) = a (constant) 
/'»-*'(*)-« =>/'(!) -«'(!) = « 
7;/2'(x) = 2 => h(x) = 2x + X 
(2) =/ (2)-g(2) = 9-3 = 6 
+ X = 6 =* A = 2 =* h(x)=2x + 2 

'( f )* 2 ( f )" 2 - 5 


O 

96. (8) : We know that J| sin* I d* represents area 

<7 

under the curve from x = atox = b 

a+n 

We know that J I sin* I d* = 2 

b 

Since J| sin* l^* = 8=>fr-tf = 47t 


a+b 


Similarly, f | cos * \dx = 9=>a + b = — 
o z 

Solving (i) and (ii), a = —, b = 

4 4 

b 17jc/4 

J xsinxdx = f *sin*d* = -2V27T 
tc/4 


...(i) 

...(ii) 


R] =[2^2 it] = 8 
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SECTION! 


Multiple Choice Type Questions «p, 1 

Each question has 4 choices (a), (b), (c) and (d), out of which on# 
one is correct. 

1. The chord of contact of tangents from any point 
of circle t 2 + y 2 = fl 2 with respect to the circle 

x 2 + i f = b 2 touches the circle x 2 + y 2 = c 2 where 
(a, b,c> 0) then 

, * . a + c 
(a) 


b < 


(b) 


are in A. P. 


1 + logfl' 1 + log b' 1 + logc 

(c) ci, b. c are in A.P. (d) b > \[ac 

The locus of mid-point of the chord of the 
circle with diameter as minor axis of the ellipse 

r 2 i / 2 

— + = 1 (a > b) which subtends right angle at 

a 2 b 2 

centre of ellipse is 
(a) x 2 + 1/ 2 = 2b 2 


(b) 


2 2 
x + y = 


n 2 + b 2 


2 2 V- 

(d) ^ z + r = 7 


3. 


are 


(c) 2(x 2 + 1/ 2 ) = b 2 
Let a, P, y are the roots of the equation 
.t 3 + 3X 2 - 6x - 8 = 0. If (T a j, [j, p) and (T y 

the vertices of the triangle, then 
(a) centroid of the triangle is 1 j 

1 


(b) orthocentre of the triangle is [ 8 


. . . . . , 29 23 

(c) circumcentre of the triangle is | — — 


(d) centroid of the triangle is 


h) 


* ALOK KUMAR, B.Tech, IIT Kanpur 

4. In the figure, two circles with centres Q and C 2 are 
4 35 units apart, i.e. C X C 2 - 35. The radii of the circles 
with centres C 1 and C 2 are 12 and 9 respectively. 
If P is the intersection of C T C 2 and a common 
transv<ppe tangent to the circles, then the area of 


the sjqu are whose side is equal to QP is 



6 . 


(a) 324 (J^ 400 (c) 20 (d) 225 

5. The equation of the conjugate hyperbola of the 
hyperbola 3X 2 - 5xy - 2y 2 + 5x + lly - 8 - 0 is 

(a) 3x 2 -5xy-2y 2 + 5x + lly + 8 = 0 

(b) 3x 2 -5xy-2y 2 + 5x + lly+16 = 0 

(c) 3.x 2 - 5xy - 21/ 2 + 5x + lly - 16 = 0 

(d) 3x 2 -5xy-2y 2 + 5x + lly-12 = 0 

The locus of point of intersection of perpendicular 
tangents to the circle circumscribing the circles 
x 2 + i/-l\y\ = 0 is 

(a) circle of centre (0, 1) with radius = 

(b) circle of centre (1, 0) with radius = 2 

(c) circle of centre (0, 0) with radius = 2\fl 

(d) circle of centre (0, 0) with radius = 2 

7. On shifting the origin to a point P, the axes 
remaining parallel to the original axes, the equation 
ax + by + c = 0 is transformed to ax + by + c + k = 0. 
Then the locus of P is 

(a) ax-by + c = 0 (b) ax + by + k = 0 

(c) ax-by-k = 0 (d) ax + by - k = 0 

8. The points (a, P), (y, 5), (a, 5) and (y, P) are always 

(a) collinear (b) concyclic 

(c) square (d) vertices 


Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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9. If the normals at P and Q on the parabola y 2 = 4ax 
meet on it at R. Then the directrix of the locus of 
mid-point of PQ is 

(a) 2r + = 0 (b) 2x + 5a = 0 

(c) 2t + fl = 0 (d) 2x-5a = 0 

10. Which of the following is wrong? 

(a) The portion of a tangent to a parabola 
intercepted between the directrix and the 
curve subtend a right angle at the focus. 

(b) The circle circumscribing the triangle formed 
by any three tangents to a parabola passes 
through the focus. 

(c) The area of the triangle formed by three points 
on a parabola is thrice the area of the triangle 
formed by the tangents at these points. 

(d) The foot of perpendicular from the focus on 
any tangent to a parabola lies on the tangent 
at the vertex. 

11. Angle subtended by common tangents of two 
ellipses 9(x - 2) 2 + 4/ = 36 and 9(x + l) 2 + y 2 = 9 at 
the origin is 


(a) 

(c) 


n 
2 

tan-’fi 


(b) tan 


( d ) 2 

4 


-1 fy' 


12. Cp x 2 + y 2 = r 2 and C 2 : + — = 1 intersect at 

16 7 

four distinct points A, B, C and D. Their common 
tangents form a square A'B'C'D'. Then the ratio of 
area of the circle Cj to the area of circumcircle of 
A A'B'C' is 

(a) ± (b) f (0 1 

x 2 " 2 


(d, I 


13. The ellipse = 1 is such that it has the 

or b 

least area but contains the circle (.v - 1) 2 + y 2 = 1 


Then the eccentricity of the ellipse is 

<•> if < b > if 


1 

(c) j 


(d) 5 


14. The ellipse 4X 2 + 91/ 2 = 36 and the hyperbola 
a 2 * 2 - J/ 2 = 4 intersect at right angles then the 
equation of the circle through the point of 
intersection of two conic is 

(a) ,v 2 + i/ 2 = 5 

(b) yj5(x 2 + y 2 ) = 3.v + 4y 

(c) S(x 2 +y 2 )-3.v + 4y = 0 

(d) x 2 + y 2 = 25 


15. If S, and S 2 are the foci of the hyperbola whose 
transverse axis length is 4 and conjugate axis 
length is 6, S 3 and S 4 are the foci of the conjugate 
hyperbola, then the area of the quadrilateral 
S1S2S3S4 is 

(a) 24 (b) 26 (c) 22 (d) 28 

16. Let / be the incentre of the triangle ABC , where 

BC RA R1 

i — r + j — r = — then the diameter of the 
— * — * k 

\bc\ \ba\ 

circumcircle of the triangle is 

(a) /c(cos A/2 + cos C/2) (b) k(s in A/2 + sin C/2) 

(c) /c(cot A/2 + cot C/2) (d) A:(tan A/2 + tan C/2) 

17. The reciprocal of the distance between two points, 

one on each of the lines - — - = ^ — - = — ~ ^ and 
3 2 5 

x -l = y-2 = 2-3 
2 3 4 

(a) cannot be less than 9 

(b) having minimum value 5^/3 

(c) cannot be greater than 78 

(d) cannot be 2>/l9 

18. Equation of the plane containing the straight 

line | = | = | and perpendicular to the plane 

xy z 

containing the straight lines — = 2 = _ anc j 
x 1 / z 3 4 2 

4 ~ 2 " 3 ,S 

(a) .r + 2y - 2z = 0 (b) 3x + 2y-2z = 0 

(c) x - 2y + 2 = 0 (d) 5* + 2y - 42 = 0 

19. The distance between the plane x-2y + z- 6 = 0 
and the plane containing the sets of points 
(1 + 22, 2 + 32, 3 + 42) and (2 + 3p, 3 + 4|i, 4 + 5|i), 
where 2, p are parameters, is 

(a) 73/2 (b) (c) VH (d) 2sf6 

20. Three numbers a , b, c are chosen randomly from 
the set of natural numbers. The probability that 
a 2 + b 2 + c 2 is divisible by 7 is 

(a) 1/3 (b) 1/4 (c) 1/5 (d) 1/7 

21. If the equation z 2 + 2 + a = 0 has a purely imaginary 
root and a lies on the circle I2I =1 then the 
imaginary part of that root, is (are) 

(a) ±sfl (b) 0 


(c) + 




(d) ± 


n/5-1 


22. If 1 2 1 - 1 and z & ±1 then one of the possible values 
of arg(z) - arg (2 + 1) - arg (z - 1). is 
(a) -n/6 (b) n/3 (c) -ti/2 (d) n/4 
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23. Let X be a set containing n elements. The number 
of all the ordered triplets (A, B, C) such that C is 
a subset of B and B is a proper subset of A where 
A Q X, is 

(a) 4” (b) 3” (c) 4” -3” (d) 3" -2" 

24. If two events A and B are such that P(A) = 0.3, 
P(B) « 0.4, P(A n B) = 0.5, then the value of 
P(B / (A u B)) is 

(a) 1/2 (b) 1/4 (c) 3/4 (d) 4/5 

25. If the third power of a natural number ends with 
a prime digit then the probability of its fourth 
power ending not with a prime digit, is 

(a) 3/10 (b) 9/10 (c) 4/9 (d) 3/4 

26. A fair coin is tossed 10 times and the outcomes 

are listed. Let H, be the event that the I th outcome 
is a head and A m be the event that the list contains 
exactly m heads, then 

(a) H 3 and A a are independent 

(b) A 1 and A 9 are independent 

(c) H 2 and A 5 are independent 

(d) H 4 and H 8 are not independent 


SECTION-11 


Short Answer Type Questions 

27. Given a triangle ABC. The perpendiculars erected 
to AB and BC at their mid-points intersect the line 
AC at points M and N such that \MN\ = IACI. 
The perpendiculars erected to AB and AC at their 
mid-points intersect BC at points K and L such 

that \ KL\ = -\ BC\. Find the smallest angle of 
2 

the triangle ABC. 

28. The radii of the circles inscribed in and 
circumscribed about a triangle are equal to r and R, 
respectively. Find the area of the triangle if the circle 
passing through the centres of the inscribed and 
circumscribed circles and the intersection point of 
the altitudes of the triangle is known to pass atleast 
through one of the vertices of the triangle. 

29. If a 3 + b 3 + c 3 = (b + c)(a + c)(a + b) and 

(b 2 + c 2 - a 2 )x = (c 2 +a 2 -b 2 )y = (a 2 + b 2 - <?)z, 
then x 3 + y 3 + z 3 = (x + y)(x + z)(y + z). 

30. Show that 


1 



31. 


Solve the system 

x y x z 

+ — - — + — 

a + X b + X c + X 


a + p b + p c + p 


= 1 

= 1 


x y 

+ — — 

a + u b + u 


2 

+ 


C + l) 


= 1 


32. Solve and analyze the equation 
sin 3.v + sin 2x = m sin .v. 

33. Let / be a bijective (one-one and onto) function 
from the set A = {1, 2, 3, ..., m) to itself. Show 
that there is a positive integer M > 1 such that 
f M (i) -f(i) for each i e A. 

[ f M denotes the composite function fofo... of 
repeated M times.] 

34. Three congruent circles have a common point 
O and lie inside a triangle such that each circle 
touches a pair of sides of the triangle. Prove that 
the incentre and the circumcentre of the triangle 
and the point O are collinear. 

35. A triangle ABC has incentre I. Its incircle touches 
the side BC at T. The line through T parallel to 
IA meets the incircle at S and the tangent to the 
incircle at S meets sides AB , AC in points C', B' 
respectively. Prove that triangle AB'C is similar 
to triangle ABC. 

36. If a , b, x and y are integers greater than 1 such 

that a and b have no common factors except 1 and 
x" = tA show that x = n b and y = ti a for some integer 
n greater than 1. 


SOLUTIONS 


1. (a) : -a'Jb 2 - c 2 = -b\In 2 - b 2 

2 2 

=> b = -Joe 
v A.M. > G.M. 

2. (c) : a 2 + P 2 = y 

Taking locus, we get 2(x 2 + y 2 ) = b 2 



3. (b): la = -3,EaP = -6,aPy = 8 

Since pj and yjlie on the hyperbola 

xy- 1 . Therefore orthocentre will be 




4. (b ): CP = = 20. Area = (20) 2 = 400 
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5. (c) : Equation of asymptotes of hyperbola is given 
by 3X 2 - 5 xy - ly 2 + 5x + lly + k = 0 

This gives two lines if k = -12. 

Hence the equation of conjugate hyperbola is given by 
2(equation of asymptotes) - equation of hyperbola = 0 

6. (c) : Equation of circle circumscribing the circles 
x^ + y 2 -2lyl = 0isx 2 + y 2 = 4 

Equation of director circle is x 2 + y 2 = 8. 



7. (d): x = X + ot,y = Y + P 
aX + bY + aa + bfi + c = 0 
aa + b$ + c = c + k 

aa + b$-k = 0 

So, locus of (a, P) is ax + by - k = 0 

8. (b) : The given points are the vertices of a rectangle. 

9. (b): Normal at P(f 1 ) and Q(t 2 ) meets the curve 
again at R. So, tfa = 2. 

Hence the locus of mid-point of PQ is y 2 = lax + 4a 2 . 
Hence the directrix is 2x + 5a = 0. 

10. (c) : Standard properties of parabola. 

3 

11. (c) : m 0A “ 2 ' m ° B “ “ ^ 



12. (d): If A'B'C'D' is a square, then tangents 
y = ±* ± 5 for which diagonal length A'C' = 10. 

Area of circumcircle of AA'B'C' = 25n 

Area of circle C is 

2 

Hence the ratio is 1 : 2. 

13. (a) : Area is least if both the curves touch each 
other. Hence, solving both the equations together will 
give us i 

a = - r 
ev 1 - e 2 

Area of ellipse = nab = - 
e 

" Area will be minimum when e 4 - e 6 is maximum hence 


n _ n 

2 n/T 7" Ve 4 -* 6 


2 

3 


=> e = 



14. (a) : Since ellipse and hyperbola intersect 
orthogonally, they are confocal. Hence a = 2. 

Let P(x v yj) be the point of intersection of both the 

4x 2 +9y 2 =36 

curves therefore, 4x 2 - y 2 = 4 

Hence the equation of circle is x 2 + y 2 = 5. 

15. (b) : Area = 4 x Area AS 2 OS 4 


J +yi 2 =5 


= 4 x -ae x be x - 2abee l 

. 12 , 1 . 


= 26 sq. units 



16. (c) : Taking modulus both sides 

2cos- = 1 1 1/ I- 1 r _ 4 Rsin(A/2)sin(C/2) 
2 k k sin(£/2) k 


/csin 


2P = 


fL. 


sin(y4/2)sin(C/2) 


■ *( co, f 


c 

+ cot— 
2 


17. (c) : The shortest distance (SD) 


2-1 4-2 5-3 

2 3 4 

3 2 5 


/ j k 



2 3 4 

3 2 5 


AAA 


18. (c) : Vector along the required plane is 

A A A 

= 8 /- j- 10k 


' ; * 

3 4 2 

4 2 3 

So, normal vector (n) to the plane is 


1 j k 

8 -1 -10| =26i-52j+26k 

2 3 4 

So, equation of the plane is?-n = 0 => x - 2y + z = 0. 
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X 


19. (b): Normal vector : 


1 j k 

1 AAA 

2 3 4 = -/+ 2j- k 

3 4 5 


Equation of plane is -l(x- 1) + 2(y - 2) - l(z - 3) = 0 
=> y - 2y + z = 0 


So, required distance = 


161 

Vl + 4 + 1 




20. (d): Numbers are of the form: 7/c, 7/c + 1, 7/c + 2, 
7/c + 3, 7/c + 4, 7k + 5 , 7k + 6 

Their squares: 7/c, 7/c + 1, 7/c + 4, 7/c + 2, 7/c + 2, 7/c + 4, 
7/c + 1. 

So, for < 7 2 + fr 2 + c 2 to be a multiple of 7, either all the 
three squares should be of the form 7/c or they belong 
to the categories 7/c + 1, 7/c + 2, 7/c + 4 separately. 


So, required prob. = 



1 

7 


21. (d): Let z = z'P(P e R) be a root, then 
- P 2 + z'P + a = 0 => a=P 2 -/p 

Now as lal = 1 =>P 4 + P 2 = 1 =* P 2 = 


-l+x/5 


2 


22. (c): arg(z) - arg (2 + 1) - arg(z - 1) 



= arg 


1 


k z- z 

23. (c): CqBcAqX 

n 

The number of ways = ^ n C i 
1=0 


arg (purely imaginary no.) 


/-l 

Y'Cj 


i>c k 


j=o L*=° 

= Y" c iY' c i li= Y" c i ( - 3i - 2 ')= 4 " - 3 " 

i=0 j = 0 i=0 


24. (b): P(B/(A(uB)) = 


P(B n (A u B)) 


P(/* u B) 

P(A) - P(/4 n B) 0.7 -0.5 0.2 1 


P(A) + P(B) - P(A n B) 0.7 + 0.6 -0.5 0.8 4 


25. (d): Total cases are when numbers ending with 3, 
5, 7, or 8 

Favourable cases are when numbers are ending with 
3, 7, or 8 

So, the required probability = 3/4 
1 10 C 

26. (c): P(H)=-,P(AJ=-^ 


P(H, n A m ) = 


-m-l 


->10 


For H, and A m to be independent 


V 1 10 


->io 


c m 1 10 

— - => 1 = -x — 
2 m 


-.10 


m = 5 


27. Let us first prove the following statement. If 
the perpendiculars to AB and BC at their midpoints 
intersect AC at points M and N so that I MN I = X I AC I , 
then either tan A tan C = 1 - 2X or tan A tan C = 1 + 2X. Let 


us denote: \AB\ =c, \BC\ =a, \AC\ = b. If the segments 
of the perpendiculars from the mid-points of the sides 
to the points M and N do not intersect, then 

I MN I = b ^ — = Xb => 2(1 - X) 

IcosA 2cos C 


sin Bcos v4cos 


C = 


i(sin 2 C + sin 2A) 


=> 2(1 - X)sm (A + C)c os A cos C 

= sin(/4 + C) cos(i4 - C) 

=> 2(1 - X) cos A x cos C = cos A cos C + sin A sin C 
=> tan A x cos C = 1 - 2X. 


And if these segments intersect, then 
tan A tan C = 1 + 2X. 

In our case X = 1, that is, either tan A x tan C = - 1 or 
tan A tan C = 3. For the angles B and C we get 
(X = 1/2) either tan B tan C = 0 (this is impossible) or 
tan B tan C = 2. The system 
tan A tanC = -1, 
tan B tanC = 2, 


A + B + C = n 

has no solution. Hence, tan A tan C = 3. Solving the 
corresponding system, we find tan A = 3, tan B = 2, 
tan C = 1 . 

Answer: n/4. 

28. Let ABC denote the given triangle, O, K, H the 
centres of the circumscribed and inscribed circles, 
and the intersection point of the altitudes of the 
triangle ABC, respectively. Let us take advantage of 
the following fact: in an arbitrary triangle the bisector 
of any of its angles makes equal angles both with 
the radius of the circumscribed circle and with the 
altitude emanating from the same vertex. Since the 
circle passing through O, K and H contains atleast 
one vertex of the triangle ABC (say, the vertex A), it 
follows that I OK I = IKHI. The point K is situtated 
inside atleast one of the triangles OBH and OCH. 
Let it be the triangle OBH. The angle B cannot be 
obtuse. In the triangles OBK and HBK, we have: 
I OKI = IHK I, KB is a common side, Z.OBK = ZHBK. 
Hence, A OBK = A HBK, since otherwise ZBOK + ZBHK 
= 180° which is impossible (K is inside the triangle 
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OBH). Consequently, IBHI = I BO I = R. The distance 
from O to AC equals 0.5 IBHI = 0.5R, that is, ZB = 60° 

(ZB is acute), MCI = rS . If now A„ B, and C, are 
the points of tangency of the sides BC, CA and AB to 
the inscribed circle, respectively, then 

I BAj I = I BCj I = rS, 


I CA, l+l Aq 1 = 1 CB, l+l B 1 A I = I AC I = R-J3 

The perimeter of the triangle is equal to 2>/3(R + r) . It 
is now easy to find its area. 

Answer : >/3(R + r)r 
29. From the equalities 

(b 2 + c 2 - a 2 )x = (c 2 + a 2 - b 2 )y = (a 2 + b 2 - c 2 )z 


follows 



Put for brevity 

b 2 + c 1 -a 2 = A / c 2 + a 2 -b 2 = B / a 2 + y z -c 2 = C. 

It is evident that our problem is equivalent to the 
following one: if the equation 

+ y 3 + ?= (x + y)(x + z) (y + 2 ) has the solution 
x = a,y = b,z = c, 

then it also has the following solution 



We know the following identity 

(x + y + z) 3 - x 3 - y 3 - z 3 = 3(x + y)(x + z)(y + 2 ). 

Using this identity, we can easily prove that the 
equalities 

x 3 + i/ 3 + z 3 = (x + y)(x + z)(y + z) ... (i) 

(x + y + z) 3 = 4(x 3 + y 3 + z 3 ) 

= 4(x + y)(x + z)(y + z) ... (ii) 

(* + y-z)(x + z-y)(y + z-x)=-4xyz ... (iii) 

are equivalent, and the existence of any of them 
involves the existence of the remaining ones. Thus, it 
is sufficient to prove that 



i.e., ( AB + AC + BC) 3 = 4 (A + B)(A + C)(B + C) • ABC 
ButA + B = 2c 2 , A+ C = 2b 2 , B + C = 2a 2 . 

Therefore we have to prove 

(AB + AC + BC) 3 = 32/jW • ABC. 

Let us first compute AB + AC + BC, and then ABC. 
We have AB + AC + BC = A(B + C) + BC 
= (B 2 + c 2 - a 2 ) ■ 2a 1 + [a 2 + (b 2 - c 2 )] x [a 2 - (b 2 - c 2 )] 

= 2a 2 b 2 + 2 flV -2 a 2 + a 4 -b*-c 4 + life 2 
= -iJ 4 -B 4 -c 4 + 2fl 2 B 2 + 2fl 2 c 2 + 2B 2 c 2 
= 4 aV - (a 2 + bi 2 - c 2 ) 2 
= (a-b + c)(-a + b + c)(a + b- c)(a + b + c ) 

By virtue of equality (iii) 


f'V 4 Iff 


(a + c - b)(b + c - ci)(ci + b-c) = - 4nbc. 

Therefore 

AB + AC + BC = - 4abc (a + b + c). 

Compute ABC. Put a 2 + b 2 + c 2 = s, then 
/1BC = (s - 2/7 2 ) (s - 2b 1 ) (s - 2c 2 ) 

= s 3 - 2(tf 2 + fr 2 + c^s 2 + 4(a 1 b 1 + aV + fcVte 

- SaVc 2 = 4(rt 2 fr 2 + flV + bV)s - s 3 

- 8a 2 b 2 c 2 = s{4^ 2 ^ 2 + 4 a 2 c 2 + 4fr 2 c 2 - (a 2 + fr 2 + c 2 ) 2 | 

- 8a 2 b 2 c 2 = - s{a 4 + b 4 + c 4 - la 2 b 2 - laV - lb 2 c 2 } 

- 8a 2 b 2 c 2 = s(rt + c - + c- 0 )x(rt + /?- c)(rt 2 + fr 2 + c 2 ) 

- 8a 2 b 2 c 1 = - 4flfrc(rt 3 + fr 3 + c 3 + a 2 (b + c) 

+ fr 2 (rt + c) + c 2 (a + b) + 2/zfrc) 
But, (a + b)(a + c)(b + c)=a 1 (b + c) + ^(a + c)=c 1 (n + b) + Tnbc. 
Therefore, by virtue of equality (i), the bracketed 
expression is equal to 2 (a 3 + b 3 + c 3 ). 

But, by virtue of equality (ii), 

2(rt 3 + b 3 + c 3 ) = + b + c) 3 

Therefore ABC = - 2abc(a + fr + c) 2 . 

But, as has been deduced, 

AB + AC + BC = - 4rtfrc(fl + fr + c). 

Therefore, (AB + AC + BC) 3 = 37n 2 b 2 ^ • >4BC 

30. It is required to prove that 
(1 ± ^3 - \/9) 3 = 5(2 - ^27) 

Put \/3 = a i.e. a 5 = 3 

We have (1 + a - a 2 ) 2 = 1 + 3a - 5a 3 + 3a 5 - a 6 

But a 6 = 3a, a 5 = 3 

Therefore, (1 + a - a 2 ) 3 = 10 - 5a 3 = 5(2 - ^2 7) 

31. Consider the following equality: 

* , y , z (e-X)(e-fi)(e-D) 

fl + e ^7 + e c + 0 (0 + <7)(0 + 1?)(0 + c) ’ 

Let us transform the equality, by reducing its terms to a 
common denominator and then rejecting the latter. We 
get a second-degree polynomial in 0 with coefficients 
depending on *, y , 2 , X, p, u, a , b, c, which is equal to 
zero. If now we substitute successively p and u for 
0 into the original expression, then, by virtue of the 
given equations, this expression (and, consequently, 
the second-degree polynomial) vanishes. However, 
if a second-degree polynomial becomes zero at three 
different values of the variable, then it is identically 
equal to zero and, consequently, the equality 

* , , 2 (9-X)(0-p)(0-i>) 

fl + 0 b + Q c + 0 (0 - rt)(0 + b)(Q + c) 

(by virtue of existence of the three given equations) 
is an identity with respect to 0, i.e., if holds for any 
values of 0. 

Multiplying both members of this equality by a + 0, 

put 6 = -n. Then we find , Y - ± + M* 7 + 

(a - b)(n - c) 
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X 




Likewise we get 

_ (b + X)(b + \i)(b + d) = (c + X)(c + \i)(c + u) 
y ” ( b-c)(b-a ) ' Z ( c-a)(c-b ) 

Of course, we assume here that the given quantities X, 

\i, i) as also a, b and c, are not equal to one another. 

32. We have sin2x cosx + cos2x sinx + sin2x - m sinx = 0. 

Hence, sin x [2cos 2 x + cos lx + 2cos x - m] = 0, 

sin x [4cos 2 x + 2 cos x - (m + 1)] = 0. 

And so, one solution is x - 0. 

The other is obtained by the formula 

-1 ± m + 5 

cosx = 

4 

Hence, first of all, it follows that there must be 
4m + 5 > 0. 

Further, for one of the roots to exist it is required that 
I -1 + >/4m + 5 I < 4 , 

i.e. -4 < -1 + V4m + 5 < + 4 or - 3 < \l4tn + 5 < 5 , 


i.e., m < 5. For the other root to exist it is necessary 
that 

I -1 - >/4m + 5 I < 4, - 4 < -1 - >j4m + 5 < 4,m < 1 


5 

Thus if m < — , then cos x has no real values; 
4 

5 

At m = — it has one real value 
4 

for < m < l;cosx has two real values 

4 



-1 ± V4m + 5 
cosx = 

l 4 / 

and for 1 < m < 5 cos x again has one real value 
-1 + V4m + 5 
4 

/ 

and at m > 5 it has no real values. 

33. 1 st solution 

Note the following simple properties of bijective 
functions: 

i) If / : A — > A is a bijective function then there is 
a unique bijective function g : A — > A such that 
fog = gof= I A , then identity function on A. The function 
g is called the inverse of/ and is denoted by/" 1 . 

Thus, fof-'=l A =r'of 

») foI A =f =I A°f • 

iii) If / and g are bijections form A to A, then so are 
gof and fog. 

iv) If/, g, h are bijective functions from A to A and 
fog =foh, then g = h. 

Apply/ -1 at left to both sides to obtain g = h. 

Coming to the problem, since A has n elements, we see 
that there are only finitely many (in fact, n!) bijective 


functions from A to A as each bijective function / gives 
a permutation of (1, 2, 3, ..., n) by taking /(l),/(2), ..., 
/(«)}. Since /is a bijective function from A to A, so is 
each of the functions in the sequence: 


fof = f 2 ,fofof = / 3 

All these cannot be distinct. Since there are only 
finitely many bijective functions from A to A. Hence 
for some two distinct positive integers m and n,m>n 
say, we must have f m =/". 

If n = 1, we take M = m, to obtain the result. If n > 1, 
multiply both sides by (f -1 )” -1 , to get/ m-n + 1 . We 

take M = m - n + 1 to get the relation f M =/, (M > 1). 
Note this means/ M (/) =/(/) for all / e A. 

2 nd solution : 

Take any element r in the set A and consider the 
sequence of elements r,/(r), (fof)(r ), (fofof){r ), ... 
obtained by applying/ successively. Since A has only 
n elements there must be repetitions in the above 
sequence. But when the first repetition occurs, this 
must be r itself; for, if the above sequence looks (for 
instance) like r, a, b, c, d , e, c, ... 

where the first repetition is an element c other than r, 
this would imply f(b) = c and / (e) = c, 
contradicting the fact that / is a bijection. Thus for 
some positive integer l r > 1, we have/ /f (r) = r. 

This is true for each r in the set A = 1, 2, ..., n. By taking 
M to be the / cm of /, l 2 , • K we g et 
f M (r) = r for each r e A. 

[Note: If/itself is the identity function the above proof 
fails because each l r = 1. But in this case we may take M 
to be any integer greater than or equal to 2]. 


34. Let K, L, M be the centres of the three circles 
of equal radii, meeting in a com. non point O, and 
pairwise touching some side of the triangle ABC in 
which the lie. Since the three circles have equal radii, 
we see that O is equidistant from the points K, L, M 
and so is the circumcentre of the triangle KLM. Also 
for same reason, the sides of the triangle KLM are 
parallel to the corresponding sides of the triangle 
ABC. (For instance, KL is parallel to AB, as K and L are 
equidistant from AB.) 

A 



Further AK, BL, CM are the bisectors of angles A, B, C 
of triangle ABC. So not only they meet in /, the incentre 
of the triangle ABC but also Kl, LI, MI are the bisectors 
of the angles of triangle KLM, implying that / is also 
the incentre of triangle KLM. 
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It follows, from the relation — = — = IM . , that triangle 

IA IB IC 

KLM is homothetic to triangle ABC with respect to /, the 
centre of homothety. (This simply means that triangle 
ABC is a dilation (or an enlargement) of triangle KLM 
as seen from I). 

A property of homothety is that the centre of homothety 
and any two corresponding points of the homothetic 
figures are collinear. Here, in particular, I and the 
circumcentres of triangles KLM and ABC have to be 
collinear. This is precisely what was to be proved. 


35. Let Al meet BC in K. Join IS. We do some angle- 
chasing now. Since AK is parallel to ST, we have 

ZSTB=ZAKB=ZKCA+ZKAC=C+ — 

a 2 



But ZTSI = ZSTI since SIT is an isosceles triangle. 

Therefore ZC'ST=90°-ZTSI=C+— . 

2 


In the quadrilateral BTSC'. 

ZSC'B = 360 °-UC'BT+ZBTS+ZTSC') 

= 360°-|fl + C + y + C + Yj 

= 360° -(/4 + B + C + C) = 180° - C 

Hence ZAC' B' =180° -ZSC’B = 180°-(180°-C)=C . 
Similarly, ZAB'C - B. Thus it follows that triangles 
ABC and AB'C' are similar. 


36. First note that the set of primes dividing x is the 
same as the set of primes dividing y. Take any prime p 
dividing x (and hence y also) and suppose it occur to 
the power a in x and (3 in y (that is, p a is the maximum 
power of p dividing .v and p P is the maximum power of p 
dividing y). Then x a = i/ b => p aa =fP b => aa = PZ> 

=> a I P b and b I aa 

=> a\ P and b la since (a, b) =1 

Write P = aP ; , and a = ba p . Then 

p m ^p^ = jfbfy = = p^ 

For each prime p dividing x (and hence y) get the 

a 

integer a p . Verify that the integer n = \l p \ n p f (this 
notation means n is the product of the numbers p a P 
for each prime p dividing n) satisfies the required 
properties. 



1. who can participate ________ 

If you have taken any of the exams given below 
and possess plenty of grey cells, photographic 
memory then you are the right candidate for this 
contest. All you have to do is write down as 
many questions (with all choices) you can 
remember, neatly on a paper with name of the 
exam, your name, address, age, your 
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CHAPTERWISE PRACTICE PAPER 


„ Relations & Functions 


RELATIONS 


Definition : Let A and B be two non-empty sets. Then a relation R from A to B is a subset of A * B. 


TYPES OF RELATIONS 


^sTno. [ 

Types 

Definitions 

Examples/Description 

1. 

Void or Empty Relation 

<]), a relation A x A on set A, is called 
void or empty relation if no element 
of A is related to any element of A. 

• <)> c A « A 

2. 

Universal Relation 

A relation Ax A is called universal 
relation on set A if each element of A 
is related to every element of A. 

• A * A q A * A 

pH 

Identity Relation 

Relation l A = {(a, a ); a e A) is called 
identity relation on set A. 

• LetA = (1,2,3), then 

U = 1(1- 1)- (2- 2), (3, 3)) 

4. 

Inverse Relation 

Let R = {(a, b); a, b e A) is a relation 
on A. Then R _1 on A is 

R -1 = \(b, a) : a, b e A) 

• Let A = (1, 2, 3) and 

R - ((1, 2), (2, 2), (3, 1), (3, 2)), 
then R-' = ((2, 1), (2, 2), (1, 3), 

(2, 3)) 


Reflexive Relation 

A relation R on a set A is called 
reflexive relation if (a, a) 6 R V 
; a e A 

• Let A = (1, 2, 3), 

If R = 1(1, 1), (2, 2), (3, 3)} 

Then R is reflexive. 

6. 

Symmetric Relation 

[■ ■■■-■" 

R is symmetric relation on a set A if 
(*, y)e R =* (t/, x) 6 R Vx, y e A 

• Let A = (1, 2) and R = ((1, 2), (2, 1)} 

If (1, 2) e R =* (2, 1) e R 
^ R is symmetric relation. 

7. 

Transitive Relation 

R is transitive relation on a set A 
if (x, y) e R, (y, z) e R => (x, z) e R 
; V x, i/, ze A 

• Let A = (1, 2, 3} and R = ((1, 2), 

(2, 3), (1, 3)) 

If (1, 2) e R, (2, 3) e R=*(l,3)e R 
=> R is transitive relation. 

8. 

Antisymmetric Relation 

Let A be any set. A relation R on 
set A is said to be antisymmetric 
iff (a, b) 6 R and (b, a) e R => a = b 

1 Vtf, b 6 A 

• Identity relation on set A. 

1 


□ EQUIVALENCE RELATION 
• If R is reflexive, symmetric and transitive relation, 
then it is called equivalence relation. 


(ii) The inverse of an equivalence relation is also 
an equivalence relation. 

□ DOMAIN AND RANGE OF A RELATION 


□ RESULTS ON RELATION 

(i) The intersection of two equivalence relations 
on a set is also an equivalence relation on the set. 


If R be a relation from X to Y, then the set of first 
entries in distinct ordered pairs in R is called 
domain of R and set of all second entries in 
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SECTION 


Single Option Correct 


63 


xr+ 1 r 2 ) = 


1- Su-d' 

r=l 

(a) 2013 
(c) 2016 

/i (2r-l)7t 

2 - £ J f(sin 4 x)dx = 
r= l o 

71 


(b) 2014 

(d) none of these 


(a) J/(sin 4 Y)dY (b) n jf(sin 4 x)dx 

o o 

n/2 

(c) In 1 J /(sin 4 Y)dY (d) none of these 

o 

3. If roots of y 2 - ax + b = 0 differ by 2 then locus of 

( a , b ) has which of the following points as vertex? 

(a) (0,-1) (b) (1,0) 

(c) (-1,0) (d) (0,1) 

4. If a, b, c are in H.P. in A ABC, then 


(^ab-2bc)(^ab-2ca) . 


(abc) 2 


, v sinA 1 

(a) 7 T-jf 

A b z 


(b) 


is 

sinA 


1_ 

b 2 


(c) 


sinA 1 


(d) none of these 


2A b z 

5. A is the vertex and LL' be length of latus rectum 
of y 2 = 4 ax. AB is a chord and BC 1 AB (C is on axis 
of parabola). Projection of BC on Y-axis be a, then 
a is 

(a) < LL' (b) >LV 

(c) = LL' (d) none of these 

6. If I z I < 45 - 2 V 3 , then I z 2 cos 2 a + >/48cosa • z I is 


(a) <2013 
(c) <2014 


(b) >2013 
(d) none of these 


7. For what values of a, the major axis of 


= 1 is Y-axis? 


log 1/3 rt 2 l°g„9 - 5 

(a) (- 00 , 1) u (\/3, 9) (b) (-°°, 0) u 2 

(c) (0,1 )u(n/ 3,9) (d) (—,1) u[i 2 ) 

8. The number of 2 digit numbers in which unit's 

place is greater than ten's place is 

8 8 
(a) £ r (b) £ r 

r = 1 

(c) £r 

r= 1 


r=l 

(d) none of these 


9 In a ABC 2bccotA(sinBcosC + sinCcosB) 

b 2 + c 2 - ( bcosC + ccosB) 2 

independent of 

(a) a only (b) c only 

(c) b and c only (d) all a, b and c 


SECTION!! 


More Than One Option Correct 

in rr r/ x {2Y + (1 + Y 2 )3Y 4 } *3 yV* 

10 * If /(*) = „ _ 2 / 4 • * , g(x) = -j— 


is 


1 + 2y Z + Y* 


Y Z +1 


and J f(x)dx = g(x) + (J)(y) , then (J)(y) may be 

(a) zero (b) constant function 

(c) even function (d) odd function 

11. If 81 + 144fl 4 + 16fr 4 + 9c 4 = U4abc in A ABC, then 

(a) a>b>c 

(b) A<B<C 

3V3 

(c) area = — 

(d) triangle is right angled 


By : Anil Kr. Gupta (AKG Classes), ASANSOL, Kulkata (W.B). Mob.: 09832230099 
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12. If solution set of 3[log r v - 2] - 2{log 2 T} = log 2 * be 
[a, b), then primes between a and b are (where [•] 
and (•( are greatest integer function and Fractional 
part function respectively) 

(a) 73 (b) 53 (c) 43 (d) 23 


13. If g(x) = J (4cosf + 3sin t)dt has maximum 
5 n 
4 

and minimum as M and m respectively, then in 
5n 4n 

T T 

(a) m = 0, M = - - + -4= 

2 v2 

(b) m = 0, M = | - 2n/3 + \!l 

O -f 

(c) m = - - 2V3 + -7=, M = 0 

2 V2 

(d) m < 0, M = 0 




14. Which of the following are solutions of 
(log 2 .t) 2 - 6[Iog 2 .t] = 7 (where [•] denotes greatest 
integer function) 

(a) 2 (b) 128 (c) 2^ (d) 2^ 

15. 2sin 2 (0 + a) + 2sin 2 (0 + P) + cos 2(a - P) 

- 4sin(0 + a) sin(0 + P)cos(a - P) 

is independent of 

(a) e (b) a 

(c) (3 (d) none of these 


SOLUTIONS 


63 

1. (c) : X{(-l) r+1 r 2 } = l 2 - 2 2 + 3 2 - 4 2 + 5 2 - 6 2 

r=1 7 

+ .... + 63 2 

= l 2 - [(2 2 - 3 2 ) + (4 2 - 5 2 ) + (6 2 - 7 2 ) + ... to 31 brackets] 
= 1 + [5 + 9 + 13 + ... to 31 terms] 

= 1 + 5 + 9 + ... to 32 terms = ^-{2 x 1 + (32 - 1)4} 

= 32x63 = 2016 

n (2r-l)7t n 

2. (c):]£ J f(sin 4 x)dx = jf(sin 4 x)dx 

r =l 0 0 

3ti 571 

+ j f(sin 4 x)dx + J f(sin 4 x)dx + to n terms 

0 0 

n 7i 7i 

= jf (sin 4 x)dx + 3 jf (sin 4 x)dx + 5 j/(sin 4 .v)d.T + ... 

0 0 0 

.... to n terms 

[*.'/( sin 4 r) is a periodic function with period 7t] 

71 

= [1 + 3 + 5 + ... to n terms] jf (sin 4 x)dx 

o 


K ’ 2 - 71/2 

= n 2 jf (sin 4 x)dx = n 2 J f(sin 4 x)dx 
o o 

71/2 

= In 2 J f(sin 4 x)dx 
o 

[Using the property ; g(2a - .r) = g(x) 

2a a 

=> J g(x)dx = 2j^(A:)d.v ] 
o o 

3. (a) : Let roots be a, a + 2 => a + a + 2 = rt 


And, a(a + 2) = b => + 2) = b 

=> a 2 -4 = 4b => a 2 = 4(b + 1) 

=> locus of ( a , b) is .v 2 = 4(y + 1) which is a parabola 
having vertex at (0, -1). 

4 (b) . (^ab-2bc)(^ab-2ca) 

(<7&C) 2 

_ (aZ7 - frc + ca) ^ (ab + bc - ca) 
abc abc 



.. 1 + 1 = 2 . 1 _ 2_1 
. a c b abc. 



sin/\ 1 

A fc 2 



—bcsinA 

2 



5. (c) : Let 

co-ordinates 
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BM = \j, AM = 

Let /.BAM. = 0. /BCM = £ - 0 

2 

In AABM, tan0 = ^ ... (i) 

In A BCM, tan(- - 0) = —7— = — ^ cot0 = — 
v2 y MC a a 

=> a = ytan0 = y • — [£rom(i)] 

= [v y = 4ax] = 4a = LL 

x 

6. (a): v IzI<45-2n/ 3 - (i) 

Now, 

I z 2 cos 2 a + V48cosa • z I < I z 2 cos 2 a I + I >/48cosa • z I 

< I z 2 l + l J48 z I < I z P +>/48 I z l<l z 1(1 z I + \/48) 

< (45 - 2n/3)(45 -2S + 4n/3) 

<2025-12 < 2013 

x 2 1 1 2 

7. (c) : For — + = 1 , the major axis is x-axis if 

a 2 b 2 

a 2 > b 2 



For given ellipse, we have log 1/3 a 2 > log^ 9-5 

=* -21og 3 fl > 21og„3-5 
2 

=> - 2k > — - 5 (where k = log a) 
k 5 


k k 

=> fc<0ori<lr<2 
2 

=* log 3 a < 0 or ^ < log 3 a < 2 

=> a < 3° or S <a <9 => a<l or S <a<9 
But, a > 0 for log 3 <? or log* 3 to be defined 
Hence, a e (0, 1) u (>/3, 9) 

8. (a) : Let x, y be the unit's and ten's place respectively 
then the number will be in yx form (where x > y). 

x y Total 

2 1 1 

3 1,2 2 

4 1, 2, 3 3 

5 1, 2, 3, 4 4 

6 1, 2, 3, 4, 5 5 

7 1, 2, 3, 4, 5, 6 6 

8 1, 2, 3, 4, 5, 6, 7 7 

9 1, 2, 3, 4, 5, 6, 7, 8 8 

8 

Total = £ r = 36 

r=l 

9. (d): Given expression 

_ 2bccotA(sinBcosC + sinCcosB) 

b 2 + c 2 - a 2 


(fr 2 + c 2 - a 2 )sin(B + C) 

(b 2 +C 2 - <? 2 )sinj4 


cos/4 = 


fr 2 + c 2 - a 2 

2bc 


=* — + 2/c - 5 < 0 
k 


2k 2 -5k + 2 . 

< o 

k 


_ sin(7i — i4) _ i , w hich is independent of all. 
sini4 
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10. (a, b, c) : 

,. . (x 2 + l)(.v 2 • e' 3 ■ 3x 2 + 2x ■ e* 3 ) - x 2 ■ g* 3 ■ 2x 

V g (*) = i 5 r 

(.v 2 + l) 2 

_ g t3 ((x 2 + 1)(3 .y 4 + 2x) - 2x 3 } 

(x 2 + 1) 2 

(2x + 3x 4 + 3 .t 6 )( ,v [2x + 3x 4 (1 + x 2 )] ,3 

= z j - — = y It - ' e = f(*) 

1 + 2.V 2 + X 4 1 + 2x 2 + x 4 

••• \f(x)dx = g(x) + 4>(x) => jg'(x)dx - g(x) + 0(x) 

=» ^(x) + c = g(x) + <|»(x) 

[where c is constant of integration] 

=> 4>(*) = c 

.*. <|)(a) is a constant function, even function and may 

be zero. 

11 Ih r A\. 81 + 144rt 4 + 16b 4 + 9c 4 , 

11. (b, c, d): = 36 abc 

4 

= \/81144<? 4 -16b 4 -9c 4 
=> 81 = 144 a 4 = 16b 4 = 9c 4 as A.M. = G.M. here 
=> iSa = 2b = >/3c = 3 ... (i) 


1 S 2 (1/2) (V3 / 2) 1 

a _ b _ c 

sin90° 


sin30° sin60° 

=> A = 30°, B = 60°, C = 90° 

/. Triangle is right angled and ZA < ZB < ZC 

From (i), a = — , b = -, c = J 3 

w 2 2 r- 

A 1 u u • ua 1 V3 3 

area A = - x base x height = 

2 2 2 2 


3yJl 


sq. units 


12. (c,d): v a=[a] + [a] ...(i) 

{.t + n } = [a] + n, if me/, set of integers ... (ii) 

and 0 < lx] < 1 ... (iii) 

.*. We can write 

3((log 2 x - 2) - (log 2 .v - 2}) - 2|log 2 .r) = log 2 A [using (i)] 

21og 2 A - 6 - 3{log 2 :c - 2} - 2{log 7 A - 2} = 0 [using (ii)] 

. . 21og 7 A-6 ^ 21og 7 A-6 

=> [log 7 x - 2 = 22 => o < 22 < 1 

62 5 5 

[using (iii)] 

=> 0 < 21og 2 A - 6 < 5 =» 3 < log 2 a < ^ 

=> 8 < a < 32\fl => 8 < a < 45.25 (approx.) 


13. (c, d) : g'( a) = 4cosa + 3sinA < 0 in ^ 

.*. g(A) is a continually diminishing function in 
571 471 1 

T' TJ 


Maximum value of g(x) is at x = — and 
471 

minimum value is at a = — 

3 

••• m = s(y] = [4sinf - 3cost]g"^ 

= |4sin^ - 3cos^ j - ^4sin-^ - 3cos-^j 

f 5j r\ 571/4 

M = gl — I = J (4cosf + 3sint)dt = 0 

^ 4 ' 5ti/4 


14. (b, d): Let [log 2 A] = k (integer) 

k < log 2 A < k + 1 => /c 2 < (log 2 .r) 2 <(k + 1 ) 2 . . . (i) 

Given equation becomes (log 2 A) 2 = 6 k + 7, which is 

meaningful if k> -1 (\kel) ... (ii) 

From (i), k 2 <6k + 7 <(k + l) 2 

=> /c 2 - 6/c - 7 < 0 and Ac 2 — 4/c — 6 > 0 

=> (k - 7)(k + 1) < 0 and (k - 1) 2 > 10 

=» -1 <k<7 ...(iii) 

and I k - 2 I > VlO 

i.e., k > 2 + y/lO or k < 2 - VlO 

i.e., k > 6 or k < -2 [v k e I] ... (iv) 

.*. From (ii), (iii) and (iv), we have k = 6, 7 

.*. (log 2 a) 2 = 6k + 7 gives log 2 A = \l6k + 7 = V43, 7 

=» x = T^, 2 7 = T^, 128 


15. (a, b, c) : Let 0 + a = a, 0 + P = y a-(3 = A- y 
Now, 4sin(0 + a) sin(0 + P) cos(a - p) 

= 2(2sinA siny) cos(a - y) 

= 2{cos(a - y) - cos (a + y)) cos(a - y) 

= 2cos 2 (a - y) - 2(cos 2 a - sin 2 y) 

= 1 + cos2(a - y) - 2(1 - sin 2 r) + 2sin 2 y 
= -1 + 2sin 2 (0 + a) + 2sin 2 (0 + P) + cos2(a - P) 

/. 2sin 2 (0 + a) + 2sin 2 (0 + P) + cos2(a - P) - 4sin(0 + a) 

sin(0 + P) cos(a - P) = 1 
which is independent of 0, a and p. 
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21 . 


Column I 


Column II 


(A) If f{x) = sin 2 x + sin 2 (p) 3 


f 70 

f 71 1 


+ COS X COS \ X + - 

l 3j 

l 3 > 


and g \j =1 , then gof 

(s)- 


(B) 

Let /„(6) = tan®(l+sec6) 

(1 + sec 20)(1 + sec 40) 

(1 + sec 2” 0), then 

/ 2 fe) / 3 (i) = 

(q) 

-1 

| 

f(Q 

If cot (0 - a), 3 cot 0, 
cot (0 + a) are in A.P. and 0 
is not an integral multiple 
of 7t/2, then sin 0 cosec a is 
equal to 

(r) 

1 

(D) 

Number of ordered pairs 
(a, x) satisfying the equation 
sec * 1 2 * (a + 2) x + a 2 - 1 = 0, 
-7i < x < n is 

(s) 

roToT] 

22. 


Column I 


Column II 

(A) 

If 5, b, c are non coplanar 
unit vectors such that 

b + c 

a x(b xc) = j*- , then the 
angle between d and b is 

(P) 

71 

3 


^ Four vectors a, b, c, d such ^ 3xc 
that (5 x b) x (c x d) = 0. 4 * * 7 

Let ?! and P 2 be planes 
determined by the pairs 
of vectors a, b and c, d 
respectively, then the angles 
between Pi and P 2 is 

If d and b are two unit ^ n 
vectors such that d + 2b and b 

55 - 4 b are perpendicular to 
each other then the angles 
between a and b is 

M If 151 = 3, lSl = 5,lcl = 7and (s) 0 

a + b+c =0. Then angle 
between a and b is 
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Let y =/(*) such that xy = x + y + 1, x e R - {1) and 
g(x) = xf(x) 

7. The minimum value of g(x) = 

(a) 3-72 (b) 3+72 (c) 3-272(d) 3 + 272 

8. The area bounded by the curve y = g(x) and the 
x-axis is 

(a) 3/2 + In 4 (b) 3/2 -In 4 

(c) 1/2 + In 4 (d) In 4 - 1 


INTEGER MATCH 


9. In a right angled triangle with integer sides the 
smallest side is of length 2003. The number of 
prime factors of its area is 

10. Ai A 2 A 3 ... A w is a regular decagon. Let n be the 
number of quadrilaterals using then vertices of 
the decagon such that no side of the decagon is a 
side of the quadrilateral. The sum of the digits of 
n is 

See solution set of Math Musing 124 on page no. 83 
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* ALOK KUMAR, B.Tech, IIT Kanpur 


PROBLEMS 


1. Let O be the centre of the circle inscribed in a 
triangle ABC , A 0 , B 0 , Cq the points of tangency of 
this circle with the sides BC, CA, AB, respectively. 
Taken on the rays OAq, OB 0 , OCq are points L, 
M, K, respectively equidistant from the point O. 
(a) Prove that the lines AL, BM, and CK meet in the 
same point, (b) Let A\, B h Q be the projections of 
A, B, C, respectively on an arbitrary line / passing 
through O. Prove that the lines A^L, B\M and C\K 
are concurrent (that is, intersect at a common 
point). 

2. Show that 


l 



3. Prove the following identities: 

(a) ff + + ff = ^|~(5 - 3^7) ; 



4. Let itj > 0,bj > 0 (i = . Prove that 

'</(«! +b : )(n 2 +b 2 )...(a n +b„) > nftifrZa,, + tfbjb^b n 

5. Show that there exists a convex hexagon in the 
plane such that: 

(i) all its interior anlges are equal, 

(ii) its sides are 1, 2, 3, 4, 5, 6 in some order. 

6. Prove that the polynomial 
f(x)=x* +26.V 3 + 52.V 2 +78X+1989 

cannot be expressed as product / (, x ) = p(x) q(x) 
where p(x), q(x) are both polynomials with integral 
coefficients and with degree not more than 3. 


7. Given are five points inside an equilateral triangle 
of area 1. Prove that there exist three equilateral 
triangles such that they are homothetic to the 
given triangle, each of the five points is inside 
atleast one of these three triangles, and their 
combined area is atmost 0.64. 

8. A tetrahedron is such that a sphere centred at a 
point O is tangent to all six of its sides. Moreover, 
four spheres with the vertices as their respective 
centres are externally tangent to one another, and 
all are tangent to another sphere with centre O. 
Prove that the tetrahedron is regular. 


9. Given a pair (F , s) of vectors in the plane, a move 
consists of choosing a nonzero integer k and 
then changing (r, s) to either (i) (r +2ks, s) or 
(ii) (F,s+2kr). A game consists of applying a 
finite sequence of moves, alternating between 
moves of types (i) and (ii), to some initial pair of 
vectors. 

(a) Is it possible to obtain the pair ((1, 0), (2, 1)) 
during a game with initial pair ((1, 0), (0, 1)), if the 
first move is of type (i)? 

(b) Find all pairs ((a, b), (c, d)) that can be obtained 
during a game with initial pair ((1, 0), (0, 1)), 
where the first move can be of either type. 


10. We are given n > 4 points in the plane such that 
the distance between any two of them is an 

integer. Prove that atleast i of these distances 
are divisible by 3. 


SOLUTION 


1. (a) Let the straight line BM intersect AC at a point 

B', and the line CK intersect AB at a point C. Through 

M, we draw a straight line parallel to AC and denote by 

P and Q the points of its intersection with AB and BC, 

. . _ . . I AB' I I PM I 

respectively. Obviously, = Drawin g 


* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91). 
He trains IIT and Olympiad aspirants. 
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through K a straight line parallel to AB and denoting 
by E and F the points of its intersection with CA and 

I BC' I I FK I 

CB, respectively, we have: = . We carry 

F 7 I C'A I I KE I 

out a similar construction for the point L. Replacing 
the ratios entering the expression for R with the aid 
of that equality we take into account that for each line 
segment in the numerator there is an equal segment in 
the denominator, for instance: I PM I = I KE I . 

(b) Let, for the sake of definiteness, the line / intersect 
the line segments CqA, CA 0 and form an acute angle 
<|) with OK. The straight line AiL divides the line 


segment MK in the ratio 


d lma 1 

S LKA, 


(starting from the 


point M). The ratios in which the sides KL and LM of 
the triangle KLM are divided can be found in a similar 
way. We have to prove that there holds the equality 
R = 1. Let us replace the ratios of the line segments 
by the ratio of the areas of the corresponding 
triangles. Then R will contain Slm^ in the numerator 


, „ . , . . $LMA, sin C 

and Skmc, in the denominator. L = , 

<2 sinA 


D KMC 


where A and C are angles of the triangle 
ABC. Obviously - 115^ . In addition. 


SbqOCq sin ^ 


ZB 


Z^BqAq = ZCqBqAq + ZA^BqCq = 90° - — + <D 


(this follows from the fact that the circle of 
diameter AO passes through Bq, Cq and Aj) and 


ZA 

ZB 0 A x O = ZB 0 AO = — • In similar way 
ZB 0 C x O = ^andZq^C 0 = (90° - + ZCfiL 

= 1 90° - + (180° - ZC - ZBgOCJ 


= 90° - — + ( ZB 0 OA 1 - ZC) 

= 90° - ZB / 2 + (180° -ZA-ZC-Q) 


= 90°+ ZB I 2 -<\> v 

i.e., sinZA^oAQ = sinZC^oQ • 

Thus, 

C C 

'Mi '-'Mu' sin 7' c ° s 2 sinC 

sin— cos^ sin ' 4 
2 2 

Let r denote the radius of the inscribed circle 
IOLI = I OKI = IOMI =«. We have, 


S LMA l _ S LOM + $ LOMA 1 
S KOM + %OMq 


r 2 S A]OB(j + ; S A)08o^ 

? 2 9 + -S 

r 2 i C 0 O^) + r M)°®0 C 1 


7 S A)Otb + (S A) i BpA S ^ 0fi o ) 

7^060 + ( S C 0 fibC, _ S C 0 06o ) 


(H 

^A)°3o + S A)Vi 

(H 

| S c 0 OBo + Sqac, 


sinC 

sinA 


(The latter of the equalities follows from the fact 
that A °° B — .) In similar way, we 

S CoOBb ^CgBgC, S1IlA 

single out in the numerator and denominator of the 
expression for R, two more pairs of magnitudes whose 

ratios are equal to S * n ^ and / respectively. 
sinB sinC 

Hence, R = 1. It remains only to prove that the number 
of points of intersection of the straight lines LA KCi 
and MB] with the line segments KM, ML and LK, 
respectively, is odd. 


2. Put \Il = a and prove the equality which can be 
rewritten in the following form 

5(l + a + a 3 ) 2 = (1 + a 2 ) 5 . 

The right member is equal to 
1 + 5a 2 + 10a 4 + 10a 6 + 5a 8 + a 10 

= 5(1 + a 2 + ?a 4 + 2a 6 + a 8 ) 

since a 10 = 4. 

Further, a 5 = 2, a 8 = 2a, a 8 = 2a 3 , 
and, consequently, 

(1 + a 2 ) 5 = 5(1 + a 2 + 2a 4 + 4a + 2a 3 ) . 

It only remains to prove that 

(1 + a + a 3 ) 2 = 1 + 4a + a 2 + 2a 3 + 2a 4 . 

The last equality is readily proved by removing the 
brackets in the left member and performing simple 
transformations. To prove the second equality we 
have to show that 



or 5(1 + ^4) = (s/l6 + + ^2 - l) 2 . 

Put n/ 2 = a, a 5 = 2,a 6 = 2a,a 7 = 2a 2 , a 8 = 2a 3 • 
Then we have to prove that 


(a 4 + a 3 + a - 1) 2 = 5(1 + a 2 ) . 
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Expanding the left member, we find 
1 + a 2 + a 6 + a 8 + 2a 7 + 2a 5 - 2a 4 + 2a 4 - 2a 3 - 2a = 0 
Making use of the equalities enabling us to replace 
high powers of a by lower ones, we find the required 
identity. 

3. The roots of the equation x 7 = 1 are 

2kn . . 2 kn .. _ „ 

cos-y- + ism—y (k = 0 , 1 , 2 ,... , 6 ) 

Therefore, the roots of the equation 
x 6 + x 5 + x 4 + x 3 + x 2 + x + 1 = 0 


f) 


will be 


2kn . . 2kn 

x k = cos ~^~ + win— (k = 1, 2, 3, 4, 5, 6). 


Put x + — = y , then 


x 2 + 


-Uy 2 -2,* 3 + -Uy 3 -3y 


Equation (*) may be rewritten in the following way 


,3+ ? it 


It is evident that 


* + — l + l* + -| + l 


0. 


1 _ 2kn 

X \ = X 6' X 2 = * 5 '*3 = x 4r x k + — = ** + x k = 2COS 


Hence, we may conclude that the quantities 

_ 271 _ 471 _ 8n 

2cos — , 2cos — , 2cos — 

7 7 7 

are the roots of the following equation 
y 3 + y 2 - 2y - 1 = 0 . 

Let us set up an equation with the following roots 
^2cOSy , ^2cOSy, ^2 C OSy • 


Let the roots of a certain cubic equation 
x 3 - ax 2 + bx - c = 0 be a, (3, y. 

We then have 

a + (3 + y = A,aP + ay + Py = b, aPy = c . 

Let the equation, whose roots are the quantities 


yfa, ^P, yft{ b ex 3 - Ax 2 + Bx-C = 0 
Then yfa + ^P + ^y = A . 
yfaffi + y/a^fy + ^/P ^y = B, ^/aPy = C- 
Let us make use of the following identity 
(m + p + q) 3 = m 3 +p 3 + q 3 + 3 (m + p + q) 

(mp + mq + pq) - 3mpq 

Putting here instead of m, p and <7 first \/a, \/p, 
and then ^/aP, ^ay, ^3y , we find 

A 3 = a + 3AB - 3C,B 3 =b + 3BCA - 3 C 2 


In our case we have a = - 1, fr = - 2, c = 1, C = 1. 

Hence, A 3 = 3AB-4,B 3 = 3AB-5- 

Multiplying these equations and putting AB = z, we 

find 

z 3 - 9Z 2 + 27z - 20 = 0, (z - 3) 3 + 7 = 0,z = 3 - $7 . 

But A 3 = 3z - 4 = 5 - 3 3/7, A = ^5-3^7 
Therefore, indeed, 

\/a + ^P + ^y = ^2cos^ + ^2cos^ + ^2cos^ 

= ^5-3^7 

The second identity is proved in the same way. 
b- 

4. Put — = Xj (i = 1,2,... ,n) . Then we have to prove 
a i 

the inequality 

+ Xi)(l + x 2 ) (1 + X„) >l + !<[xfaZx n . 

The theorem is valid at n - 1, 2, 3. Suppose it is true at 
n = m and let us prove that it also holds at n = 2m. 

We have 

2^(1 + ^)(1 + * 2 )...(1 + X 2m _j)(l + * 2m ) 

= 

\f>/(l + *2m-l)(l + *2») 

- \f(^ + y[ x l x 2^ + 'J X 3 X 4 )■••■(! + 'J x 2m-l x 2m^ 

> 1 + rfylxfrJxsXt y} x 2m-l x 2m = 1 + 

Thus, the theorem is valid for all indices equal to any 
power of two. Let us now prove that it is true for any 
whole «. Let n + q = 2 m . Then 

" + ^(l + *!)(1 + x 2 )....(l + X„)(l + yi )(l + y 2 )...(l + y q ) 

> 1 + n+ p l x 2 -.x„ Vl y 2 .:.i/ q 

Put i + yi = i + y 2 = = l + y q 

= ^(1 + AT,)(1 + X 2 )....(l + X„) = Y 

We have 

n ^(l + Ari)(l + z 2 )...(l + z„)-Y’ > 1 + "^...^(Y-lf 
But (1 + *j)(l + x 2 ) (1 + x n ) = Y n 

Therefore, " + ^Y"Y^ > 1 + n+ tfx v ...x n (Y -If ■ 

i.e., Y > 1 + " + ^jx- i x 2 ...x n (Y - if 
or (Y - l)" + « 2: ^....^(Y - l)’ . 

Hence, (Y - If > Xl x 2 ....x„ , Y - 1 > ■ 
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Finally 

y = $1 + Xj)(l + x 2 ) (l + x„) > +’>Jx } x 2 ....x n ' 

and the theorem is proved. 

The equality sign is possible only if X\ = x 2 = ... = x n = 1 . 

5. 1 st solution 

Let ABCDEF be an equilangular hexagon with side- 
lengths as 1, 2, 3, 4, 5, 6 in some order. We may assume 
without loss of generality that AB = 1. Let BC = fl, 
CD = b, DE = c, EF = d, FA = e. 


y 



Since the sum of all the angles of a hexagon is equal 
to (6 - 2) x 180° = 720° it follows that each (interior) 
angle must be equal to 720°/6 = 120°. Let us take A 
as the origin, the positive x-axis along AB and the 
perpendicular at A to AB as the y-axis, as shown in 
the figure. We use the vector method. If the vector is 
denoted by ( x , y ), we then have 

AB = (1,0), BC= (acos60°, asin60°) , 

CD = (frcosl20°, fcsinl20°), 

DE = (ccosl80°,csinl80°) = (-c,0). 

EF = (dc os240°, dsin240°), 

FA = (ecos300°, esin300°) . 

This is because these vectors are inclined to the 
positive x-axis at angles 0, 60°, 120°, 180°, 240°, 300° 
respectively. 

Since the sum of all these 6 vectors is 0 / it follows 
that 

„ a b d e _ , , . , v >/3 n 

1+ c — +— =0 and (a+b-d-e ) — = 0. 

2 2 2 2 2 

That is 

a-b-2c-d + e + 2 = 0 ... (1) 

and 

a + b-d-e=0 ...(2) 

Since { a , b, c, d, e } = {2, 3, 4, 5, 6), in view of (2) we 
have 

(i) ( fl ,l7} = {2,5};{d,e} = {3,4);c = 6, 

(ii) {«,!7} = {3,6};{d,e} = {4,5};c = 2, 

(iii) {a, b] = {2, 6}; [d, e) = {3, 5}; c = 4. 


[The possibility that [a, b } = {3, 4); {c, d] = (2, 5) in (i), for 
instance, need not be considered separately, because 

we can reflect the figure about x=- and interchange 
these two sets.] 

Case-I: Here (a - b) - (d - e) = 2c - 2 = 10. 

Since a = b = ±3, d - e = ±1, this is not possible. 
Case-II: Here (a-b)-(d-e) = 2c~2 = 2. 

This is satisfied by (fl, b, d, e) = (6, 3, 5, 4). 

Case-Ill: Here (a-b)-(d-c) = 2c-2 = 6. 

This is satisfied by (a, b, d, e) = (6, 2, 3, 5) 

Hence we have (essentially) two different solutions: 

(1, 6, 3, 2, 5, 4) and (1, 6, 2, 4, 3, 5). 

It may be verified that (1) and (2) are both satisfied by 
these sets of values. 

2 nd solution: 



Consider an equilateral trianlge, of side 9 units. 
Remove from the three corners equilateral triangles 
of sides 1 unit, 2 units and 3 units respectively. The 
remaining portion is now an equiangular hexagon 
ABCDEF with sides 1, 6, 2, 4, 3, 5 as required. 

6. Assume, if possible, 

f(x)=(x + a)(x 3 +ax 2 +bx+c ) . 

Comparing the coefficients of like powers of x, we get 
a + b = 26, ab + c = 52, 
ac + rf = 78, mi = 1989 

But 1989 = 3 2 T3T 7. Thus 13 divides ad and hence 13 
divides a or d but not both. If 13 divides a then 13 
divides d = 78 - ac which is not possible. Suppose 
13 divides d. Then 13 divides ac. But since 13 does 
not divide a, 13 divides c which implies 13 divides 
ab = 52 - c and so b is divisible by 13 which in turn 
implies 13 divides a = 26-b,a contradiction. Therefore 
f(x) has no linear factors. 

If f(x)=(x 2 +ax+b)(x 2 +cx+d), then again, 
a = c = 26, b + ac + d = 52, 
ad + be = 78, M-19B9. 

Since 1989 = 3 2 -13*17, 13 divides bd. This implies that 
13 divides b or d but not both. If 13 divides b, then 
13 divides ad (= 78 - be) and hence 13 divides a. But 
then 13 divides d (= 52 - b - ac) a contradiction. Similar 
argument shows that 13 divides d is also not possible. 

Cotitd. on page no. 90 
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A. 


s FOCUS 


Engineering Aspirants 2013 - 

Are you Prepared for JEE Advanced? 

(Here are the few Tips to get your optimum) 


T he JEE Advanced (formerly known as IIT-JEE) is an 
annual entrance examination to get Admission in IITs. It 
is also one of the toughest engineering entrance exams in the 
world. Only 1.5 lac students will be short listed from JEE 
Main 2013 to appear for the JEE Advanced 2013 on June 2nd, 
2013. A serious aspirant ideally must have completed the 
syllabus by now. 

Schedule of JEE (Advanced), 2013 

The examination will be held on Sunday, June 02, 2013 as per 

the schedule given below: 

Paper 1 9:00 to 1 2:00 hrs. (1ST) 

Paper 2 14:00 to 17:00 hrs. (1ST) 

EXAMINATION PATTERN: 

There will be two question papers, each of three hours 
duration. Both the question papers will consist of three 
separate sections on Chemistry, Physics and Mathematics. 
Questions will be of objective type, designed to test 
comprehension, reasoning and analytical ability of Students. 
All the questions will be Multiple Choice Type (MCQ) 
Negative marking scheme will be followed in the checking 
of examinations. 

A Student can opt for question paper in any of the language 
viz. English or Hindi. 

SYLLABUS COVERAGE: 

JEE Syllabus of Class XI & XII contributes about 45% and 55% 
of IIT-JEE question-papers respectively. While preparing all 
the chapters of Physics, Chemistry and Mathematics, based 
on our past experience stress may be given in particular on 
the following topics: 

Mathematics: Quadratic Equations & Expressions, Complex 
Numbers, Probability, Vectors & 3D Geometry, Matrices 
in Algebra; Circle, Parabola, Hyperbola in Coordinate 
Geometry; Functions, Limits, Continuity and Differentiability, 
Application of Derivatives, Definite Integral in Calculus. 
Physics: Mechanics, Fluids, Heat & Thermodynamics, 
Waves and Sound, Capacitors & Electrostatics, Magnetics, 
Electromagnetic induction, Optics and Modern Physics. 
Chemistry: Qualitative Analysis, Coordination Chemistry & 
Chemical Bonding in Inorganic Chemistry, Electrochemistry, 
Thermodynamics, Chemical Equilibrium in Physical 
Chemistry and Organic Chemistry Complete as a topic. 

TIPS FOR JEE Advanced, 2013: 

MATHEM \TICS (please see Tips on Physics in 'Physics For 
You' & on Chemistry in 'Chemistry Today') 

1. Previous JEE papers suggest that more attention should 
be paid to topics like Vectors and 3-D than Probability or 
Indefinite integration as vectors and 3-D offers very less scope 
to examiner, as far as variety in problem is concerned. One 
more chapter is Complex Number, every year 2-3 problems 
(of purely complex no.) are asked. Hence mastering complex 
numbers, vectors, 3-D and Definite integral must be on top 
priority. 

?. Algebra can be made easier if you have the ability to 


picture functions as graphs and are good at applying vertical 
and horizontal origin shifts carefully as zeroes of functions 
and other specific values can be done in much less time using 
these techniques. 

3. Differential calculus again relates well to roots of 
equations, especially if you use the Rolle's and Lagrange's 
theorems. 

4. Complex numbers can be used to solve questions in 
co- ordinate geometry too. Trigonometric questions require 
applications of De Moivre's theorem. 

5. Permutation - Combination and Probability is another 
very important topic in algebra .You need to be thorough 
with the basics of Bayes theorem, dearrangements and 
various ways of distribution, taking care of cases where 
objects are identical and when they are not. 

6. Matrices can be related to equations, hence a 3 x 3 matrix 
can actually be visualized as being three-planed in 3D 
geometry. Determinants have some very nice properties, for 
instance, the ability to break them into two using a common 
summand from a row/ column, which should be made use of 
in tougher questions. 

7. Integral calculus can be simplified using tricks and 
keeping in mind some basic varieties of integrable functions. 
Remembering the properties and applying them wisely saves 
lot of time. 

8. Coordinate geometry requires a good working 
knowledge of the parametric forms of various conic sections 
and an ability to convert the other, tougher ones to these 
basic forms and then interpret the solutions accordingly. 

9. Finally the only one way to do well in Mathematics is to 
practice problems keeping in mind the pattern of questions 
in previous years' JEE papers. 

> Cracking the JEE (ADVANCED) 2013 

*Stay focussed and maintain a positive attitude 
^Develop speed. Refer to reputed mock-test series to build 
| a winning exam temperament. Solve the past year's IIT-JEE 
papers. Focus on your weak areas and improve upon your 
concepts. 

^Practise of JEE level questions is necessary as it improves 
your reasoning and analytical ability. 

* Remember it is quality of time spent and not the quantity 
alone. Hence give short breaks of 5 to 10 minutes every 1-2 
hours of serious study. Completely relax when you take a 
break. Practice meditation to develop inner calm, poise, 
confidence and power of concentration. 

*Don't overstress yourself. Five to six hours of sleep every 
night is a must, especially three-four days before IIT-JEE to 
keep you physically and mentally fit. While short naps may 
help to regain freshness, avoid over-sleeping during the day. 
^Finally, don't be nervous if you find the paper tough since 
it is the relative performance that counts. Put your best 
analytical mind to work, and believe in your preparation. 

Authored by Rmtiesh Sottish, FIITJEE Expert 
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22. (d) : Let {h, k) is the circumcentre of A POR. 

h +t 2 

* = J ~=»f,+f 2 =2* 

t 2 + t 2 

1 - _ '1 + *2 

8: -(») 
m PR x m P Q = -1 

( t 2 2 /4)-0 ,, (t?/4)-0 _ i 

t 2 fj 

=> f] t 2 = -16 



M) 


Now fi 2 + f 2 2 = 8A: => (fj +f 2 ) 2 -2f,t 2 = 8fc 

=> 4fi 2 + 32 = 8k 

Locus of (h, k) is x 2 = 2y - 8 

23. (b): Equation of directrix y - 8 = - — 

=> 4y - 31 = 0 

24. (d): Circle drawn with diameter as a focal chord 
will always touch the directrix of the parabola which 
is 4y - 31 = 0 

=> fl + fr-c = 0 + 4 + 31 = 35 

25. (a): P(A uB) = l- — = — 

12 12 


■* 

=> P(AnB) = - + = - + 8 ~ n = I 

4 3 12 12 2 

.-. P(AnB) = ~ = P(A)P(B) 

So A and B are independent 

- (i)Mij 

26. (b): P(A n B) > max.jP(A), P(B)) 

P(A u B) > -=> 1 - P(A n B) > - 
2 2 

=> P(AnB)<i 

Obviously P(A n B) > 0 

27. (b): ^<P(AkjB)<1 

=* <^ + --P(AnB)<l 

4 4 3 

=> -- < -P(AnB) < - — 

3 12 

=> P(A) - i < P(/l) - P(A nB)< P(A) - — 
3 12 

=* l--< P(AnB)<-~ — 

3 3 3 12 

0 < P(A n B) < i 
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IMO Problems From 

TEAM SELECTION TESTS 


We conclude that /(x) cannot be written as a product 
of two polynomials with integral coefficients, each of 
degree < 4. 

7. Divide the triangle ABC into seven regions as 
shown in the diagram. The three lines are parallel to 
the sides of ABC and at the same distance from them, 

which is slightly greater than — of the altitude of 


ABC. Suppose one of AB\Ci, A2BC2 or A3B3C contains 
at least 3 of the 5 points. We have to add atmost 2 
triangles of negligible area to cover the remaining 
points. The total area will be under 0.64. We may 
hence forth assume that this is not the case. 

Suppose AA 2 Ai A 3 does not contain any of the 5 points. 
By the Pigeonhole principle, either A2BC2 or A3B3C will 
contain atleast 3 of them. Hence we may assume that 
each of the comer regions contains atleast 1 point. 
Similar reasoning shows that the central region must 
be empty, and the three edge regions contain atmost 
1 point among them. If all 5 points are in the comer 
regions, we can draw lines through Ay B\ and C\ 
parallel to BC, CA and AB respectively. These cut off 
three comer triangles which will contain the 5 points, 
with total area slightly greater than 0.48. 

Suppose the bottom side region contains 1 point. Then 
the top comer region must contain 2 points. Let M 
be the midpoint of B 2 C 3 . Draw lines through Ay M 
and Ay parallel to BC, CA and AB respectively. The 
top triangle will cover the 2 points in the top comer 
region. 



One of the two bottom triangles will cover the point 
in the bottom side region as well as one in a bottom 
comer region. A third triangle of negligible area will 
cover the remaining point. The total area of these three 
triangles is slightly greater than 0.52. 

8. Denote by T the sphere tangent to all 6 sides of the 
tetrahedron A1A2A3A4, S the other sphere with centre 


O and S, the sphere with centre A,, 1 <i< 4. Consider 
the cross-section along the plane A\A2A 3 . Let By B 2 
and B3 be the points of tangency of S 2 with S3, S3 with 
Si and Si with S^ respectively. 

Let Ci, C 2 and C 3 be the points of tangency of T with 
A 2 A$, A3A1 and A\A 2 respectively. Then AiB 2 = 2*163, 
A2B3 = A 2 Bi, A3B1 = A3B2/ A1C2 = A\C$ — A 2 C 3 — A 2 Ci 
and A3C1 = A 3 C 2 . It follows that B, = C, for 1 < 1 < 3. 
Suppose Si is inside S and S 2 is outside S. Then Si 
and S 2 must be tangent to each other as well as to S 
at the same point, and hence to S3 and S4 at that point 
too. This is impossible as Ay A 2, A3 and A\ are not 
collinear. Let R, r, ry r 2/ r 3 and r 4 be the radii of T, S, Si, 
S2, S 3 and S 4 respectively. If S is external to Si, then it 
is external to S^ S3 and S 4 also. 

We have OB 3 2 + A 3 B 3 2 = OA^ or R 2 + r t 2 = (r + r{) 2 . 
Similarly, R 2 + r2 2 = (r + r 2 ) 2 . 

R 2 —r 2 R 2 -r 2 R z -r 2 

Hence, A X A 2 = fj+r 2 = f- = — — • 


2 2 

Similarly, A A: = R 

n ] X 

for 1 < i </< 4. Hence A^A^ is a regular tetrahedron. 
If S contains Si, then it contains S^ S3 and S 4 also. We 
have R 2 + r ,- 2 = (r - r,) 2 for 1 < / ^ 4. Hence AiA 2 A$A4 is 


a regular tetrahedron of side length 


r 2 -R 2 


9. Let I I z I I denote the length of vector z , and let 
Iz I denote the absolute value of the real number z. 

(a) Let (r, s) be the pair of vectors, where r and s 
change throughout the game. Observe that if x, y are 
vectors such that I I x\ I < I ly I I / then 

1 1 x + 2ity 1 1 > 1 1 2fcy 1 1 - 1 1 S 1 1 > 2 1 1 y 1 1 - 1 1 y 1 1 = 1 1 y 1 1 
After the first move of type (i), we have 
r = (1, 2k) and s =(0,1) for some nonzero k so that 
Ilrll>llsll. Applying the above result with x = s 
and y = r , we see that after the next move (of type 
(ii)), the magnitude of r does not change while that of 
s increases to over I I r I I • Applying the above result 
again with x = r and y = s , we see that after the next 
move (of type(i)), the magnitude of s remains the same 
while that of r increases to over I I s I I . Continuing 
in this manner, we find that I I r I I and I I s I I never 
decrease as a result of a move. Because after the very 
first move, the first vector has magnitude greater than 
1, we can never obtain ((1, 0), (2, 1)). 

(b) We modify the game slightly by not requiring 
that moves alternate between types (i) and (ii) and by 
allowing the choice k = 0. Of course, any pair that can 
be obtained under the original rules can be obtained 
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under these new rules as well. The converse is true 
as well: by repeatedly discarding any moves under 
the new rules with k- 0 and combining any adjacent 
moves of the same type into one move, we obtain a 
sequence of moves valid under the original rules that 
yields the same pair. 

Let ((zv, *), (y, 2 )) represent the pair of vectors, 
where w, x, y, and 2 change throughout the 
game. It is easy to verify that the value of 
wz - xy, and the parity of x and y, are invariant under 
any move in the game. In a game that starts with 
(0 w , *)/ 0// 2 )) = ((1, 0), (0, 1)), we must always have 
wz - xy = 1 and * = y = 0 (mod 2). Because x and y 
are always even, w and 2 remain constant modulo 4 
as well; specifically, we must have w = 2 = 1 (mod 4) 
throughout the game. 

Call a pair ({a, b ), (c, d)) desirable when ad - be = 1, 
a = d = 1 (mod 4), and b = c = 0 (mod 2). Above we 
showed that any pair obtainable during a game 
with initial pair ((1, 0), (0, 1)) must be desirable; we 
now prove the converse. Assume, for the sake of 
contradiction, that there are desirable pairs {(a, b), 
(c, d)) that are not obtainable; let ((e,f), (g, h)) be such 
a pair for which \ac\ is minimal. 

If£=0, then eh = 1 +fg= 1; because e=h = 1 (mod 4),e-h=l. 
If / = 0, the pair is clearly obtainable. Otherwise, by 

performing a move of types (i) with k = ^ , we can 

transform ((1, 0), (0, 1)) into the pair ((e, f), (g, h)) t a 
contradiction. 

Thus, g * 0. Because g is even and e is odd, either 
lei > Igl or Igl > I e I . In the former case, e - 2k$g is in 
the interval (-lei, I e I ) for some k 0 e {1,-1}. Performing 
a type-(i) move on ((e, f), (g, h )) with k = - k 0 yields 
another desirable pair ((e / , /'), (g, h)). Because le'l < lei 
and g * 0, we have le'gl < legl. Therefore, because 
\ac\ = \ag\ is minimal among unobtainable desirable 
pairs, the new desirable pair ((e', / '), (g, h)) can be 
obtained from ((1, 0), (0, 1)) through some sequence 
of moves S. We can then obtain ((e, / ), (g, h)) from 
((L 0), (0, 1)) as well, by first applying the moves in S 
to ((1, 0), (0, 1)), then applying one additional move of 
type (i) k = k 0 . Thus, our minimal pair is obtainable - a 
contradiction. 

A similar proof holds if \e\ < |gl, where we instead 
choose k 0 such that g - 2 k& e (— Igl, Igl) and 
perform type-(ii) moves. Thus, in all cases, we get a 
contradiction. Therefore, we can conclude that every 
obtainable pair of vectors indeed desirable. This 
completes the proof. 


10. In this solution, all congruences are taken modulo 
3. We first show that if n = 4, then atleast two points 
are separated by a distance divisible by 3. Denote the 
points by A, B, C, D. We show that atleast one of the 
six distances AB, BC, CD, DA, AC, BD is divisible by 
3. We approach indirectly by assuming that all these 
distances are not divisible by 3. 

Without loss of generality, we assume that 
ZBAD =ZBAC + ZCAD . Let ZBAC = * and 
ZCAD=y.Also,leta=2AB-ACcosx,P=2ADACcosyand 
Y = 2AB AD cos(x + y). Applying the Law of Cosines in 
triangles ABC, ACD, ABD gives 
BC 2 = AB 2 + AC 2 - a, 

cd 2 =ad 2 +ac 2 -p, 

BD 2 = AB 2 + AD 2 -y 

Because the square of each distance is an integer 
congruent to 1, it follows from the above equations 
that a, P and y are also integers congruent to 1. Also, 
2AC 2 Y = 4AC 2 • AB • AD cos(x + y) 

= 4AC 2 • AB • AD (cosx cosy - sin* siny) 

= ocp - 4AC 2 • AB • AD • sin* siny 
implying that 4AC 2 • AB • AD • sin* siny is an integer 
congruent to 2. 

Thus, sin*siny = yj( 1 - cos 2 *)(l - cos 2 y) is a rational 
number which, when written in lowest terms, has a 
numerator that is not divisible by 3. 

Let p = 2 AB AC and q = 2 AD' AC, so that 

a P 

cos* = — and cosy = — • 

p ‘ q 


R • • \I(P 2 ~ « 2 )(<7 2 - P 2 ) 

Because sm*siny = — ' — 

pq 

is rational, the numerator on the right-hand side must 
be an integer. This numerator is divisible by 3 because 
p 2 = a 2 = 1, but the denominator is not divisible by 3. 
Therefore, when sin* siny is written in lowest terms, its 
numerator is divisible by 3, a contraction. Therefore, 
our assumption was wrong and there is atleast one 
distance divisible by 3 for n = 4. 

Now assume that ti > 4. From the set of n given 

points, there exist ( ” j four-element subsets [A, B, C, D}. 

Atleast two points in each subset are separated by 
a distance divisible by 3, and each such distance is 


counted in atmost 





W 


UJ 


n-2 

2 


subsets. Hence, atleast 


w- 2' 
2 > 
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